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ABSTRACT	

The	emergence	of	sizeable	Sovereign	Wealth	Funds	(SWF)	in	recent	years	has	raised	important	
questions	of	how	such	funds	should	be	managed	and	how	the	proceeds	should	be	spent.	This	paper	
takes	a	fresh	look	at	these	issues	in	view	of	modern	finance	literature.	The	most	important	finding	is	
that	investment	management	and	spending	decisions	should	not	be	separated	because	the	preferred	
way	of	spending	carries	implications	for	the	investment	strategy.	This	result	becomes	particularly	
apparent	if	the	SWF,	like	Norway’s	GPFG,	is	intended	to	finance	a	smooth	stream	of	government	
spending,	which	we	model	as	saving	and	investment	with	internal	habit	formation.	The	desire	for	
backward	as	well	as	forward	smoothing	has	implications	for	both	portfolio	rebalancing	and	overall	
risk	taking,	both	of	which	should	be	limited.	We	furthermore	find	that	short-run	smoothing	raises	the	
long-term	variability	of	spending	because	short-run	smoothing	affects	the	fund’s	principal	value.	The	
paper	also	studies	the	effects	of	time-varying	risk-free	rates	and	finds	that	optimal	spending	should	
respond	to	such	variations,	though	only	partially.	Lastly,	we	point	out	that	a	spending	rule	based	on	
the	fund’s	annuity	value	should	adjust	the	normal	rate	of	return	for	risk.	For	the	case	of	the	
Norwegian	GPFG,	the	risk	adjustment	could	reduce	the	optimal	annual	draw	on	the	fund	by	an	
amount	corresponding	to	as	much	as	3%	of	mainland	GDP.	However,	a	rule	based	on	preferences	
among	generations	may	be	equally	rational	as	a	rule	based	on	the	annuity	value.		 	
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1.	Introduction	

Although	most	countries	struggle	to	contain	their	public	debt,	Sovereign	Wealth	Funds	(SWFs)	have	
gained	popularity	in	recent	years.	Saudi	Arabia	and	other	states	in	the	Persian	Gulf	started	to	
accumulate	reserves	after	OPEC	raised	oil	prices	in	the	1970s.	The	Asian	financial	crisis	in	1998	
motivated	several	countries	to	build	large	foreign-exchange	reserves,	helped	by	huge	current-
account	surpluses.	China	has	converted	most	of	these	reserves	into	two	regular	SWFs,	independent	
of	FX	management.	The	state	of	Singapore	manages	no	less	than	three	funds	to	safeguard	future	
pensions	and	as	general	financial	buffers.	Chile	has	built	up	a	copper	fund	to	allow	the	government	to	
smooth	over	fluctuations	in	the	price	of	copper,	the	country’s	leading	export	item	as	well	as	source	
of	government	revenue.	

This	paper	is	motivated	by	the	political	debate	around	the	management	of	the	Norwegian	SWF	as	
well	as	the	rule	for	spending	of	the	proceeds.	We	believe,	however,	that	these	issues	have	wider	
relevance	to	other	SWFs	as	well	as	the	endowments	of	non-profit	institutions.	We	give	particular	
attention	to	the	interaction	between	how	the	fund	is	invested	and	how	the	proceeds	are	spent.	An	
important	result	is	that	these	two	decisions	cannot,	in	general,	be	separated.	

The	Norwegian	government	decided	in	1990	to	channel	its	oil	and	gas	revenues	into	a	special	fund,	
initially	labelled	the	Oil	Fund,	currently	named	the	Government	Pension	Fund	Global	(GPFG,	although	
it	is	in	no	way	tied	to	the	public	pension	system).	As	the	Norwegian	government	has	participated	
actively	in	oil	and	gas	field	investments,	its	net	cash	flow	from	these	activities	has	at	times	been	
negative.	The	positive	net	revenues	in	the	late	1970s	and	early	1980s	were	used	to	pay	down	legacy	
debt.	With	the	low	oil	prices	of	the	late	1980s,	the	government’s	net	oil	and	gas	revenues	dropped	to	
almost	zero,	so	political	attention	was	focused	elsewhere.	When	the	decision	to	establish	the	fund	
nevertheless	was	made	in1990s,	the	fund	was	not	expected	to	become	very	big.	With	the	substantial	
expansion	of	Continental	Shelf	activity,	the	development	of	new	technology,	and	the	high	oil	prices	in	
the	21st	century,	it	has,	however,	grown	to	its	current	size	of	NOK	7.4	trillion,	corresponding	to	USD	
845	billion	at	the	current	exchange	rate.	At	first,	investment	of	the	fund	was	limited	to	fixed-income	
securities.	As	the	fund	grew	in	value,	however,	mandates	for	risk	taking	were	expanded.	The	current	
mandate,	given	by	Parliament,	allows	60%	of	the	fund	to	be	invested	in	equities,	up	to	5%	in	real	
estate,	and	the	rest	in	fixed	income.	Implicitly,	this	mandate	calls	for	regular	rebalancing	of	the	
portfolio	in	response	to	security	price	changes.	

The	motivation	for	establishing	the	fund	was	partly	to	protect	against	Dutch	decease	and	partly	to	
preserve	the	wealth	for	future	generations.	At	first,	while	the	fund	was	still	small,	the	former	
motivation	seems	to	have	dominated,	as	no	plans	were	made	for	the	eventual	spending	of	the	
money.	As	the	fund	grew	in	size,	however,	political	pressures	to	use	it	for	pressing	needs	started	to	
build.	The	response	to	these	pressures	took	the	form	of	the	Norwegian	Fiscal	Rule	of	2001,	defined	
as	follows:	

1. The	phasing	in	of	oil	revenues	should	be	smooth	so	as	to	facilitate	a	smooth	flow	of	
government	services.	

2. For	each	fiscal	year,	the	government	may	run	a	structural	non-oil	deficit	up	to	an	amount	
corresponding	to	the	fund’s	normal	real	return,	specified	as	4%	of	the	fund’s	value	at	the	
beginning	of	the	year.	
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3. Temporary	deviations	from	the	rule	are	allowed	to	the	extent	that	discretionary	fiscal	policy	
is	needed	to	smooth	over	cyclical	fluctuations.	

The	first	of	these	points	makes	it	clear	that	smoothing	is	a	fundamental	motivation	for	the	
Norwegian	fiscal	rule.	In	the	document	presenting	the	rule4,	this	desire	for	smoothing	is	made	quite	
explicit.	It	is,	of	course,	consistent	with	the	literature	on	smoothing	of	taxes	and	public	services,	e.g.	
Barro	(1979).	Its	operationalization	in	the	second	point	is	obviously	inspired	by	the	concept	of	
permanent	income	(e.g.	Hall	1978).	

However,	the	rule	shares	the	by	now	well-known	weakness	of	the	permanent-income	idea,	namely,	
that	it	does	not	imply	the	degree	of	backward	smoothing	that	most	economic	agents	seem	to	prefer	
(Flavin,	1985,	Campbell	and	Deaton,	1989,	Carroll,	Overland,	and	Wei,	2000).	Applied	to	the	
Norwegian	fiscal	rule,	the	problem	is	especially	that	fluctuating	financial	returns	of	the	fund	may	
produce	substantial	variations	in	the	fund’s	value	over	time.	The	fiscal	rule	then	implicitly	calls	for	
proportional	variations	in	the	government’s	draw	on	the	fund	even	though	the	size	of	the	draw	is	
held	stable	as	a	percentage	of	the	fund’s	value.	In	a	recent	government	report	(Thøgersen	et	al.,	
2015),	an	advisory	group	explicitly	calls	for	a	gradual	return	to	the	4%	rule	after	temporary	
deviations.	This	is	consistent	with	the	way	the	rule	has	been	practiced,	for	example,	during	and	after	
the	global	financial	crisis	of	2008	–	2009.	

The	third	part	of	the	rule	makes	clear	that	the	rule	is	not	intended	to	stand	in	the	way	of	
discretionary	fiscal	policy	as	a	countercyclical	tool.	The	first	part	furthermore	allows	the	automatic	
stabilizers	to	work	in	full.	This	becomes	clear	from	the	qualification	that	the	4%	rule	applies	to	the	
“structural,”	non-oil	deficit	rather	than	the	unadjusted	one.	

The	fact	that	this	fund	is	intended	to	finance	a	smooth	stream	of	expenditure	makes	it	different	from	
a	pension	fund,	despite	its	name.	In	this	paper,	we	argue	that	this	difference	should	matter	also	for	
the	way	that	the	fund	is	invested.	Strategies	for	investing	the	fund	and	for	spending	the	proceeds	
should	not	be	separated.	In	particular,	the	common	practice	of	portfolio	rebalancing	after	security	
price	changes	is	not	necessarily	justified	when	the	fund	is	obliged	to	fund	a	smooth	stream	of	current	
expenditure.	To	the	contrary,	an	adverse	market	development	may	indicate	that	risk	taking	should	
be	reduced	so	as	to	safeguard	the	fund’s	ability	to	continue	funding	the	smooth	expenditure	stream.	
Interestingly,	this	short-run	smoothing	will	typically	end	up	increasing	the	variability	of	prospective	
future	consumption	at	longer	horizons;	however,	this	variability	will	be	reduced	somewhat	by	the	
proper	modification	of	the	investment	strategy.	

Our	analysis	uses	key	insights	from	the	literature	on	the	financial	theory	of	optimal	consumption	and	
investment,	dating	back	to	Phelps	(1962),	Samuelson	(1969),	Merton	(1969),	and	more	recently	
Constantinides	(1990)	and	Lax	(2002).	In	so	doing,	we	do	not	mean	to	claim	that	policy	can	be	based	
on	theory	alone.	Theory	is	useful	only	if	it	is	based	on	empirically	valid	premises.	However,	a	
mathematical	framework	can	help	discipline	logical	thinking	and	debate.	In	addition	to	the	issues	just	
mentioned,	we	use	these	tools	to	study	a	number	of	issues	that	we	feel	have	not	been	covered,	or	
not	covered	satisfactorily,	in	the	political	debate.	

																																																													
4	Norwegian	Ministry	of	Finance	(2001)	Stortingsmelding	29.	
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The	first	issue	is	the	role	of	the	subjective	rate	of	time	preference.	Theory	suggests	that	the	optimal	
draw	on	a	stock	of	capital	should	depend	positively	on	this	rate.	In	the	context	of	the	Norwegian	
fiscal	rule,	it	can	be	thought	of	as	an	expression	of	policy	markers’	view	of	intergenerational	fairness.	
If,	for	example,	they	consider	current	generations	more	deserving	than	future	ones	(perhaps	because	
futures	generations	are	expected	to	be	wealthier),	theory	thus	suggests	that	this	could	be	a	rational	
argument	for	higher	draws	on	the	SWF	than	the	normal	rate	of	return.	

The	second	issue	concerns	risk.	As	stated,	the	fiscal	rule	makes	no	allowance	for	caution	in	the	face	
of	risk.	Again,	theory	suggests	that	it	should.	That	is,	if	the	annual	draw	is	to	be	based	on	the	normal	
rate	of	return,	this	return	should	be	risk	adjusted.	

A	third	issue	concerns	time	variation	in	the	riskless	rate.	The	question	then	is	whether	the	optimal	
draw	should	be	determined	by	the	current	riskless	rate	or	the	“normal”	riskless	rate,	somehow	
defined.	The	answer	turns	out	to	lie	somewhere	in	between.	Applied	to	the	Norwegian	fiscal	rule,	
this	means	that	a	draw	below	4%	probably	should	be	considered	as	long	as	short-term	interest	rates	
lie	very	close	to	zero	worldwide.	

A	government	with	a	SWF	naturally	collects	other	revenue	besides	the	returns	on	the	fund.	In	
particular,	the	rule’s	reference	to	the	fiscal,	non-oil	deficit	explicitly	calls	for	draws	on	the	fund	to	
smooth	over	cyclical	variations	in	tax	revenue	and/or	entitlement	programs,	in	addition	to	opening	
up	for	discretionary,	countercyclical	fiscal	policy.	This	is	analogous	to	an	individual	investor	earning	
labor	income	besides	the	return	on	capital.	Unfortunately,	this	case	does	not	easily	lend	itself	to	
closed-form	solutions,	so	numerical	simulation	is	required.	Although	we	do	not	take	up	that	
challenge	in	this	paper,	we	intend	to	do	so	as	the	next	step	in	our	research	because	we	feel	these	
issues	hold	considerable	interest	for	the	case	of	Norway.	

The	paper	is	organized	as	follows.	Section	2	sets	up	the	standard	Merton	model	and	looks	at	the	
implications	for	the	role	of	normal	real	return.	Section	3	analyses	the	implications	of	time	variation	in	
the	risk-free	rate,	whereas	Section	4	introduces	expenditure	smoothing	in	the	form	of	habit	
formation	as	modelled	by	Constantinides	(1990).	We	use	this	extension	to	study	the	implications	of	
backward	smoothing	for	risk	taking,	portfolio	rebalancing,	and	the	long-term	variability	of	spending.	
In	Section	4	we	leave	closed-form	solutions	behind	in	order	to	study	the	effects	of	an	additional	
Section	5	introduces	an	important	issue	that	we	expect	to	study	as	our	next	step,	namely,	the	role	of	
other	government	revenue,	its	typical	procyclical	pattern,	automatic	stabilizers,	and	discretionary,	
countercyclical	fiscal	policy.	Section	6	concludes.	

2.	Risk-adjusted	Return	and	Rational	Myopia	
We	start	by	considering	two	implications	of	Merton’s	(1969)	model	of	optimal	spending	and	
investment	for	an	individual	agent	with	time-additive	preferences	and	an	infinite	horizon	in	
continuous	time.	Like	Merton,	we	assume	power	utility:	
	

(2.1)	 	 	 𝑈 = 𝐸$ 𝑒&'( )(()
,-.

/&0
1
$ 𝑑𝑡,	

	
	
	
where,	as	usual,	𝜌 > 0	is	the	subjective	rate	of	time	preference	and	𝛾 > 0	the	relative	rate	of	risk	
aversion.	Because	utility	is	time	additive,	the	reciprocal	1/𝛾	does	double	duty	as	the	elasticity	of	
intertemporal	substitution.	The	limiting	case	of	𝛾 = 1	corresponds	to	logarithmic	utility.	For	reasons	
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to	be	given	below,	we	will	mostly	assume	𝛾 ≥ 1,	so	that	this	agent	is	fairly	risk	averse	and	not	too	
willing	to	substitute	consumption	intertemporally.	We	believe	this	is	consistent	with	the	preferences	
of	a	typical	government,	including	the	one	in	Norway.	
	
The	agent	has	an	initial	level	of	wealth	𝑊 0 = 𝑊$		and	has	the	opportunity	to	split	his	or	her	
investments	between	a	safe	asset,	yielding	a	constant	return	r	and	a	risky	asset	yielding	the	uncertain	
return	𝑧 𝑡 ~𝑁𝐼𝐼𝐷 𝑟 + 𝜇, 𝜎F ,	where	𝜇	is	the	equity	premium.	Although	we	refer	to	the	risky	asset	as	
equity,	we	actually	think	of	it	as	a	portfolio	including	a	variety	of	risky	assets,	such	as	debt	
instruments	with	longer	maturity	or	credit	risk,	real	estate,	infrastructure,	and	so	on.	For	simplicity,	
we	assume	that	the	returns	on	the	risky	asset	are	serially	uncorrelated.	In	our	formal	analysis,	we	
thus	assume	away	stock-price	mean	reversion,	but	offer	some	ad	hoc	comments	on	this	issue	when	
appropriate.	
	
Let	𝛼 𝑡 	denote	the	share	of	wealth	invested	in	the	risky	asset.	Then,	the	expected	portfolio	return	is	
𝑟 + 𝛼 𝑡 𝜇	and	its	variance	𝛼 𝑡 F𝜎F,	so	that	the	budget	constraint	for	utility	maximization	takes	the	
form	of	the	following	diffusion	process	for	wealth:	
	
(2.2)	 	 𝑑𝑊 𝑡 = 𝑟 + 𝛼 𝑡 𝜇 𝑊 𝑡 − 𝑐 𝑡 𝑑𝑡 + 𝛼 𝑡 𝜎𝑊 𝑡 𝑑𝑤 𝑡 ,	
	
where	𝑤 𝑡 	is	a	Wiener	process.	
	
For	easier	notation	in	the	following	analysis,	we	define:	
	
(2.3)	 	 	𝑚 = L

0MN
	,	𝑟 = 𝑟 + 𝑚𝜇,	𝑟 = 𝑟 − 1 2 𝛾𝑚F𝜎F.	

	
We	also	impose	the	following	parameter	constraint:	
	
(2.4)	 	 1 − 𝛾 𝑟 < 𝜌 < 𝛾 + (1 − 𝛾)𝑟.	
	
As	it	turns	out,	this	constraint	ensures	that	the	transversality	constraint	is	satisfied	and	that	
consumption	always	is	positive,	but	less	than	total	wealth.	
	
As	proved	by	Merton	(1969),	the	solution	to	this	optimization	problem	implies	a	constant	value	of	
the	share	𝛼	of	the	risky	asset	and	the	rate	of	consumption	at	a	constant	share	𝜂	of	wealth,	where	
	
(2.5)	 	 𝛼 𝑡 = 𝑚,	𝜂 = 	 1 𝛾 𝜌 + 1 − 1 𝛾 𝑟.	
	
This	result	allows	us	to	make	two	observations	of	relevance	for	the	Norwegian	fiscal	rule.	For	the	first	
observation,	we	note	that	the	formula	for	the	optimal	draw	on	the	fund,	𝜂,	expressed	as	a	
percentage	of	the	fund’s	value,	consists	of	two	terms.	In	keeping	with	Giovanni	and	Weil	(1989)	and	
Campbell	and	Viceira	(2002),	we	refer	to	these	terms	as	a	myopic	and	an	annuity	component,	
respectively.	In	contrast,	the	Norwegian	fiscal	rule	only	refers	to	the	annuity	component.	The	model	
suggests,	however,	that	a	rational	government	would	combine	both.	If	𝛾 ≥ 1,	as	we	assume,	this	
combination	is	a	weighted	average	of	the	two	components.	

In	our	model,	the	weight	1 𝛾	can	be	interpreted	as	either	the	reciprocal	of	the	relative	risk	aversion	
or	the	elasticity	of	intertemporal	substitution.	The	richer	specification	of	Epstein-Zin	preferences	
allows	distinction	between	these	two	measures.	The	math	becomes	much	more	complex	in	that	
specification,	and	the	optimal	draw	on	the	fund	is	no	longer	a	linear	combination	of	the	myopic	and	
the	annuity	component.	However,	Giovanni	and	Weil	(1989)	show	that,	in	that	specification,	a	person	
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with	a	unitary	elasticity	of	intertemporal	substitution	will,	in	our	notation,	set	𝜂 = 𝜌	and	thus	behave	
completely	myopically.	Similarly,	a	person	with	a	zero	elasticity	of	intertemporal	substitution	will	
consume	only	the	annuity	component.	Based	on	this	insight,	we	interpret	the	factor	1 𝛾	in	(2.5)	as	
the	elasticity	of	substitution.	Thus,	a	person	that	is	reasonably	willing	to	substitute	consumption	over	
time	will	set	the	draw	on	the	fund	at	his	or	her	subjective	discount	rate	𝜌	without	regard	for	financial	
returns.	

It	should	be	noted	that	there	is	nothing	irrational	or	irresponsible	about	this	type	of	behavior.	It	is	
simply	an	implication	of	the	decision	maker’s	preferences.	If	the	subjective	discount	rate	is	higher	
than	the	normal	financial	return,	wealth	will	tend	to	decline	over	time.	So,	although	the	draw	will	
remain	a	constant	share	of	the	fund,	the	absolute	rate	of	consumption	will	decline	over	time	as	the	
fund	shrinks.	With	a	high	rate	of	time	preference,	this	will	be	perfectly	rational.	

Applied	to	the	Norwegian	fiscal	rule,	a	myopic	spending	rule	could	be	justified	as	the	reflection	of	a	
high	subjective	discount	rate	among	policy	makers.	It	could,	for	example,	be	motivated	a	preference	
for	favoring	current	generations	relative	to	future	ones,	who	may	be	expected	to	be	more	
prosperous.	We	thus	find	that	such	favoring	is	rational	provided	the	politicians	also	are	willing	to	
substitute	consumption	intertemporally.	We	furthermore	expect	that	politicians	that	want	to	favor	
current	generations	also	are	willing	to	substitute	consumption	across	generations.	

We	summarize	this	insight	as	

Observation	1:	The	optimal	draw	rate	on	a	SWF	may	rationally	exceed	the	fund’s	annuity	value	if	
decision	makers	want	to	favor	current	generations	and	are	willing	to	substitute	consumption	across	
generations.	

Our	next	observation	concerns	the	annuity	component	of	the	optimal	draw.	The	Norwegian	fiscal	
rule	stipulates	this	as	the	normal	real	rate	of	return,	which	in	our	model	is	𝑟.	However,	the	optimal	
rule	is	to	use	the	risk-adjusted	version	𝑟.	This	gives	us	

Observation	2:	The	annuity	part	of	the	optimal	draw	should	not	be	based	simply	on	the	normal	rate	of	
return,	but	on	a	risk-adjusted	version	of	this	return.	

The	form	of	the	risk	adjustment	depends	on	the	model.	In	our	model	it	is	simply	the	single-period	
portfolio	variance	times	half	the	coefficient	of	relative	risk	aversion.	Other	models	might	define	risk	
differently,	for	example,	as	permanent	loss	of	capital	in	cases	where	tail	risks	carry	more	weight	than	
in	the	normal	distribution.	

Thøgersen	et	al	(2015)	report	that	The	Norwegian	Ministry	of	Finance	has	estimated	the	annual	
standard	deviation	for	the	total	return	on	the	SWF	as	9.8%.	Assuming	𝛾 = 2,	this	implies	a	risk	
adjustment	of	about	1	percentage	point.	Making	this	adjustment	should	thus	reduce	the	Norwegian	
fiscal	spending	rule	from	an	annual	fund	draw	of	4%	to	one	of	3%.	With	a	fund	of	USD	800	billion,	this	
adjustment	corresponds	to	no	less	than	USD	8	billion,	or	3%	of	Norway’s	2014	mainland	GDP.	

Mean	reversion	in	stock	returns	would	make	the	correction	smaller,	however.	Mean	reversion	has	
been	noted	by	Fama	and	French	(1988)	and	Poterba	and	Summers	(1988)	and	discussed	further	in	
Campbell	and	Viceira	(2002).	According	to	Thøgersen	et	al.	(2015,	p.	167-68),	the	Norwegian	SWF	
exhibits	sufficient	mean	reversion	to	reduce	the	standard	deviation	over	a	15-year	period	to	2.5%	per	
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year.	A	standard	deviation	that	small	would	thus	reduce	the	above	correction	term	by	a	factor	
greater	than	10.	It	would	still	correspond	to	0.2%	of	mainland	GDP.	

We	have	not	specified	our	model	to	account	for	mean	reversion,	if	any,	and	do	not	take	a	stand	on	
this	issue.	Our	main	concern	is	that,	when	compared	with	the	optimal	rule	in	(2.5),	the	Norwegian	
rule	for	draws	on	the	fund	may	on	the	one	hand	be	too	high	in	that	it	ignores	risk	correction.	On	the	
other	hand,	it	may	be	too	high	if	politicians	find	it	fair	to	favor	current	generation	over	future	ones.	
More	generally,	the	Norwegian	rule	ignores	the	myopic	term	in	(2.5).	The	normal	rate	of	return	
should	not	be	the	only	thing	that	matters.	Risk	and	preferences	matter	as	well.	

3.	Time-varying	risk-free	rates	
Whereas	the	model	in	Section	2	assumes	the	risk-free	rate	to	be	constant,	real-world	risk-free	rates	
typically	vary	over	time.	In	two	of	his	annual	addresses,	Norges	Bank	Governor	Øystein	Olsen	(2012,	
2015)	has	argued	that	the	secular	decline	in	global	real	interest	rates	since	the	early	1980s	(as	
documented,	e.g.	by	Summers,	2013,	King	and	Low,	2014,	Thwaites,	2014,	and	Rachel	and	Smith,	
2015)	should	indicate	a	lower	draw	rate	on	the	SWF.	This	issue	was	also	discussed	by	Thøgersen	et	al	
(2015).	Although	this	report	did	not	make	any	particular	recommendation	in	this	regard,	it	suggested	
that	a	lower	draw	rate	might	be	worth	considering	for	as	long	as	risk-free	rates	stay	below	their	
historical	norm,	even	if	a	return	to	this	norm	can	be	expected	eventually.	

The	math	becomes	somewhat	messier	when	time	variation	in	the	riskless	rate	is	considered.	
However,	the	conclusion,	namely,	that	the	optimal	draw	should	be	lower	than	indicated	by	(2.5)	
when	the	riskless	rate	is	lower	than	its	long-term	norm,	but	not	as	low	as	it	would	have	been	if	the	
current	rate	were	believed	to	last	forever.	

For	this	exercise,	we	keep	the	time-additive	utility	function	(2.1).	However,	the	diffusion	process	for	
wealth	is	modified	as	

(3.1)	 	 𝑑𝑊 𝑡 = 𝑟 𝑡 + 𝛼 𝑡 𝜇 𝑊 𝑡 − 𝑐 𝑡 𝑑𝑡 + 𝛼 𝑡 𝜎𝑊 𝑡 𝑑𝑤S 𝑡 .	

Furthermore,	we	specify	the	diffusion	process	for	the	risk-free	rate	as	mean	reverting	(see	e.g.,	
Vasicek,	1977):	

(3.2)	 	 𝑑𝑟 𝑡 = 𝜃 𝑟∗ − 𝑟 𝑡 𝑑𝑡 + 𝜎V𝑑𝑤V 𝑡 ,	

where	𝑤S 𝑡 	and	𝑤V 𝑡 	are	both	Wiener	processes,	possibly	correlated.	We	realize	that	the	real-
world	movements	of	risk-free	rates	of	return	likely	is	much	more	complex	that	the	form	specified	in	
(3.2),	see,	for	example,	Rachel	and	Smith	(2015).	We	chose	our	specification	for	the	sake	of	
mathematical	simplicity	and	for	highlighting	the	role	of	the	expected	speed	of	return	to	the	long-
term	normal	rate,	expressed	by	the	parameter	𝜃 > 0.		

This	model	turns	out	to	be	significantly	more	complex	than	Merton’s.	However,	as	shown	in	the	
Appendix,	we	can	use	the	same	method	as	Campbell	and	Viceira	(2002)	5	in	their	Chapter	5	to	obtain	
an	approximate	solution	around	the	long-term	normal	risk-free	rate	𝑟∗	as	follows:	

																																																													
5	Sørensen	(1999),	Munck	and	Sørensen	(2010)	have	also	studied	time	variation	in	short-term	interest	rates	in	
the	context	of	bond	investing.	
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(3.3)	 	 𝛼 = L
0MN

− 𝛽VS 1 − 1 𝛾 𝜂∗ + 𝜃 ,	

(3.4)	 	 𝜂 𝑟 𝑡 = 𝑘exp 1 − 1 𝛾 𝜂∗ + 𝜃 𝑟 𝑡 .	

Here,	𝑘	is	an	inessential	constant;	𝜂∗	denotes	the	draw	on	the	fund	that	would	be	implied	by	formula	
(2.5)	when	the	risk-free	rate	is	constant	at	𝑟∗;	and	𝛽VS	is	the	theoretical	regression	coefficient	of	𝑤V 	
on	𝑤S.	

We	assume	𝛽VS ≤ 0	because	a	drop	in	the	risk-free	rate	may	imply	higher	stock	valuations.	We	then	
see	from	(3.3)	that	the	portfolio	share	of	risky	assets	is	higher	than	when	the	risk-free	rate	is	
constant.	Holding	more	of	the	risky	asset	works	as	a	dynamic	hedge	against	a	drop	in	the	return	on	
the	risk-free	asset.	We	note,	however,	that	the	optimal	share	of	the	risky	asset	is	constant	in	this	
model	like	the	one	in	Section	2.	One	might	have	expected	this	share	to	move	in	the	opposite	
direction	of	the	risky	asset	as	a	“search	for	alpha.”	What	prevents	this	from	happening	in	this	model	
is	our	assumption	of	a	constant	equity	premium,	so	that	expected	stock	returns	move	one-to-one	
with	the	risk-free	rate.	

We	are	more	interested	in	(3.4).	The	key	here	is	the	semi-elasticity	of	the	draw	rate	𝜂	with	respect	to	
the	time-varying	interest	rate,	namely	

(3.5)	 	 	 𝑑	ln	𝜂 𝑑 𝑟 𝑡 = 1 − 1 𝛾 𝜂∗ + 𝜃 .	

We	compare	it	to	the	comparative-static	semi-elasticity	of	the	same	draw	rate	with	respect	to	the	
constant	risk-free	rate	implied	by	(2.5):	

(3.5)	 	 	 𝑑	ln	𝜂 𝑑 𝑟 = 1 − 1 𝛾 𝜂∗.	

We	thus	find:	

(3.6)	 	 	 0 < 𝑑	ln	𝜂 𝑑 𝑟 𝑡 < 𝑑	ln	𝜂 𝑑 𝑟.	

We	summarize	this	finding	as	

Observation	3:	When	the	risk-free	rate	temporarily	falls	below	(rises	above)	its	long-term	normal	
value,	the	optimal	draw	rate	should	be	reduced	(increased),	although	not	as	much	as	if	the	drop	(rise)	
had	been	permanent.	

The	difference	between	the	two	elasticities	comes	from	the	speed	of	adjustment	of	the	risk-free	rate	
back	to	its	long-term	normal.	The	larger	this	speed,	the	greater	the	difference.	If	the	deviation	from	
the	long-term	norm	is	truly	ephemeral	 𝜃 → ∞ ,	the	draw	rate	should	not	be	adjusted	at	all.	If,	
however,	the	risk-free	rate	is	expected	to	take	a	long	time	to	return	to	normal,	the	adjustment	
should	be	almost	as	large	as	if	the	shift	in	the	riskless	rate	were	permanent.	

4.	Habit	formation	
As	the	owner	of	a	SWF,	the	government	will	want	to	use	it	to	enhance	government	services	and/or	
keep	a	lid	on	taxes.	As	mentioned	in	the	introduction,	Barro	(1979)	and	others	have	presented	good	
arguments	that	both	the	tax	system	and	the	stream	of	government	services	ought	to	be	smooth.	
Thøgersen	et	al	(2015)	make	an	explicit	argument	for	smoothing	in	the	context	of	a	SWF	by	
recommending	that	any	deviation	from	the	Norwegian	fiscal	rule	should	be	followed	by	a	gradual	
movement	back	to	the	rule.	
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Such	gradual	moves	mean	that	the	SWF	budget	contribution	must	be	smooth	in	both	a	forward	and	a	
backward	direction.	By	forward	smoothness,	we	mean	that	the	government	plans	for	a	smooth	path	
going	forward,	given	current	information.	This	is	the	usual	meaning	of	smoothing	in	the	consumption	
literature.	By	backward	smoothness,	we	mean	that	the	government	wants	to	avoid	sharp	changes	in	
services	and/or	taxation	even	if	the	value	of	the	fund	undergoes	sharp	changes.	We	find	habit	
formation	to	be	a	suitable	technique	for	modeling	this	feature.	
	
The	consumption	literature	distinguishes	between	external	and	internal	habits.	External	habits	refer	
to	people’s	valuation	of	their	own	consumption	relative	to	that	of	others:	“keeping	up	with	the	
Jones’,”	cf.	Abel	(1990).	Internal	habits	refer	instead	to	how	people	tend	to	get	used	to	their	standard	
of	living	and	derive	utility	only	from	consumption	over	and	above	that	standard.	We	believe	this	
interpretation	of	the	habit	concept	is	the	most	relevant	for	the	case	we	are	studying	here	because	
our	decision	maker	is	the	government	deciding	for	the	entire	nation,	comparable	to	a	representative	
agent.	
	
By	introducing	habit	formation,	we	leave	the	world	of	time	additive	utility.	To	avoid	unnecessary	
complexities,	we	now	return	to	the	assumption	of	a	constant	risk-free	rate.	Following	Constantinides	
(1990),	we	redefine	the	objective	function	as	
	

(4.1)	 	 𝑈 = 𝐸$ 𝑒&'( ) ( &a(() ,-.

/&0
𝑑𝑡1

$ ,	

	
where	𝑥 𝑡 	represents	the	habit.	Like	Constantinides,	we	specify	it	as	
	
(4.2)	 	 𝑥 𝑡 = 𝑒&c(𝑋$ + 𝑏 𝑒c f&( 𝑐 𝑠 𝑑𝑠(

$ , 𝑎 ≥ 0, 𝑏 ≥ 0, 𝑏 < 𝑟 + 𝑎.	
	
It	is	easily	seen	that	this	formula	implies	
	
(4.3)	 	 𝑑𝑋 𝑡 = 𝑏𝑐 𝑡 − 𝑎𝑥 𝑡 𝑑𝑡 = 𝑏 𝑐 𝑡 − 𝑥 𝑡 𝑑𝑡 + 𝑏 − 𝑎 𝑥(𝑡)𝑑𝑡.	
	
We	interpret	this	specification	as	follows.	Starting	from	something	we	can	think	of	as	the	subsistence	
level,	𝑥$,	the	consumer	will	always,	if	at	all	possible,	choose	consumption	of	at	least	this	level.	From	
then	on,	the	person	will	tend	to	get	used	to	any	given	level	of	consumption.	In	the	special	case	of	𝑎 =
𝑏,	which	is	adopted	by	Matsen	(2003),	the	habit	level	will	constantly	increase	because	consumption	
always	needs	to	maintain	consumption	a	little	higher	than	the	habit	level	so	as	to	avoid	negatively	
infinite	utility.	If	𝑎 > 𝑏,	we	see	from	(4.3)	that	it	is	possible	for	the	habit	level	to	decline	over	time.	
Finally,	note	that	the	factor	(𝑏 − 𝑎)	can	be	thought	of	as	an	autonomous	growth	rate	for	the	habit	
level	if	consumption	stays	just	barely	above	the	habit.		
	
Habits	matter	for	this	person’s	investment	strategy	and	for	how	large	a	part	of	total	wealth	he	or	she	
will	want	to	consume	in	the	first	place.	Based	on	the	assumption	that	that	optimization	again	is	done	
subject	to	the	diffusion	process	for	wealth	in	(2.1),	Constantinides	(1990)	shows	that	the	optimal	
investment	and	consumption	strategy	is	characterized	by	the	following	two	equations:	
	
(4.4)	 	 𝛼 𝑡 = 𝑚 i ( &a(() (Vjc&k)

i (
,	

	
(4.5)	 	 𝑐 𝑡 = 𝑥 𝑡 + Vjc&k

0(Vjc)
𝜂 𝑊 𝑡 − 𝑥(𝑡) (𝑟 + 𝑎 − 𝑏) ,	

	
where	𝜂	now	again	is	defined	as	in	(2.5).	
	



	 11	

Clearly,	optimal	consumption	(or	the	draw	on	the	fund)	is	no	longer	proportional	to	wealth.	The	
consumer/investor	wants	first	to	make	sure	that	consumption	at	least	matches	the	established	habit	
level.	To	that,	the	person	adds	a	percentage,	not	of	overall	wealth,	but	of	the	“free”	part	of	wealth,	
that	is	wealth	over	and	above	the	level	𝑥(𝑡) (𝑟 + 𝑎 − 𝑏)	needed	to	maintain	habits	that	grow	at	
their	autonomous	rate	from	the	current	habit	level.	The	habit-driven	person	is	a	more	cautious	saver	
because	he	or	she	cares	about	the	ability	to	maintain	the	established	level	of	habitual	consumption.		
	
The	share	of	the	portfolio	devoted	to	risky	assets	is	also	no	longer	constant,	but	proportional	to	the	
ratio	of	free	to	total	wealth.	Put	differently,	the	amount	of	wealth	invested	in	the	risky	asset	is	a	fixed	
proportion	of	the	free	wealth:	
	
(4.6)	 	 𝛼 𝑡 𝑊 𝑡 = 𝑚 𝑊 𝑡 − 𝑥(𝑡) (𝑟 + 𝑎 − 𝑏) .	
	
The	reason	is	that	the	consumer/investor	needs	to	make	sure	to	have	enough	wealth	to	be	able	to	
finance	the	habit	level	of	consumption	out	of	the	return	on	risk-free	assets.	This	level	is	not	to	be	
gambled	with.	
	
These	results	are	important	for	a	government	with	a	SWF	that	seeks	to	smooth	taxes	and	public	
services.	The	need	to	preserve	the	desired	smoothness	should	make	the	government	cautious	as	a	
financial	investor.	As	shown	by	Constantinides,	the	coefficient	of	relative	risk	aversion	is	no	longer	γ,	
but	𝛾 1 − 𝑥(𝑡) (𝑟 + 𝑎 − 𝑏)𝑊(𝑡) ,	which	is	increasing	in	the	habit	level.	Similarly,	the	elasticity	of	
intertemporal	substitution	is	(1 𝛾) 1 − 𝑥(𝑡)/𝑐(𝑡) ,	which	is	smaller	the	more	consumption	is	habit	
constrained.	Furthermore,	if	the	wealth	shrinks	because	of	of	a	low	return	on	the	risky	asset,	the	
ratio	𝑥(𝑡) (𝑟 + 𝑎 − 𝑏)𝑊(𝑡) 	rises	because	the	habit	level	is	given	by	past	consumption.	Thus,	bad	
luck	in	the	market	for	risky	assets	should	make	the	government	more	risk	averse.	This	result	is	not	
modified	by	the	length	of	the	investment	horizon	because	the	habit	level	needs	to	be	supported	at	all	
times,	not	only	“in	the	long	run.”	Mean	reversion	may	make	a	difference;	but	mean	reversion	does	
not	eliminate	the	need	to	support	the	habit	level	at	all	times.	
	
We	summarize	these	insights	as	
	
Observation	4:	A	wish	to	keep	taxes	and	public	services	smooth	over	time	should	make	a	government	
with	a	SWF	want	to	invest	the	fund	more	conservatively	than	if	such	smoothing	was	not	an	issue.	The	
government’s	apparent	risk	aversion	should	move	in	the	opposite	direction	of	the	market	for	risky	
assets.		
	
Even	more	importantly,	we	note	the	following	implication	of	(4.4):	
	
Observation	5:	If	the	government	wants	to	maintain	a	smooth	flow	of	taxes	and	government	services,	
the	rules	for	SWF	portfolio	rebalancing	after	asset	price	changes	should	be	modified	so	as	to	
safeguard	the	funds	needed	to	secure	this	smoothness	.	
	
Recall	that,	without	habit	formation,	the	risky	share	of	the	portfolio	should	always	be	the	constant	
𝑚.	So,	whenever	the	prices	of	risky	assets	fall,	the	fund	should	buy	so	much	more	of	them	so	as	to	
maintain	the	constant	value	share.	Under	habit	formation,	on	the	other	hand,	a	drop	in	the	prices	of	
risky	assets	means	that	a	larger	share	of	the	portfolio	needs	to	be	set	aside	to	ensure	that	the	habit	
level	of	consumption	can	be	preserved.	So,	the	government	may	need	to	sell	part	of	its	risky	portfolio	
rather	than	buying	additional	quantities	of	the	risky	asset,	to	make	sure	that	it	can	preserve	the	habit	
level	of	services	and	taxes.	
	
As	shown	by	Sundaresan	(1989)	and	Constantinides	(1990),	habit	formation	reduces	the	short-run	
volatility	of	consumption	when	volatility	is	defined	as	the	variance	of	the	instantaneous	log	change	in	
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consumption.	While	perhaps	not	obvious,	this	result	is	clearly	not	surprising.	Indeed,	habit	formation	
has	been	invoked	as	a	mechanism	to	help	explain	the	empirical	smoothness	of	consumption.	
	
However,	this	smoothness	carries	a	price.	For	example,	after	an	adverse	market	movement,	the	
government	may	need	to	attack	the	fund’s	principal	in	order	to	make	sure	that	current	and	future	
draws	can	at	least	match	the	habit	level.	Thus,	although	consumption	is	smoothed,	the	fund’s	value	
becomes	more	volatile.	Not	only	that,	but	the	fund’s	variance	on	various	horizons	will	rise	faster	with	
the	horizon	than	without	habit	formation.	
	
This	steeper	rise	in	the	long-horizon	volatility	of	the	fund	is	then	translated	into	a	higher	long-horizon	
volatility	of	consumption	as	well.	Thus,	although	the	short-horizon	variance	of	consumption	is	lower	
with	habit	formation,	the	long-horizon	variance	will	be	higher	for	consumption	as	well	as	the	fund	
itself.	
	
These	insights	can	be	gleaned	from	inspection	of	the	formulae	involved.	However,	numerical	
simulations	presented	in	Figure	1	show	that	the	variance	of	future	log-wealth	for	the	habit-formation	
case	rises	much	more	quickly	with	the	length	of	the	horizon	than	in	the	case	without	habit	formation	
(in	the	figure	labelled	“Merton”).6	The	figure	shows	four	different	sets	of	parameter	configurations.	
For	all	four	configurations,	the	parameters	are	set	so	that	the	investor	with	habit	preferences	has	the	
same	initial	portfolio	composition	as	the	investor	equipped	with	standard	power	utility	and	a	
coefficient	of	relative	risk	aversion	𝛾 = 2.	

	

Figure	1:	Variance	of	log-wealth	at	different	time	horizons	for	the	investor	with	power	utility	(Merton)	and	for	the	investor	
with	habit	preferences	(Habit).	Parameter	values	are			𝜇 = 0.05, 𝜎 = 0.20, 𝑟 = 0.05, 𝛾 = 2, 𝑎 = 0.3, 𝑏 = 0.25, 𝜌 =
0.03, and	𝑊$ = 100.	The	variances	are	estimated	from	10,000	simulated	observations	at	each	point	in	time.	We	use	10	

																																																													
6	Simulations	are	performed	using	Ox,	see	e.g.,	Doornik	(1999).	
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time	points	per	year.	The	parameter	𝑋	shows	the	initial	habit	level	and	𝛾q	shows	the	𝛾-coefficient	for	the	investor	with	
habit	preferences.	

The	long-horizon	uncertainty	of	consumption	is	illustrated	in	Figure	2.	Here,	we	plot	the	variances	of	
log-consumption	for	different	time	horizons	and	for	different	parameter	configurations.	In	three	of	
the	cases,	we	see	lower	consumption	volatility	for	“short”	horizons	(say,	less	than	8	to	35	years)	for	
the	habit	case	than	for	the	Merton	case.	However,	for	longer	horizons	the	habit	investor	can	face	far	
more	variation	in	consumption.	This	increase	comes	as	a	consequence	of	the	riskier	wealth	
illustrated	in	figure	1.	

	

Figure	2:	Variance	of	log-consumption	at	different	time	horizons	t	for	the	investor	with	power	utility	(Merton)	and	for	the	
investor	with	habit	preferences	(Habit).	

This	exercise	teaches	an	important	lesson:	Smoothness	carries	a	price.	We	can	smooth	current	
consumption	by	using	the	fund	as	a	buffer.	But	then	we	tamper	with	the	fund’s	principal.	In	so	doing,	
we	indirectly	affect	future	consumption	and	hence	future	habits,	which	in	turn	influence	
consumption	even	further	out.	Short-term	convenience	carries	long-term	costs.	

Provided	the	habits	really	are	part	of	preferences,	the	tradeoff	between	short-term	smoothness	and	
long-term	uncertainty	is	done	optimally.	Figure	3	shows	what	would	happen	to	the	variance	of	log-
consumption	at	various	time	horizons	if	the	investment	and	spending	decisions	were	separated	so	
that	the	risky	share	of	the	portfolio	were	kept	constant	even	though	spending	is	based	on	the	above	
implications	of	the	habit	model.	For	three	of	the	four	cases,	the	separation	of	spending	and	
investment	decisions	leads	to	higher	variability	of	consumption	at	longer	horizons.	At	least	as	
interesting	is	the	fact	that	the	separated	rules	eventually	become	inconsistent	in	all	four	examples,	
illustrated	by	the	fact	that	the	graph	for	the	variance	of	log-consumption	ends	prematurely	for	the	
fixed	case.	This	happens	because	keeping	the	risky	share	fixed	fails	to	safeguard	the	funding	of	the	
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minimal,	habit-determined	rates	of	future	spending	for	some	states	of	the	world.	Thus,	the	
investor/consumer	ends	up	in	what	Lax	(2002)	refers	to	as	the	insolvency	range.	

	

	

Figure	3:	Variance	of	log-consumption	at	different	time	horizons	t	for	the	investor	with	habit	preferences	(Habit)	and	for	a	
consumer	following	the	same	rules	for	spending,	but	with	risky	assets	kept	at	the	same	portfolio	share	as	the	initial	share	
for	the	Habit	investor.	

Figure	4	shows	the	optimal	variation	in	the	risky	share.	As	can	be	seen,	this	variation	can	be	quite	
substantial,	especially	at	the	longer	horizons;	and	the	high	variance	seems	mainly	to	persist	once	it	
has	become	large.	This	persistence	is	consistent	with	the	distribution	of	the	risky-asset	ratio	
approaching	a	steady	state	over	time.	Figure	5	confirms	this	impression	by	showing	that	the	mean	
values	tend	to	level	out	with	the	horizon	as	well.	

We	summarize	these	observations	as	

Observation	6:	The	smoothing	of	consumption	tends	to	carry	a	price	in	the	form	of	a	wider	
uncertainty	of	the	long-run	prospects	for	consumption.	This	uncertainty	is	mitigated	by	the	optimal	
modification	of	portfolio	rebalancing,	but	it	is	not	removed.	
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Figure	4:	Optimal	variance	of	the	risky	portfolio	share	𝛼(𝑡)	under	habit	formation.	

	

Figure	5:	Average	levels	of	the	optimal	risky	portfolio	share	𝛼(𝑡)	under	habit	formation	

5.	Other	revenue	
Individuals	normally	receive	labor	income	in	addition	to	the	return	on	their	financial	wealth.	
Likewise,	most	governments	(with	Saudi	Arabia	as	the	famous	counterexample)	collect	tax	revenue	
on	top	of	the	return	on	their	financial	assets	even	if	they	have	a	SWF.	Governments	usually	aim	to	
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make	these	revenues	as	stable	as	possible	over	time	by	keeping	tax	rates	stable.	However,	actual	
revenue	naturally	varies	with	the	business	cycle.	Similarly,	government	spending,	especially	on	
entitlement	programs,	tends	to	move	procyclically.	Thus,	in	the	absence	of	discretionary	fiscal	action,	
and	ignoring	the	contributions	from	the	SWF,	the	budget	balance	will	tend	to	move	countercyclically.	
	
This,	of	course,	is	nothing	but	automatic	stabilizers	at	work.	They	are	stronger	the	more	
comprehensive	the	welfare	state	is.	European	governments	regularly	rely	on	this	mechanism	to	
dampen	the	effects	of	business	cycles	on	the	overall	economy.	Recent	research	by	Di	Maggio	and	
Kermani	(2015)	indicates	that	it	may	be	significant	even	for	the	United	States.	
	
However,	the	automatic	stabilizers	must	be	financed.	The	Norwegian	fiscal	rule	implicitly	calls	for	
them	to	be	financed	from	the	SWF	by	stipulating	the	4%	rule	in	reference	to	the	structural,	non-oil	
deficits.	Although	this	structural	deficit	may	not	exceed	4%	of	the	SWF’s	value,	the	actual	deficit	may	
be	significantly	larger.	Although	the	rule	does	not	explicitly	say	so,	the	difference	between	the	actual	
and	the	structural	deficit	is	financed	by	a	special	draw	on	the	SWF	because	the	Norwegian	
government	does	not,	in	practice,	have	any	other	source	of	financing7.	
	
In	addition,	states	often	use	fiscal	policies	actively	as	countercyclical	measures.	Although	monetary	
policy	arguably	is	superior	in	this	regard,	it	may	sometimes	be	unavailable,	as	is	the	case	if	the	
government	seeks	to	maintain	a	fixed	exchange	rate	or	the	country	is	a	member	of	a	monetary	
union.	At	the	zero	lower	bound	for	interest	rates,	monetary	policy	typically	loses	some	of	its	potency,	
thus	leaving	a	case	for	fiscal	policy.	The	Norwegian	fiscal	rule,	as	stated	in	the	introduction,	explicitly	
allows	for	discretionary	fiscal	policy	to	smooth	the	business	cycle.	
	
Countercyclical	policy,	including	the	automatic	stabilizers,	is	thus	one	more	way	that	the	SWF	can	
contribute	to	smoothing.	Modeling	the	automatic	stabilizers	is	equivalent	to	adding	other	income	as	
an	additional	source	to	fund	consumption	over	and	above	the	return	on	investments.	If	markets	are	
complete,	the	present	value	of	this	income	can	simply	be	added	to	the	financial	wealth	without	any	
further	modification	of	the	model.	Typically,	however,	issues	like	moral	hazard,	dynamic	
inconsistency,	and	poor	enforceability	for	contracts	with	sovereign	governments	mean	that	markets	
are	not	complete,	so	that	a	government’s	future	tax	revenues	cannot	be	capitalized.	As	is	well	
known,	exact	analytical	solutions	are	then	no	longer	available	except	in	uninteresting	cases	like	
quadratic	utility.	
	
Discretionary	fiscal	policy	can	be	modelled	as	an	addition	to	the	habit	level	driven	by	variations	in	
exogenous	income,	so	that	the	minimum	level	of	consumption	varies	countercyclically.	This	naturally	
adds	another	layer	of	complexity	to	the	model.	
	
Two	further	elements	of	complexity	are	worth	mentioning.	One	is	that	the	return	on	risky	assets	is	
likely	to	be	positively	correlated	with	income.	The	other	is	that	the	risk-free	rate	is	likely	to	move	
procyclically	as	well.	All	these	complexities	will	thus	have	to	be	dealt	with	in	a	complete	analysis	of	
the	investment	and	use	of	a	SWF	in	a	cyclical	setting.	
	
Viceira	(2001)	has	worked	out	approximate	solutions	for	optimal	consumption	and	investment	for	an	
individual	with	stochastic	labor	income.	However,	he	studies	only	permanent	changes	in	labor	
income,	arguing	that	transitory	income	variations	are	unimportant	for	individuals’	saving	and	
investment	decisions.	Permanent	income	changes	may	be	important	for	governments	as	well,	for	
example,	regarding	long-term	pension	obligations	with	defined	benefits.	Our	focus,	however,	is	on	

																																																													
7	The	Norwegian	government	does	issue	bonds,	but	only	to	finance	government	financial	institutions,	such	as	
the	Norwegian	State	Educational	Loan	Fund	(Lånekassen).	Furthermore,	bond	issuance	to	finance	automatic	
stabilizers	would	be	equivalent	to	the	SWF	taking	short	positions	in	the	bond	market.	
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the	cyclical	income	variations	that	give	rise	to	automatic	stabilizers	and	countercyclical	fiscal	policy,	
for	which	we	believe	the	results	will	be	somewhat	different.	Furthermore,	Viceira’s	analysis	ignores	
the	complexities	that	are	essential	to	our	analysis,	such	as	habit	formation,	time	variation	in	the	
riskless	rate,	and	discretionary,	countercyclical	fiscal	policy.	
	
Although	conclusions	from	this	work	naturally	are	premature,	we	anticipate	the	following:	
	
• Procyclical	variations	in	other	revenues	create	a	new	incentive	for	limiting	financial	risk	taking.	

Although	theory	suggests	effects	going	both	ways,	this	seems	to	follow	from	the	main	finding	by	
Moos	(2011).	We	believe	this	effect	will	be	stronger	the	more	positive	the	correlation	between	
financial	returns	and	other	revenues.	

• Procyclical	movements	in	the	riskless	rate	should	add	to	the	demand	for	forward	as	well	as	
backward	smoothing,	thus	exacerbating	the	long-term	volatility	of	consumption.	This	problem	is	
special	for	governments	with	positive	net	financial	assets	because,	for	states	with	net	
indebtedness,	financing	becomes	cheaper	when	interest	rates	are	low.	

• Long-term	volatility	will	be	even	further	exacerbated	by	the	interaction	between	procyclical	
movements	in	income	and	financial	returns	as	well	as	the	procyclical	movements	in	habits	
implied	by	discretionary	fiscal	policy.	

• All	of	the	above	effects	are	likely	to	exacerbate	the	time	variation	of	the	optimal	investment	
strategy.	

	
		
6.	Conclusions	
This	paper	has	studied	some	of	the	issues	that	arise	for	a	government	that	wants	to	fund	part	of	its	
budget	from	the	returns	of	a	SWF.	Although	we	have	had	to	leave	several	important	issues	for	future	
work,	we	feel	entitled	to	make	some	conclusions.	The	most	important	one	is	that	spending	and	
investment	decisions	should	not	be	made	separately	as	the	criteria	for	optimal	investment	generally	
depend	on	the	way	that	the	money	is	spent.	In	particular,	if	spending	is	to	be	smoothed	in	a	
backward	as	well	as	a	forward	sense,	so	that	sharp	spending	changes	are	to	be	avoided,	then	the	
fund’s	portfolio	should	not	be	rebalanced	after	an	unexpected	drop	in	market	values	because	a	larger	
share	then	needs	to	be	kept	in	secure	assets	so	as	to	safeguard	the	financing	of	a	smooth	
expenditure	flow.	Instead,	the	risky	share	of	the	portfolio	should	be	reconsidered	after	each	change	
in	securities	prices.	Furthermore,	the	desire	to	maintain	a	smooth	flow	should	generally	motivate	a	
conservative	investment	strategy.	
	
We	have	also	shown	that	the	smoothing	of	current	expenditure	carries	a	price	in	terms	of	long-term	
volatility.	That	is,	the	greater	the	smoothing	efforts	for	current	expenditures,	the	greater	the	
uncertainty	will	be	regarding	future	consumption	at	longer	horizons.	The	steady	reconsideration	of	
the	investment	strategy	after	each	security	price	change	helps	limit	this	uncertainty,	but	only	
partially.	
	
We	furthermore	believe	that	our	analysis	of	consumption	and	investment	with	time	variation	in	the	
riskless	rate	carries	some	new	insight.	It	provides	at	least	partial	support	for	the	claims	that	have	
been	made	in	regard	to	the	Norwegian	SWF	to	the	effect	that	the	currently	low	real	interest	rates	
should	temporarily	indicate	more	modest	draws	on	the	fund.	However,	as	long	as	these	low	rates	can	
be	considered	temporary,	our	analysis	indicates	that	the	reduction	can	be	more	modest	than	would	
be	appropriate	if	the	current	low	levels	represent	a	new	long-term	normal.	
	
Our	remaining	conclusions	follow	more	directly	from	the	simplest	models	of	spending	and	
investment.	Thus,	we	point	out	that	the	annual	draw	on	a	SWF	depends	on	political	preferences	in	a	
substantial	way,	meaning	that	favoring	current	generations	over	future	ones	can	be	perfectly	
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rational,	for	example,	if	future	generations	can	be	expected	to	be	more	prosperous	in	general.	Such	
preference	may	very	well	justify	draws	on	the	fund	that	exceed	the	normal	rate	of	real	return.	The	
fund,	and	the	absolute	value	of	the	annual	draw,	will	then	decline	over	time.	However,	this	would	
then	be	the	consequence	of	rational	choices	and	neither	irrational	nor	irresponsible.	
	
However,	if	a	government	wants	to	use	the	fund’s	annuity	value	as	the	base	for	its	annual	draw	
(rather	than	a	preference	for	current	or	future	generations),	it	should	make	sure	to	use	the	risk-
adjusted	rate	rather	than	a	simple	average.	This	insight	has	not	found	its	way	into	the	Norwegian	
fiscal	rule.	
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Appendix:	Approximate	solution	of	the	model	with	time-varying	risk-free	rate	

The	problem	is	to	maximize	(2.1)	subject	to	(3.1)	and	(3.2).	Our	method	parallels	that	of	Campbell	
and	Viceira	(2002),	who	studied	this	problem	with	long	bonds	as	the	only	risky	assets.	We	start	with	
the	Bellman	equation:	

(A.1)	 	 0 = max
) ( ,s (

𝑒&'( ) (
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/&0
+ /
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After	second-order	expansion	of	the	value	function,	application	of	Itô’s	lemma,	and	taking	
expectations,	we	can	write	this	equation	as:	
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where	subscripts	denote	first	and	second-order	partial	derivatives,	and	we	have,	to	simplify	notation,	
omitted	dating	of	the	relevant	variables.	

Now,	conjecture	the	following	form	for	the	value	function:	

(A.3)	 	 𝑉 𝑊, 𝑟, 𝑡 = 𝑒&'(𝜂 𝑟 &0 i
,-.

/&0
.	

After	substitution	of	the	partial	derivatives	under	this	conjecture,	the	Bellman	equation	becomes:	

(A.4)	 	 0 = max
),s

𝑒&'( )
,-.

/&0
+ 1 − 𝛾 𝑉 𝑟 + 𝛼𝜇 − 𝑐 𝑊 	

	 	 			−𝛾𝑉𝜃 𝑟∗ − 𝑟 𝜂x 𝜂 − 𝜌𝑉 − ,
N𝛾 1 − 𝛾 𝑉𝛼

F𝜎SF	

	 	 			−𝛾 1 − 𝛾 𝑉𝛼𝛽 𝜂x 𝜂 𝜎SF − ,
N𝛾𝑉 𝛾 + 1 𝜂′ 𝜂 F − 𝜂" 𝜂 𝜎VF .	

The	optimization	is	now	done	conventionally	by	differentiating	the	expression	inside	the	braces	with	
respect	to	𝑐	and	𝛼,	respectively,	and	equating	these	partial	derivatives	to	zero.	This	gives	the	
following	first-order	conditions:	

(A.5)	 	 𝑐 = 𝜂 𝑟 𝑊,	

(A.6)	 	 𝛼 = L
0M{N

− 𝛽 𝜂′ 𝜂.	

Substitution	of	these	conditions	into	the	Bellman	equation	gives	us,	after	some	algebra,	the	
maximized	value	as:	

(A.7)	 	 0 = 𝛾𝜂 − 1 − 𝛾 𝑟 − 𝛾𝜃 𝑟∗ − 𝑟 𝜂x 𝜂 + ,
N
LN

0M{N
− 𝜌 − 1 − 𝛾 𝛽VS 𝜂′ 𝜂	

	 	 			−,
N𝛾 1 + 𝛾 𝜎VF − 1 − 𝛾 𝛽VSF 𝜂x 𝜂 F + ,

N𝛾𝜎V
F 𝜂" 𝜂.	

(A.7)	is	a	second-order,	non-homogeneous,	non-linear	ordinary	differential	equation	in	𝜂 𝑟 .	Rather	
than	trying	to	find	an	exact	solution,	however,	we	follow	Campbell	and	Viceira	in	approximating	the	
function	𝜂 𝑟 	around	𝑟∗	as	follows:	



	 22	

	 	 𝜂 𝑟 ≅ 𝜂∗ + 𝜂∗ ln 𝜂 𝑟 − 𝑟∗ ,	

	 	 ln 𝜂 𝑟 − 𝑟∗ ≅ 𝐶$ + 𝐶/ 𝑟 − 𝑟∗ .	

We	then	easily	find	

	 	 𝜂′ 𝜂 ≅ 𝐶/,	

	 	 𝜂" 𝜂 ≅ 𝐶/F.	

Substituting	this	into	(A.7),	we	get	the	following	equation:	

(A.8)	 0 = 𝛾𝜂∗ + 𝛾𝜂∗ 𝐶$ + 𝐶/ 𝑟 − 𝑟∗ + 1 − 𝛾 𝑟 − 𝛾𝜃 𝑟∗ − 𝑟 𝐶/ + ,
N
LN

0M{N
− 𝜌	 	

	 			− 1 − 𝛾 𝛽VS𝜇𝐶/ − ,
N𝛾 1 + 𝛾 𝜎VF − 1 − 𝛾 𝛽VSF 𝜎SF 𝐶/F + ,

N𝛾𝜎V
F𝐶/F.	

This	equation	must	hold	as	an	identity	in	𝑟.	This	means	that	we	can	use	the	method	of	undetermined	
coefficients	to	identify	the	parameters	𝐶$	and	𝐶/.	In	particular,	the	coefficients	in	(A.8)	multiplying	𝑟	
must	sum	to	zero.	This	gives	the	solution	in	the	text.	
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