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Overview

The weapon: Functional data analysis

Not convinced yet? FDA can also handle this:

Take-home message
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The weapon: Functional data analysis (FDA)

v Functional data: Fitting curves
v’ Characterising curves:
Mean and principal component analysis
v Placing FDA in the landscape of
statistical analyses

v" FDA can also handle this:
Derivatives
Alignment

Functional data: Fitting curves
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The basics

An underlying,
continuous process ...measured at discrete time points ,with measurement error

~
Time (t)
Hence, these are the ...smoothed, due to
measurements ..that we use to fit a curve the measurement error

7

The basic unit in the analysis

How to construct a curve (the basic unit) from the data?

Should we fit a line?
a+ bt

Time (t)



How to construct a curve (the basic unit) from the data?

A parabola?
a+ bt +ct?

Time (t)

How to construct a curve (the bas"c unit) from the data?

A third-degree
polynomial?
a+ bt + ct? + dt3

Time (t)
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How to construct a curve (the basic unit) from the data?

A sum of third-degree
polynomials?

Time (t)

How to construct a curve (the basic unit) from the data?

1. Choose
The curve we are looking for, x(t), |2 Set F’f basis
is a linear combination of functions ¢x(1):

the basis functions:
Third-degree

K
- . polynomials
x(t) = Z Cr k(1) (= B-splines) for
k non-periodic data

or
Fourier basis for
periodic data

The best linear combination of the basis functions (the curve that fits the points
best) is found by minimising the least squares expression

SSE(x]Y) = [y — x()]'ly — x(t)]
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Best curve: overfitted curve (too curvy)
if measurement error

We want to restrict the total amount of curvature, and minimize these least squares instead:

PENSSEA(x]y) = [y — x(O)]'ly — x(t)] + APEN(X)

Smoothed curve (less curvy)

/
The basic unit in FDA
From now on, we only use curves
We never look back!

28.09.2016
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Glucose in mmaolf

Examples of functional data

Non-periodic patterns

602 4 6 & 10 12 14 16 18

Age (years)

Brain activity

Temperature (°C)

Periodic patterns

Day no. during the year

&9 KK @0slo University Hospital

babies and COmpIications
n=1031 healthy, pregnant women

Pregnancy week

14-16 30-32 Birth

Background/demographics
Anthropometry (BMI)
Glucose challenge (2-hour OGTT)

+

+ + +

+

Birth data / +
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Glucose measurements in early pregancy

= Curves as basic units:
Must be fitted

Glucose in mmolfl

T T T T T
8] 20 40 B0 80 100 120
Time in minutes

Glucose curves in early pregancy

Glucose in mrmold]
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Characterising curves

Y

Interesting features of curves

Mean curve: OK.

Variation: At single
timepoints?

Even more important:
temporal variation

Glucose in memaol

Functional principal
1 1 T 1 1 T componentanalysis
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Glucose (mmol/l)

10

Glucose in mmali

Most important Second most important Third most important
general temporal feature temporal feature temporal feature
(88.1% of variation) 2 (8.6% of variation) ®- (2.4% of variation)
«General level» ~ «Timing of peak» ~- «Oscillations»
High PCl-score High PC2-score High PC3-score
— High glucose levels — Late peak — Oscillating

Extreme scores Extreme scores Extreme scores
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Time (min)

Mean glucose curves in BMI categories

© would also
be fine here

o

g |

T T T T T T T
0 20 40 50 80 100 120

Time in minutes

28.09.2016

15


http://www.biomedcentral.com/1471-2288/13/6/figure/F2

Glucose curves,

early pregnancy

Lt
w

3.5 4.0 45 50 55 6.0

30

v

2h glucose categories,
late pregnancy

Mean glucose curves, categories of 2h OGTT wk 30-32

gesta

Subsequent gestational diabetes, highest values

tional diabetes

Neither of
AUC, fasting, 2h value
at wks 14-16 differ
between the three upper
categories,

but «Timing of peak» do.

0 20 40 B0 =] 100

120

Placing FDA in the landscape
of statistical analyses

28.09.2016
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Placing FDA in the landscape of statistical analyses

Types of data (basic units in the analysis)

Categorical data

Continuous data

Censored data

—

Functional data

TN
/

Proportions
Tables

Mean or median
SD or quartiles

Kaplan-Meier plot
Survival tables

Mean curve
Principal components

Cross-tables
Pearson X2 test

T-test or Mann-Whitney
ANOVA or Kruskal-Wallis

Log-rank test

Functional ANOVA,
permutation F-tests

Logistic
regression

Linear regression

Poisson-regression
Cox-regression

Functional regression

Multilevel/mixed models

Examples of functional data

28.09.2016
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&9 KK @0slo University Hospital

babies and COmpIications
n=1031 healthy, pregnant women

Pregnancy week 14-16 30-32 Birth
Background/demographics +

Anthropometry (BMI) + + +
Glucose challenge (2-hour OGTT) +

Birth data / +

Repeated glucose curves during pregancy:
Multilevel functional data analysis

Smoothed OGTT glucose curves, Smoothed OGTT glucose curves,
gestational wks 14-16 gestational wks 30-32

Glucose (mmaolfl)
Glucose (mmolf)

0 20 40 60 80 100 120 0 20 40 60 80 100 120
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One woman’s
glucose curves

Overall
mean curve

Visit-specific Subject-specific
deviations from deviation from the
the overall mean visit-specific mean

Subject- and visit-

specific deviations

from the subject-
specific mean

7o () =pu()+n, () + X, (1)+U (1)

Glucose curves =

Glucose (mmol/I}

Fixed effects curves

Subject-specific characteristics

Smoothed OGTT glucose curves,

A

0

gestational wks 14-16

20 40 60 B0 100 120

Time (min)

Glucose (mmal/l}

Smoothed OGTT glucose curves,
gestational wks 30-32

o 20 40 60 B0 100 120

Time (min]

+ Random effects curves

28.09.2016
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“Level”

Subject-specific characteristics

“Level”.

“Peak”

Smoothed OGTT glucose curves, Smoothed OGTT glucose curves,
gestational wks 14-16 gestational wks 30-32
g g
E £
e ° -
0 20 40 B0 BO 100 120 0 20 40 60 80 100 120
Time {min) Time (min)
Subject- and visit-specific characteristics
“Level” “Peak” +| “Oscillations”
E F G
Subject-specific characteristics
“Level”. | “Peak”
C
Smoothed OGTT glucose curves, Smoothed OGTT glucose curves,
gestational wks 14-16 gestational wks 30-32
g g
E £
e ° -
0 20 40 B0 BO 100 120 0 20 40 60 80 100 120
Time {min) Time (min)
Subject- and visit-specific characteristics
Early pregnancy Late pregnancy

+ “Peak” “Oscillations”

[“Level™.. |+ “Peak”

HO4 D

| “Oscillations”
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Subject-specific characteristics

“Level”

Subject- and visit-specific characteristics

Birth weight

Neonatal % fat

Early pregnancy Late pregnancy
“Level” “Peak” “Oscillations” “Oscillations”
£ F G ‘)
Subject-specific characteristics
rrrre
“Peak” I
- .
el |
s
N
EEEEED
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Early pregnancy Late pregnancy
“Level” “Peak” “Oscillations” “Level™-. | [“Peak” “Oscillations”
£ F G H ] ‘)
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Subject-specific characteristics
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Subject- and visit-specific characteristics
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Summary, health

v Women'’s curve shapes contain

important information.

v’ Glucose levels rise, and the glucose

peak lags, as pregnancy proceeds

v" A late glucose peak in early

pregnancy is a risk factor for
subsequent gestational diabetes

v Glucose curve characteristics

influence neonatal outcomes

28.09.2016
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Functional data: Derivatives

FDA: assuming continuity % P peasonites
and smoothness opens for - '

analysis of derivatives 140

Height (cm

100| /2

2 4 6 8 10 12 14 16 18
Age (years)

o

Height Velocity (cm/yr)

-

5 10 15
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Data alighment

Data alignment

Data alignment

Data a | ignm en

24
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Take this waltz

Take this waltz

25
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Alignment: What and why?

1% ”n _ u ”no_ o« ”

Important features are observed across units — but at
different times (or space location).

Cf. Rigid Versus

Misalignment blur any subsequent analyses, including
descriptive statistics, and acts as a confounder.

Example: Recording gait cycles. Unaligned vs

Hip Knee

Degrees

26
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Alignment: Landmark-based

A)Left-right alignment (“Shift”)

~oLN= 2/ \

B) Stretching the axis

VANGF VA

Alignment: Continuous registration

Alternative to landmark-based alignment:

“warping functions”,
often solved by iterative procedures
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Take-home message

v’ Curve shapes may contain
important information.
Use FDA to analyse them.

v’ For analyses of other basic units
than curves, check out
object-oriented data analysis
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Tools
v R (package £da)
v’ Matlab
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