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What is a living tissue ? A mechanistic view

Sans force Avec force

® Physicis/Mechanics
Benamar, Drasdo, Preziosi,
Joanny-Prost-Jiillicher,
Goriely, Ciarletta, E. Farge

molécule pcat
(au centre des
cryptes)

Activation de
I’expression
du géne tumoral

m Mathematical models
Byrne-Chaplain, Main, Garcke
Lowengrub et al, Friedman,
Hubert, O. Saut et al

%‘C Extracellular matrix
Interstitial fluid

Living cells (LC)

m Pressure, contact inhibition

and carrying capacity © Death cells (DC)

Chemical species




Introduction

W 20-30 years ago, a tumor was considered as an invasion of
Fisher/KPP type

0 n
—n—An=m(1l—- —
ot ( K)

This is no longer the case

B Pressure and contact inhibition : Byrne-Drasdo,
Joanny-Prost-Jiilicher... "Homeostatic pressure’ py,
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Credit. M. Basan, SU and Institut Curie



Compressible multispecies model

A class of models are compressible

B Number density of various types of cells ny, no, ...
B Fluid mechanics view : pressure p
m Darcy's rule, velocity v = —Vp

Papers by Chaplain, Byrne, Sherratt, Friedman, ...
%nl +div(nv) = nFi(p(x,t)) + mGi(p(x, t))
o) : —
Sem +div(nav) = nmFa(p(x,t)) + n2Ga(p(x, t))

v=-Vp,  p=M(n)=(m+n)

Contact inhibition : Byrne-Drasdo, Joanny-Prost-Jiilicher...
'homeostatic pressure’ ppy

JiL



Incompressible multispecies model

But another class by Maini, Lowengrub, Colin-Grenier-Saut..

2. +div(mv) = niFi(p(x, t)) + mGi(p(x, t))
L.my +div(nav) = niFa(p(x, t)) + mGa(p(x, t))
v=-Vp,
And add incompressibility
n:=n+nm=1

divv = _Ap = an(p(X7 t)) + n2G(p(X7 t))7
F=F+F, G =G+ G.

JiL



Incompressible multispecies model Jil

Image based predictions : Swanson, Ayache, Colin-Saut..., Cristini-Wang etc

M Liquid/solid tumors “e@
B Active cells

B Immune system, metastasis, resistance to treatment

B Nutrients/drug

B Angiogenesis (new vasculature brings nutrients)
B Healthy, quiescent, necrotic cells
B From molecules to entire organ
B Extra-cellular matrix

B Models of mixture, multiphase flows

L. Preziosi et al, Titi-Lowengrub-Zhao

Credit for pictures : INRIA team MC2 (Bordeaux)



Organisation of the talk

Jil
What is the connection?

Incompressible limit

1. Single equation

2. Nutrients, chemotaxis

3. Multispecies




1 — n(x, t) = healthy cells

{ %n+div(nv) =n G(p(X, t))’
v(x,t) = =Vp(x, t)

Single equation, compressible
n(x, t) = population density of tumor cells
) =

JiL

P t) = N(n) = T, 7> 1
6'(p) < 0 ikl
G(pm) =0 H

%n(t) >_K

t

e~ 776t (Aronson-Bénilan estimate)




Single equation, compressible

0 o1 02 03 04 05 06 07 08 03 1

£

Black : cell density ; Blue : pressure

Traveling wave : see Dalibard, Lopez, Perrin



Free boundary/incompressible models Jil

Geometric version

Tumor domain Q(t)

Evolve 0Q(t) with Darcy's law
v(x,t) = —=Vp(x,t).
with the pressure

—Ap=G(p) xeQ(1)
p=0 on 09(t)

Also p = ak, See A. Friedman, S. Cui, Escher



Free boundary/incompressible models

Two approaches : cell density and free boundary. Which relation ?
%n7 + div(nyvy) = nyG(py(x, t)), x € R4
vy = =Vpy(x, t), py(x,t) = M(ny) :=n",

The stiff pressure law the limit, v — oo

Hele-Shaw

Bénilan, Igbida, Gil, Quiros, Vazquez, X. Chen et al, Caffarelli, Friedman,
Escher, Cui,...

Obstacle problem : Kim, Mellet
Viscosity solutions : |. Kim et al.

Optimal transportation : Dambrine, Maury, Santambrogio (congestion)



Free boundary/incompressible models

Two approaches : cell density and free boundary. Which relation ?
%n7 + div(nyvy) = nyG(py(x, t)), x € R4
vy = =Vpy(x, t), py(x,t) = M(ny) :=n",

The stiff pressure law the limit, v — oo

Hele-Shaw

B Bénilan, Igbida, Gil, Quiros, Vazquez, X. Chen et al, Caffarelli,
Friedman, Escher, Cui,...

B Obstacle problem : I. Kim, Mellet
B Viscosity solutions : |. Kim

B Optimal transportation : Dambrine, Maury, Santambrogio (congestion)



Free boundary/incompressible models
{ ey + div(nyvy) = ny G (py(x, 1)),

vy = =Vpy(x, t),

x € R

py(x,t) =M(n,) :==n",
Theorem (Hele-Shaw limit) : As v — oo

Ny — Neo <1,

Py = Poo < PM
Vp, = Vps [2-w
o)

{ 9t Noo — diV(noonoo) = nooG(poo)a

Poo =0 for ne(x,t) <1

JiL



Free boundary/incompressible models

2 n, +div(nyvy) = nyG(py(x, 1)), x € RY
{ G = VRt py(xt) =) =,
Theorem (Hele-Shaw limit) : As v — oo
Ny = neo <1, py— poo < pm, Vpy— Vpso L%w
{ %noo — div(noonoo) = nooG(poo),

Poo =0 for ny(x,t) <1

Theorem The weak solution is unique.

Method a la Oleinik, by 'entropy’ see N. Igbida

JiL



Free boundary/incompressible models

2 n, +div(nyvy) = nyG(py(x, 1)), x € RY
{ G = VRt py(xt) =) =,
Theorem (Hele-Shaw limit) : As v — oo
Ny = neo <1, py— poo < pm, Vpy— Vpso L%w
{ %noo — div(noonoo) = nooG(poo),

Poo =0 for ny(x,t) <1

Theorem The weak solution is unique.

Theorem (complementarity relation) : We also have
Poo [Apoo + G(F’OO)] =0,

Vpy — Vpso  strongly in L2((0, T) x RY),
All the difficulty is when py, = 0!

JiL



Free boundary/incompressible models Jil

Proof :

0
EP’y - |VP7|2 =7 Py [APV + G(P’y(x7 t))]

S

(i)  Uniform L*°, BV estimates for n,, p,
(i) L2 estimates for Vp,

(iii) IV, > = |Vpol?, Vp, — Vpeo strongly in L2
is equivalent to establishing the relation

Poo (Apso + G(pso)) = 0.

Follows from Aronson-Bénilan estimate

4 () > ~Cerv



nuclei density [nuclei / micrometer~2]

When n® = Tyqoy then n(t) = Tyg();
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Cell culture data in vitro at two different times. From N. Jagiella PhD thesis, INRIA and UPMC (2012)

proliferating —
%, necrotic —k—




Organisation of the talk

1. Single equation
2. Nutrients, chemotaxis

3. Multispecies
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Model with nutrient

%n + div(nv) = nG(p(x, t), c(x,t) ),

nutrients

<

= _VP’ p = n’y’

|

c—Ac+ R(n)c=cp
—_———

nutrients consumption/release

Q)

t

Theorem (Hele-Shaw limit) As v — oo, we have
{ %noo + diV(nooVoo) = nooG(Pom Coo)a Voo = —VPoo

poo(l_noo)zoa OSHOOS].,

Theorem (N. David, BP)
poo[_ Apoo - G(pom Coo)] =0
Proof. Two new ideas :

m /2 Aronson-Bénilan estimate,

BVpe Lix uniform in 7 (see also Alazard-Bresch)

JiL



Model with nutrient Jil

Zntdiv(av) = nG(p(x, ), c(x.t) ).

nutrients

v=-Vp, p=n’,
%C—AC—!— R(n)c = cg
—_——

nutrients consumption/release

Necrotic core, instabilities

With nutrients tumor cells can die

effect of nutrient consumption. Credit for pictures M. Tang, N. Vauchelet



Model with nutrient

Closely related to instability in thermo-chemical reactions

2
%u—aAu =X, temperature
Oy — Ay = Ly tant
EV vV = a0 reactan

Dynamical Turing instability (see M. Kowalckzyk, BP,
N. Vauchelet : Transversal instability of 1D traveling wave)

Credit for picture N. Vauchelet

JiL



Ji

£2.n —div(nVp) + div(nVS) =0, p=n,
—AS = n,
Theorem (Hai-Liang Li, Qingyou He, BP)

py and Vp, converge strongly
and
gt — Apso + dlv(nooVS )

poo(]- - noo) =0, NeoV Poo = vF’oo:
_ASOO = Neo,

and the complementarity condition holds

Poo[Apoo + Noo] = 0.



Organisation of the talk

1. Single equation
2. Nutrients, chemotaxis

3. Multispecies



Multispecies model Jil

%nl +div(mv) = mFi(p(x, t)) + mGi(p(x, )
%nz +div(mv) = mF(p(x, t)) + mGy(p(x, )
v=-Vp,  p=(m+m)

B Seems easy : n = nj + ny satisfies

%n —div(nVn") = mF(p) + mG(p)

Difficulties

m No BV bounds on ny, np, p (except 1D)

0
e = |vp|2 + vypAp + ypR(n1, na, p)

B For the nonlinear term, we need compactness for
either nj or v = —-Vp e [?



Multispecies model

YL
%nl + diV(ﬂlv) =mkF (p(X, t)) + n2G1(p(X, t))

%nz + div(ngv) =mkF; (p(X, t)) + n2G2(p(x, t))
v = _vpa
Existence

p=(m+n)"

0

® Smooth and ny + ny > 0 (Bertsch, Hilhorst, Mimura et al, 2012)
n

mdim 1, BV est. for % (Carrillo, Santambrogio et al, 2018) :

m
el = —R
otny + np V@X ny+ np (nl’nz)
B Any dim. (Gwiazda, BP, Swierczewska-Gwiazda, 2019) using
Aronson-Bénilan estimate in L2 when F(0) = G(0)



Multispecies model Jil

%nl +div(nv) = nmFi(p(x,t)) + mGi(p(x, t)),
%ng +div(nv) = mFa(p(x, t)) + mGy(p(x, t)),

v=-Vp,  p=(m+m)
New approaches appeared recently

m \atts Jacobs © A Lagrangian approach + Aronson-Benilan in L?
e Existence
e Limit v — oo when initial data is an indicator function

| Price, Xiansheng Xu; Jian-Guo Liu For simplified RHS
e Existence (compactness of Vp,)
e Limit v — o
n; » converge weakly, Vp, converges strongly

B This method is extended by Noemi David to general RHS
(compensated compactness)



Compactness of Vp,
Idea of Price, Xu, Liu, David's method

pr div(n,Vpy) = nyG(py(x, 1)) p=n"
0
Zne— — 1 At
8tn7 -y 1An

= nyG(py(x. 1)),



Compactness of Vp, Jil

priohe div(n,Vp,) = nyG(py(x, 1)), p=n"

9 gl

g AT = mGp D), =
0
anoo — Apoo = ...

Y 0 y
(mpv Poo)ﬁ(”w Noo) (mpv Poo)A(me

/‘ 7+1 poo)|2+...:4terms
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_poo)=




Compactness of Vp,
(—Lp, -

JiL
0 gl
N 1p7 POO)E(”W = No) — (ﬁpv - Poo)A(mpw — Pc) =
/‘ 7+1 poo)’2+...—4terms+
0 1 0
. y+1
Pros™ = S v 1ac™ — 0
0

pooa(m, —Ne) — 0

Pvor

Noo — Poo

enough to use weak CV of Vp,
oo = 0
at"

weak CV enough




Organisation of the talk

1. Single equation

2. Nutrients, chemotaxis
3. Multispecies

4. Related problems



Model with active movment Jil

activewment
%n +div(nv) — vAn = nG(p(x, 1)),

v=-Vp p=n", Darcy’s law,

Hele-Shaw limit : We still have

p (Ap+G(p)) =0




Effect of viscosity JiL

2 n+div(nv) = nG(p(x, 1)),

—vAv+v =—-Vp, p=n7, visco-elastic fluid

—~=-Density n

T
T T - -
— ] m—
- | ! Density n i i Density n
——Pressure p | | | Pressuwep ! ——Pressure p
s s
W ! i W I W
. | i ar ‘
| ! i
| ! 1
i I !
| ! ]
I | 1
{ \
| i
| i
\
I
02 i A 02 |
] 1
01 ! u 01 i
i | !
o E T
x x X

u}
o)
I
i
it




Multiphase models (Cahn-Hilliard)
c=_ M

(concentration)
m —+ ny
{% —div(c(1—¢)?Vp) = c(1 - ¢)G(...)

p=W(c)—0dAc

JiL

Isevalun

Wise, Lowengrub, Miranville, Poulain, Benamar, Agosti, Ciarletta,
Graselli, Garke, Roger, Lam, Rocca...

Computations by Agosti,

Ciarletta et al (Poli. Milano)

m]

=




Ji

B Modeling of tissue growth is an interdisciplinary subject

B Recent progresses on the incompressible limit of porous media
flow

m Systems of PDEs (unstability)

B Multiphase Cahn-Hilliard approach under investigation



Thanks to my collaborators

F. Quiros, J.-L. Vazquez, A. Mellet,

Min Tang, N. Vauchelet, A. Lorz, T. Lorenzi,

P. and A. Gwiazda, T. Debiek,

F. Bubba, C. Pouchol, M. Schmidtchen, N. David,

Hai-Liang Li, Qingyou He

THANK YOU
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