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A series of long-range, low-frequency, ocean propagation experiments conducted since the mid 1980’s attest to
the complex nature of near-axial propagation in a deep-water waveguide. The most pronounced characteristics of
the time-of-arrival patterns for these experiments are early geometrical-like arrivals followed by a crescendo of
energy that propagates along the axis. It is impossible to explain this late-arriving energy using the geometrical
acoustics because of the presence of cusped caustics repeatedly along the axis. The neighborhoods of interference
grow with range and at long ranges they overlap producing a special “axial wave” that propagates along the axis
like a wave. In this paper for an arbitrary two-dimensional underwater sound channel the axial wave is represented
in the form of a sum of the first normal modes and a remainder field. The mathematical framework is provided
by two different representations of the acoustic field. The first one includes a sum of ray summands and the axial
wave. The second representation consists of ray summands, a sum of the first normal modes, and a remainder
field. Numerical simulations are carried out for the Munk canonical sound-speed profile in the range interval
[1600; 1650] km at the frequency of 200 Hz.

1 Introduction

In many long-range propagation experiments the source and
receiver are placed close to the depth of the sound-channel
(SOFAR) axis to minimize the interaction of the acoustic
field with the ocean’s surface and bottom. All these ex-
periments are consistent in their description of the time-of-
arrival patterns of the received signal. They include early,
resolvable, geometrical-like intensity peaks followed by the
axial crescendo of unresolved energy. The early intensity
peaks can be unambiguously identified with acoustic energy

that propagates along ray paths calculated for ocean mod-
els that are reasonable representations of the ocean condi-
tions. The axial crescendo consists of a jagged buildup of
the acoustic energy with time to a relatively high peak fol-
lowed by a rapid termination of the signal. In Fig. 1 these
characteristics are clearly shown for a time-of-arrival pat-
tern measured during the Acoustic Engineering Test (AET)
for the Acoustic Thermometry of Ocean Climate (ATOC)
program. This figure is adapted from one published in [1].
The axial crescendo accumulates an essential part of energy
of the received signal, but it is unknown how to extract from
it the useful information about the ocean conditions.

Fig. 1: One of time-of-arrival patterns measured during the AET experiment.

While the eikonal equation can be solved for the ray paths
and travel times can be calculated by integrating along these
paths, applications to use the geometrical acoustics to de-
scribe the propagation of energy along the waveguide axis
entail difficulties resulting from the existence of cusped

caustics repeatedly along the axis. Figure 2 illustrates this
pattern of caustics. This is a ray tracing for a source on the
axis (and for relatively short ranges). In neighborhoods of
cusped caustics the very complicated interference processes
are observed. They are described by the Pearcey integral [2].
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The longitudinal and transverse sizes of the neighborhood
of a cusp of a caustic, where simple ray acoustics formu-
las are not applicable, increase with range. As a result, at
the certain propagation range the neighborhoods of adjacent
cusps overlap. In this case the acoustic field cannot be de-

scribed by the Pearcey integral and the more complicated
interference structure appears. Therefore, a study of the ax-
ial crescendo when the geometrical solution is characterized
by a multitude of cusped caustics should include an investi-
gation of the interference of near-axial waves.

Fig. 2: Ray tracing for a source on the axis of the waveguide.

For a very idealized model of a symmetric waveguide,
Buldyrev [3] showed that the interference of the wave fields
that correspond to near-axial rays, and is associated with the
cusped caustics, leads to formation of a coherent structure
(the axial wave) that propagates along the axis like a wave.
For an arbitrary range-independent underwater waveguide
the formula for the axial wave was obtained by Grigorieva
and Fridman [4]. It was generalized to the case of a range-
dependent ocean in [5].

The purpose of this paper is to obtain for a range-
independent medium model the representation of the axial
wave in the form of a sum of the first modes and a remain-
der field that will provide an opportunity to understand bet-
ter the interference structure of the acoustic field near the
axis of an underwater sound channel in a deep-water sea.

The mathematical framework is provided by two different
representations of the acoustic field. The first one was ob-
tained in [4]. It includes a sum of ray summands and the
axial wave. The second representation of the acoustic field
is derived in the present paper. It includes ray summands,
a sum of the first normal modes, and a remainder field. For
a simple medium model with the parabolic index of refrac-
tion squared the desired representation of the axial wave was
obtained in [6].

2 Integral representation of the wave
field

For simplicity we consider the situation where the wave field
depends on two spatial coordinates: the range coordinate,
X, and the depth coordinate,Z, which is measured rela-

tively to the depth of the sound-channel axis. We suppress
the dependence of the field on the time factorexp(−iωt),
whereω is a cyclic frequency andt is the time.

In this paper we will study the interference of the wave trav-
elling directly along the sound-channel axis with the wave
fields corresponding to the rays with small launch angles.
These rays do not reach the ocean’s surface and bottom what
allows the use of the model of an infinite ocean.

It is assumed that the sound speedc(Z) can be expanded in
the case of smallZ in the form

c(Z) = c0 +
c2

2!
Z2 +

c3

3!
Z3 + . . . , c2 > 0 (1)

and whenZ → ±∞, the sound speed tends to the con-
stantsc±∞ > c0. Since in Eq. (1),c1 = c′(0) = 0 and
c2 = c′′(0) > 0, the acoustic propagation in the ocean is
characterized by the formation of a deep-water waveguide
with the sound-channel axisZ = 0.

Let X = 0 and Z = Z0 be the coordinates of the
source. We introduce dimensionless coordinatesx = X/a,
z = Z/a, wherea =

√
c0/c2 is the characteristic dimen-

sion of the waveguide, and a dimensionless wave number
κ = (ω/c0) a.

The standard formulation of the problem is given by the
wave equation

∂2Uj

∂x2
+

∂2Uj

∂z2
+ κ2 n2(z)Uj = 0 , (2)

wheren(z) = c0/c(a z) = 1−n2 z2+n3 z3+ . . . n2 > 0 is
the index of refraction and the functionsUj(x, z), j = 1, 2
are the wave fields above and below the depth of the source,
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respectively. The equation (2) is supplemented with the con-
tinuity condition at the depth of the source

U1(x, z0) = U2(x, z0) , (3)

wherez0 = Z0/a, the discontinuity condition at the hori-
zontal location of the source

(
∂U1

∂z
− ∂U2

∂z

) ∣∣∣∣
z=z0

= 2π δ(x) , (4)

where δ(x) is the Dirac delta-function, and the radiation
condition at infinity asr ≡ √

x2 + z2 →∞, Imκ > 0

Uj(x, z) → 0 . (5)

Let us denote viaΦ1(z, ζ) andΦ2(z, ζ) two linearly inde-
pendent solutions of the equation

d2Φ
dz2

+ κ2
(
n2(z)− ζ2

)
Φ = 0 (6)

satisfying the conditions

Φ1(z, ζ) → 0 as z → −∞ ;

Φ2(z, ζ) → 0 as z → +∞ .
(7)

W (ζ) is the Wronskian of these solutions. Fourier trans-
forming in the range variable and using the method of sepa-
ration of variables in (2)–(5) gives:

Uj(xr, zr; z0) = κ

∞∫

−∞

Φl(z0, ζ)Φj(zr, ζ)
W (ζ)

ei κ xr ζ dζ ,

j, l = 1, 2 ; j 6= l , (8)

where (xr, zr) are the coordinates of the receiver. For
xr > 0, one can close the contour in the upper-halfζ-plane
as|ζ| → ∞ and forxr < 0 it can be closed in the lower half
plane in the same limit. As follows we will takexr ≥ 0, cor-
responding to propagation in the positivexr-direction. For
this choice the contour must be displaced slightly above the
real axis in the second quadrant and slightly below it in the
fourth quadrant.

The dimensionless wave numberκ = (ω/c0) a, where
a =

√
c0/c2 , is a large parameter of the problem even at

moderate frequencies. For example, for the Munk canonical
sound-speed profile [7] at the source frequency of 75 Hz, for
the dimensionless wave numberκ we get the value2089.76.
It means that for the functionsΦ1(z, ζ) and Φ2(z, ζ) we
can use their uniform asymptotic expansions asκ → ∞
(see, for example, [8]). These asymptotics are expressed in
terms of the parabolic cylinder functionsDt(±ν). The func-
tionsDt(±ν) are defined so that as|ν| → ∞ we have (see
Chap. 8 of [9] and Chap. 19 of [10])

Dt(ν) ∼ e−ν2/4 νt 2t/2

{
1− t (t− 1)

2 ν2
+ . . .

}
,

| arg ν| < 3π

4
; (9)

Dt(−ν) ∼ e−ν2/4 (−ν)t 2t/2

{
1− t (t− 1)

2 ν2
+ . . .

}
,

|π − arg ν| < 3π

4
. (10)

The formulas relatingΦj(z, ζ) to Dt(±ν) ask →∞ are

Φ1(z, ζ) ∼ Dκ∆−1/2

(√
κ Ξ(z, ζ)

)
√

Ξ′(z, ζ)
, (11)

Φ2(z, ζ) ∼ Dκ∆−1/2

(−√κ Ξ(z, ζ)
)

√
Ξ′(z, ζ)

. (12)

HereΞ(z, ζ) is found from the implicit equation

z∫

z−(ζ)

√
n2(z)− ζ2 dz =

Ξ(z,ζ)∫

−2
√

∆

√
∆− s2

4
ds , (13)

where

∆ = ∆(ζ) =
1
π

z+(ζ)∫

z−(ζ)

√
n2(z)− ζ2 dz (14)

is the phase integral andz−(ζ) < z+(ζ) are two roots of the
equationn2(z)− ζ2 = 0 ; Ξ′(z, ζ) = ∂Ξ(z, ζ)/∂z.

We now consider the location of the singular points of the
integrand in (8). Using the formula (see p. 687 of [10])

Dt(ν)
d
dν

Dt(−ν)−Dt(−ν)
d
dν

Dt(ν) =
√

2 π

Γ(−t)
,

where Γ(−t) is the gamma function, we obtain for the
Wronskian the following expression ask →∞

W (ζ) ∼
√

2κ

π
Γ(1 + t) sin πt (15)

with

t = t(ζ) = κ ∆(ζ)− 1
2

. (16)

Since the parabolic cylinder functions are entire functions
of t, the integrand in (8) has simple poles only at the roots
of the equationΓ(1 + t) sin πt = 0 or atΓ−1(−t) = 0, i.e.
for

t = κ ∆(ζ)− 1
2

= m, m = 0, 1, . . . . (17)

Because the expressionn2(z) − ζ2 includesζ2, the poles
ζ = ±ζm are symmetric with respect to the origin in the
ζ-plane. Form ≤ m0, wherem0 is some integer, the poles
±ζm are real, whereas form > m0 they are purely imagi-
nary.
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Fig. 3: (a) Integration contourγM in (19) and (b) the integration contoursγ1, γ2
M . The poles of the integrand in (8) are presented

by dots.

3 Transformation of the exact solu-
tion

Below we will examine in detail the case when the source
and the observation point are located at the waveguide axis,
i.e. zr = z0 = 0. Using asymptotic formulas for the
parabolic cylinder functionsDt(±ν), it is possible to show
that the integration contour in (8) can be deformed into
the contourγ that surrounds the intervals0 < Reζ 6 1,
Im ζ = 0 and0 < Im ζ < +∞, Reζ = 0. Then let us de-
form the integration contourγ in such a way to extract a sum
of the firstM residues of the integrand in (8) at the poles
+ζm, m = 0, 1, . . . , M − 1 < m0; see Fig. 3 (a). These
residues give us a sum of the firstM propagating waveguide
waves (normal modes). Selection of the value ofM will be
discussed later. As a result, (8) takes on the form

U(xr, 0; 0) =
M−1∑
m=0

umode
m (xr, 0; 0) + I(xr) , (18)

where

I(xr) ∼ κ

∫

γM

Dt

(√
κ Ξ(0, ζ)

)
Dt

(−√κ Ξ(0, ζ)
)

Ξ′(0, ζ)W (ζ)
×

× exp
(
i κxr ζ

)
dζ , (19)

umode
m (xr, 0; 0) ∼

√
2 π3/2 i (−1)m+1

√
κ m! ζm Ξ′(0, ζm)

×

×
( z+(ζm)∫

z−(ζm)

1√
n2(z)− ζ2

m

dz

)−1

exp
(
i κxr ζm

)×

×Dm

(√
κ Ξ(0, ζm)

)
Dm

(−√κ Ξ(0, ζm)
)

(20)

andt is given by (16).

In this paper we study the relationship between the first nor-
mal modes and the axial wave that describes the interference
of the wave fields corresponding to rays having small launch
angles with the wave travelling directly along the axis. In
this case typicallyM ≤ 10, and polesζm are close to1.

Now let us transform the integral (19). Using formulas
from [10], it can be written ask →∞ in the form

I(xr) ∼ −i
√

π κ

2
√

2

∫

γM

G(ζ) R(t)
1 + eiπt

1− eiπt
ei κ xr ζ dζ ,

(21)
where

G(ζ) =
Dt

(√
κ Ξ(0, ζ)

)
Dt

(−√κ Ξ(0, ζ)
)

Ξ′(0, ζ)D2
t (0)

, (22)

R(t) = 2−t Γ(1 + t)
Γ2(1 + t/2)

. (23)

To investigate the behavior of the factorR(t), we use the
Stirling’s formula (see p. 257 of [10]) to obtain the result as
|t| → ∞

R(t) ∼




√
2/πt , | arg t| < π − ε ,

i
√

2/πt tan(πt/2) , ε < | arg t| < 2 π − ε ,
(24)

whereε is an arbitrary positive constant.

On the integration contourγM we expand the function(
1 + eiπt

)
/
(
1− eiπt

)
in a geometrical progression

1 + eiπt

1− eiπt
= 1 + 2

L−1∑

l=1

ei πtl + 2
ei πtL

1− ei πt
. (25)

Selection of the value ofL and the connection betweenM
andL will be discussed later. The integrals

∫

γM

G(ζ)R (t) exp(iπtl + iκxrζ) dζ
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for l = 0, 1, . . . , L − 1 vanish since their integrands do not
have singularities in the region to the left as one moves along
the integration contourγM and they tend sufficiently fast to
zero when|ζ| → ∞ in this region.

For the last term in (25), it does not exceed| exp
(
iπt(L −

1)
)| in the upper half-plane and therefore the integral of this

term along the contourγM will be convergent. Hence

I(xr) ∼ −i
√

π κ

2

∫

γM

G(ζ)R(t)
eiκϕL(ζ)

1− eiπt
dζ , (26)

where we generally define

ϕL(ζ) =
π t L

κ
+ xr ζ . (27)

In (26) let us replace one integral along the contourγM by
two integrals taken overγ1 andγ2

M , see Fig. 3 (b). The con-
tourγ1 begins at infinity in the sectorπ/2 < arg ζ < 3π/4
and it goes to infinity in the sector−π/2 < arg ζ <
−π/4. The contourγ2

M begins at infinity in the sector
−π/2 < arg ζ < −π/4 and it goes to infinity in the sec-
tor π/4 < arg ζ < π/2. The contourγ2

M crosses the real
axis atζ = aM , where

ζM < aM < ζM−1 (28)

andζM is theM -th pole satisfying Eq. (17). Then

I(xr) = IL(xr) + FL,M (xr) . (29)

Here ask →∞

IL(xr) ∼ −i
√

π κ

2

∫

γ1

G(ζ)R(t)
eiκϕL(ζ)

1− eiπt
dζ , (30)

FL,M (xr) ∼ −i
√

π κ

2

∫

γ2
M

G(ζ) R(t)
eiκϕL(ζ)

1− eiπt
dζ . (31)

It can be easily shown that the integrals (30) and (31) exist.
In IL(xr) we use

exp(iπtL)
1− exp(iπt)

=
J−1∑

j=0

exp
(
iπt(L + j)

)
+

+
exp

(
iπt(L + J)

)

1− exp(iπt)
. (32)

With this expansion it is possible to write the integralIL(xr)
as a sum of integrals

IL =
J−1∑

j=0

sL+j + SL+J , (33)

where ask →∞

sL+j ∼ −i
√

π κ

2

∫

γ1

G(ζ)R(t) exp
(
iκ ϕL+j(ζ)

)
dζ ,

(34)

SL+J ∼ −i
√

π κ

2

∫

γ1

G(ζ) R(t)
1− exp(i π t)

exp
(
iκ ϕL+J(ζ)

)
dζ .

(35)

In the integral (34) the phase functionϕL+j(ζ) is given
by (27); G(ζ) and R(t), see (22), (23), are slowly vary-
ing functions, and for the functionR(t) the asymptotic for-
mula (24) is valid. It means that the integralsL+j can be
evaluated by the method of steepest descent. As a result, we
get

sL+j = −i
√

π

κ

exp(−i (π/4) sign b)√
|π (L + j)− xr|

×

×exp
(
iκ

(
xr +

π(L + j)
2 b

(
1− xr

π(L + j)

)2)
− i

π

2
(L+j)

)

×
{

1 + O
( 1

κ(1− ζ̂L+j)

)
+ O

( 1

κxr|b|(1− ζ̂L+j)2

)}
,

(36)

where

b =
5
8
− 3 n4 − 15

2
n2

3 (37)

andζ̂L+j is the saddle point that is found from the equation

xr − ζ(L + j)

z+(ζ)∫

z−(ζ)

dz√
n2(z)− ζ2

= 0 . (38)

In (36), the first error term is due to the use of the for-
mula (24) forR(t), whereas the second term specifies the
error of the steepest descent method. The first term can be
diminished if we retain in the asymptotic formula (24) not
only the principal term, but correction terms as well. As to
the second term, it will decrease with increasingκxr if the
following condition is imposed on the saddle point

|b|1/2 (1− ζ̂L+j) > (κxr)−0.5+δ , (39)

whereδ < 1/2 is a fixed positive constant. Selection of the
actual value ofδ will be discussed later. For a wide range of
xr andκ this value is about0.1. The inequality (39) will be
correct for allj = 0, 1, . . ., if

L >
xr

π

(
1 + b1/2 (κxr)−0.5+δ

)
, for b > 0 (40)

L <
xr

π

(
1− |b|1/2 (κxr)−0.5+δ

)
, for b < 0 . (41)

As it was shown in [4], if the inequalities

xr

π
< m ≤ xr

π

(
1 + b1/2

(
κxr

)−0.5+δ
)

, for b > 0 (42)

xr

π

(
1− |b|1/2

(
κxr

)−0.5+δ
)
≤ m <

xr

π
, for b < 0 (43)

hold, the waveum with numberm that crosses the waveg-
uide axis at the observation point for them-th time interferes
with the waveu0 propagating along the axis. Ifb > 0 the
first to arrive is the perturbation that propagates along the
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waveguide axis, and only after it do we get the waves that
cross a certain (different) number of times the waveguide
axis. In contrast, ifb < 0 the wave travelling directly along
the axis will be the last to arrive. Following to the definition
given in [11], we get that ifb > 0 the waveguide is abnormal
and if b < 0 it is normal. In most long-range ocean propa-
gation experiments, the deep-water waveguides are normal.
Therefore, only normal waveguides will be considered be-
low.

In terms of the ray method if the condition (41) is satisfied
the applying of the steepest descent method to the integral
sL+j gives

sL+j =

√
2π

ω
exp

(
− iπ

4

)
1√

ĴL+j

×

× exp
{

i
(
ω TL+j − π

2
(L + j)

)}
×

{
1 + O

((
κxr

)−δ
( |b|xr

κ

)1/2)
+ O

((
κxr

)−2δ
)}

, (44)

where the factor
√

2π/ω exp(−iπ/4) characterizes the
source,TL+j is the propagation time of the waveuL+j that
arrives at the observation point(xr, 0) afterL + j intersec-
tions of the waveguide axis;̂JL+j is the geometrical spread-
ing.

It is evident that the integralSL+J (xr), see (35), describes
waves that cross the waveguide axisL + J times and more.

The first goal of this paper is to obtain the representation
of the acoustic field that includes ray summands, a sum of
the first normal modes, and a remainder field. The condi-
tion (41) which ensures the applicability of the steepest de-
scent method to the integralssL+j for b < 0 and obtaining
Eq. (44) impose the following restriction on the pointaM

where the integration contourγ2
M crosses the real axis (see

Fig. 3 (b)):
ζ̂L−1 < aM < ζ̂L . (45)

Hereζ̂L is the saddle point of the integralsL(xr), see (38).
As it was noted above, see (28),aM must satisfy the inequal-
ities

ζM < aM < ζM−1 (46)

as well. HereζM is theM -th pole of the integrand in (8).

It can be easily shown that under the condition (45) the in-
tegralFL,M (xr), see (31), describing the remainder field,
converges.

4 Relationship between the axial
wave and the first normal modes

For the same medium model where the sound speedc(Z)
is given by the expression (1) the acoustic field can be rep-
resented in the form different from (18), (29). This repre-
sentation includes ray summands corresponding to rays that

arrive at the observation point afterL + j, j ≥ 0, intersec-
tions of the waveguide axis and the axial wave that describes
the interference between the wave travelling along the axis
and waves that propagate along other ray paths. The formula
for the axial wave was obtained in [4].

If the waveguide is normal, i.e. the wave travelling along the
waveguide axis is the last to arrive(b < 0), the valueL is
equal toN , whereN−1 is the largest integer satisfying (41)

xr

π

(
1− |b|1/2 (κxr)−0.5+δ

)
≤ N <

xr

π

(
1− |b|1/2 (κxr)−0.5+δ

)
+ 1 . (47)

In this case the axial wave,HN (xr), is given by the formula

HN (xr) =
√

π

2κ
exp

(
−i

π

2
(N + 1)

)
×

× exp
{

i
(
κ xr − 1

8
(b− 1 +

3
4
χ2)

xr

κ

)}
×

×
∞ exp(iπ/4)∫

∞ exp(−3iπ/4)

ΛN (τ, xr) dτ

{
1 + O

( 1(
κxr

)0.5−3δ

)}
. (48)

The integration in (48) begins at infinity in the complexτ -
plane and goes toτ = 0 along the straight linearg τ =
−3π/4. Fromτ = 0 it goes out to infinity along the straight
line arg τ = π/4; χ = −4n3/

√
3 .

A constant0 < δ < 1/2 is selected in such a way to mini-
mize the errors in computation of the integralssN+j , j ≥ 0,
see (44), and the error in computation of the axial wave
HN (xr).

The integrand in (48) is given by the formula

ΛN (τ, xr) = 2−τ Γ(τ + 1/2)
Γ2 (τ/2 + 3/4)

ei π Nτ

1 + i ei π τ
×

×Dτ−1/2

(√
2
3

χ√
κ

τ
)

Dτ−1/2

(
−

√
2
3

χ√
κ

τ
)
×

× (
Dτ−1/2(0)

)−2 exp
(
−ixr τ − i

2
b

xr

κ
τ2

)
.

Comparing two representations of the acoustic field, we get
that atL = N

HN (xr) =
M−1∑
m=0

umode
m (xr, 0; 0) + FL,M (xr) , (49)

whereM must satisfy the conditions (45), (46). Thus, the
axial wave may alternatively be expressed by a group of the
first normal modes plus a remainder. Although the remain-
der term contributes to the axial wave small amount of en-
ergy compared with a contribution of a cluster of the first
modes, it cannot be neglected in order to represent accu-
rately the axial wave.
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Fig. 4: The first 11 polesζm of the integrand in (8) and two largestζ̂m = cos ψm: (a) at the propagation rangeXr = 1600 km
and (b) atXr = 1650 km.

The polesζm of the integrand in (8) depend on frequency
but do not depend on propagation range. In contrast, the sad-
dle pointsζ̂L+j of the integrals (34) depend on propagation
range but do not depend on frequency. Thus, the number of
normal modes in a cluster forming the axial wave depends
on frequency, propagation range, and waveguide properties
near the sound-channel axis (these properties specify the
characteristic dimension of the waveguide,a, and parame-
tersb andχ.

5 A numerical example

In most long-range ocean propagation experiments waveg-
uides are normal. That is why as a numerical example
we will consider the waveguide with the Munk canonical
sound-speed profile [7, 11] which is the normal waveguide.
In this case

c(Z) = c0

(
1 +

1
2

hβ (e2 ξ − 2 ξ − 1)
)

,

where

ξ = (Z − Z0)/h , β = 0.0113× 10−3 m−1 ,

c0 = 1500 m/s, h = 1000 m , Z0 = −1000 m .

Then in the expansion for the index of refractionn(z) we
haven2 = 0.5 , n3 = −2.21730 , n4 = −7.12463 and the
main parameters of the problem will be as follows

a = 6651.90 m , b = −14.87430 , χ = 5.12064 .

Let us take the source frequency,f , equal to 200 Hz. Then
ω = 400 π s−1 and for the dimensionless wave numberκ
we get the valueκ = (ω/c0) a = 5572.68.

The acoustic field will be computed for the propagation
ranges1600 ≤ Xr ≤ 1650 km (or for the dimensionless
distances240.533 ≤ xr ≤ 248.049).

A constant0 < δ < 1/2 is selected in such a way to mini-
mize the errors in computation of the integralssN+j , j ≥ 0,
see (44), and the error in computation of the axial wave
HN (xr), see (48). As a result, we getδ = 0.101502.

For the medium model described above the first polesζm,

m = 0, 1, . . . of the integrand in (8), see (17), (14), are

ζ0 = 0.999910 , ζ1 = 0.999731 , ζ2 = 0.999553 ,

ζ3 = 0.999375 , ζ4 = 0.999197 , ζ5 = 0.999020 ,

ζ6 = 0.998844 , ζ7 = 0.998667 , ζ8 = 0.998492 ,

ζ9 = 0.998316 , ζ10 = 0.998142 .

The saddle pointŝζm, see (38), depend onxr. The ray, arriv-
ing at the observation point(xr, 0) afterm intersections of
the waveguide axis, has the launch angleΨm = arccos ζ̂m,
m ≤ xr/π. The waveum corresponding to this ray in-
terferes with the waveu0 travelling directly along the axis
(Ψ = 0) if the inequalities (43) are satisfied. For the con-
sidered medium model atXr = 1600 km there is only
one waveu76 interfering with u0; ζ̂76 = 0.999501; see
Fig. 4 (a). The precedinĝζ75 = 0.998598 corresponds to
the waveu75 that is observed independently ofu0.

At Xr = 1650 km the situation is similar: there is the only
interfering waveu78; ζ̂78 = 0.999176. The waveu77 does
not interfere with the waveu0 propagating along the waveg-
uide axis;ζ̂77 = 0.998292; see Fig. 4 (b).

For the propagation ranges1600 ≤ Xr ≤ 1650 km the con-
stantaM can be chosen as the middle of the interval(ζ5, ζ4),
i.e. we putM = 5. In this case to the right ofaM there will
be the singlêζm corresponding to the interfering wave and
to the left ofaM – only ζ̂m corresponding to the wavesum

that do not participate in the interference process.

Let N − 1 be the largest integer satisfying (41); see (47).
N = 76 if 1600 ≤ Xr ≤ 1610 km, N = 77 if 1610 ≤
Xr ≤ 1631.2 km, andN = 78 if 1631.2 ≤ Xr ≤ 1650 km.
If aM is chosen so thatζ5 < aM < ζ4, thenL = N , where
ζ̂L−1 < aM < ζ̂L, see (45), and as it has been shown in this
paper, the equality (49) is satisfied.

In Fig. 5 and 6 one can see a graph of the magnitude
of the axial wave|HN (xr)|, a graph of the magnitude
of a sum of the first five normal modes and a graph of∣∣∣∣∣

4∑
m=0

umode
m (xr, 0; 0) + FL,M (xr)

∣∣∣∣∣ as functions of dimen-

sional propagation rangeXr in the interval1600 ≤ Xr ≤
1650 km. Figures 5 and 6 show that the axial wave cannot
be represented as a sum of the first five normal modes, but
taking into account the remainder fieldFL,M (xr), we get
the very close concordance.
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Fig. 5: Plots of|HN (xr)| (solid line),|
4∑

m=0

umode
m (xr, 0; 0)|

(dashed line) as functions of dimensional propagation
rangeXr in the interval1600 ≤ Xr ≤ 1650 km.

Fig. 6: Plots of |HN (xr)| (solid line) and

|
4∑

m=0

umode
m (xr, 0; 0) + FL,M (xr)| (dashed line) as

functions of dimensional propagation rangeXr in the
interval1600 ≤ Xr ≤ 1650 km.

The constantaM could be chosen in another way. For the
whole propagation range we could takeaM equal to the mid-
dle of the interval(ζ6, ζ5) puttingM = 6, but in this case the
magnitude of the remainder increases. It means that for the
considered medium model the “optimum” number of modes
in a cluster is equal to five.

Comparing atXr = 1600 km the propagation times for the
first five modes

t0 = 1066.66661 s, t1 = 1066.66609 s,

t2 = 1066.66509 s,

t3 = 1066.66359 s, t4 = 1066.66159 s

with the propagation time for the group of these interfering
modes forming an axial wave

tax = 1066.66668 s,

we see that the group of interfering modes arrives at the ob-
servation point simultaneously with the slowest mode.

6 Conclusions

In many long-range propagation experiments the source and
receiver are placed close to the depth of the waveguide axis.
The time-of-arrival patterns of these experiments consist of
resolvable, geometrical-like arrivals followed by an axial
crescendo of unresolved energy. It is impossible to explain
this late-arriving energy using the geometrical acoustics be-
cause of the presence of cusped caustics repeatedly along
the waveguide axis. The interference of the wave fields cor-
responding to the rays located in the vicinity of the caustics
near the waveguide axis produces a special “axial wave” that
propagates along the axis.

There is, however, another well-known representation of the
acoustic field in terms of propagating and decaying modes.
In this paper the relationship has been studied between the
first modes and the axial wave. Along with the represen-
tation of the acoustic field as a sum of ray summands and
the axial wave one more representation of the acoustic field
has been derived in this paper. It includes a sum of the
first normal modes, ray summands, and a remainder field.
Comparing these two representations, it has been shown that
the axial wave may alternatively be expressed by a well-
specified group of the first normal modes plus the remainder.
Although the remainder term contributes to the axial wave
small amount of energy compared with the contribution of
the sum of the first modes, it cannot be neglected in order to
represent accurately the axial wave.

This conclusion was verified by numerical computations
that have been carried out for the normal waveguide with
the Munk canonical sound-speed profile in the range inter-
val 1600 ≤ Xr ≤ 1650 km; f = 200 Hz. For the con-
sidered medium model the axial wave is represented by a
group of the first 5 or 6 normal modes plus the remainder.
The requirement of minimization of the remainder defines
the “optimum” choice of the number of modes in the clus-
ter. This number is equal to five.

The number of normal modes in a cluster forming the ax-
ial wave depends on frequency, propagation range, and the
waveguide properties near the waveguide axis. Comparison
of arrival times for the first five normal modes with the ar-
rival time of the axial wave shows that the axial wave arrives
simultaneously with the slowest mode. Thus, using the rep-
resentation of the axial wave in the form of a sum of the first
normal modes and a remainder, it is possible to separate the
group of modes that are detected at the observation point as
a “single” perturbation with the arrival time almost coincid-
ing with the arrival time of the slowest mode.
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