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Summary

This thesis presents several topics on the subject of controlling underactuated ma-
rine vessels and the rejection of environmental disturbances.

To address disturbances caused by waves, an observer is introduced for the
wave encounter frequency. To estimate the wave encounter frequency we utilise an
estimator intended to estimate the frequency of sinusoidal signals. The estimator
is used to estimate the frequency of motion signals of the ship which are directly
related to the wave encounter frequency and are sinusoidal in nature, e.g. the roll
angle and pitch angle of the ship. Consequently, no model of the ship is required.
The frequency estimator is equipped with a gain-switching mechanism to assure
good performance in situations of high and low excitation. It is shown that when
applied to sinusoidal signals with a time-varying, amplitude the frequency esti-
mation error of the filter equipped with a gain switching-mechanism is globally
exponentially stable. The theoretical results are verified using experimental data.
The frequency estimator is applied to data from several towing tank tests and data
gathered during an Atlantic passage of a container ship. To assess the performance
of the filter, the frequency estimate is compared to the peak of a frequency spec-
trum of the data that is created using fast Fourier transform frequency spectral
analysis.

The next part of the thesis is concerned with multi-agent control strategies
of marine vessels. In this part results are presented to achieve coordinated path-
following of underactuated marine vehicles in the presence of unknown constant
ocean currents. Both marine surface vessels and autonomous underwater vehicles
are considered. The vehicles are individually guided to the path using an integral
line-of-sight guidance law to reject the ocean current disturbances. To achieve coor-
dination, the vehicles communicate their along-path distance. The along-path dis-
tance is used in a decentralised coordination law to achieve the desired along-path
distances between the vehicles. The theoretical results are verified using numerical
simulations and experimental results with three autonomous underwater vehicles.

A coordinated control strategy based on leader-follower synchronisation is also
presented for underactuated marine surface vessels. This strategy is based on a
constant bearing guidance algorithm from the marine system literature. First we
show that the guidance algorithm is semi-globally exponentially stable and give
explicit bounds on the solution. We then analyse the synchronisation properties
using the constant bearing guidance when it is used on curved trajectories rather
then the straight lines it is designed for. From an analysis of the guidance in closed
loop with a heading and velocity controller we show that on curved trajectories the
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Summary

synchronisation errors between leader and follower are integral input-to-state stable
when the sway velocity is considered as a disturbance input to the synchronisation
error dynamics. The theoretical results are verified using numerical simulations.

The third part first presents two strategies to follow curved paths in the presence
of unknown constant ocean currents. In both strategies the paths are parametrised
by a path variable that is used to propagate a path-tangential reference frame. In
one strategy the frame is propagated to makes sure the vessel stays on the normal of
the path tangential reference frame. This results in a singularity in the update law
and make the strategy only usable locally. In the other strategy a parametrisation
is used that is globally valid. An appropriate guidance law is defined for both
parametrisations. The controllers use the input from the guidance law and from an
ocean current observer to reject the ocean current and converge to the path. The
closed-system with the controllers and observer is analysed and it is shown that
the path-following errors are globally asymptotically stable. The theoretical results
are verified using numerical simulations.

A novel curved path-following strategy that does not require parametrisation of
the path is also presented in the third part of the thesis. This strategy is based on
principles from geometric control and hierarchical control design. In this strategy
the path is defined implicitly as a manifold of the state space. It is shown that using
three geometric objects, i.e. the normal to the path, the tangent to the path, and
the curvature of the path, we can define controllers that make the manifold that
describes the path asymptotically stable. The theoretical results are verified using
numerical simulation. This work does not consider environmental disturbances.
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Chapter 1

Introduction

This thesis considers the control of underactuated marine vehicles in the presence
of environmental disturbances. The thesis is divided into three parts. The first
part considers modelling of marine vehicles in the presence of environmental dis-
turbances. The second part considers multi-vehicle path-following approaches. The
third part considers curved path following for underactuated vehicles.

1.1 Background and Motivation

This section gives the background information and motivation of the topics consid-
ered in the thesis. Moreover, it gives an overview of previous works on these topics.
The different parts of the thesis are considered separately in three subsections.

1.1.1 Modelling of Marine Vehicles and Environmental
Disturbances

As in many fields of technology, and especially robotics, the need for increased
autonomy and intelligent control systems has also increased in the control of ma-
rine vehicles. Although nowadays almost all commercial ships are equipped with
GPS based navigational systems, radar systems, guidance autopilots, and speed
controllers, the introduction of autonomous and unmanned vehicles have increased
the need for further development. The introduction of these systems with increased
autonomy has both economical and practical motives. In particular, increased au-
tonomy can make operations more efficient and thereby decrease the time a vessel
and crew need to be out at sea, and thus reduce operational costs. Moreover, for un-
derwater operations with remotely operated vehicles (ROVs) that require a tether
connection to a support ship, can be replaced by autonomous vehicles that do not
require a tether. This allows for more freedom of motion and reduces the amount
of support needed and thereby reducing costs. Moreover, unmanned operations in
hostile environments and for dangerous tasks, e.g. mine detection and sweeping,
can greatly improve safety.

Autonomous marine vehicles can be subdiveded in two main catergories: au-
tonomous surface vessels (ASVs) and autonomous underwater vehicles (AUVs).
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Both ASVs and AUVs need to be able to operate without operator intervention.
This implies that they should be equipped with control systems that can actively
attenuate the environmental disturbances that affect them during their operations.
To develop these control systems, mathematical models of both the vehicle and
the disturbances are required. The type of model used depends on the desired con-
trol purposes and the operation conditions. Based on the operational conditions
the mathematical models can be subdivided into low velocity models and higher
velocity models. Low velocity models are used for station keeping and dynamic
positioning where the vessel is required to remain at a desired fixed position, and
higher velocity models are used for manoeuvring applications such as path follow-
ing [60]. Moreover, the complexity of the model should also depend on the purpose
of the model. In Sgrensen [131], two main categories are defined. The first being
control plant models which give a simplified mathematical description containing
only the main physical properties of the plant, and which is suitable for control
design purposes and theoretical analysis. The second category consists of process
plant models which give a comprehensive description of the actual process and
should be as detailed as needed, and which are suited for high-fidelity simulations
and robustness analysis.

When modelling disturbances, the complexity of the model should also depend
on the application of the model. The model should capture the effects of the dis-
turbances that affect the control system most. For the control of marine vehicles
three types of disturbances play a role, i.e. ocean currents, wave disturbances, and
wind disturbances.

When studying the effect of ocean currents on path-following control strategies
for marine vehicles, it is a widely accepted practice to model them as a constant
drift force. This captures the behaviour of an irrotational constant ocean current
which for the purpose of control design is a good approximation for a slowly time-
varying disturbance [60].

When considering wave disturbances the effects can be separated into first-
order and second-order effects [60]. The first-order wave-induced forces cause wave-
frequency induced motion and are observed as zero-mean oscillatory motions. The
second-order wave-induced forces are wave drift forces that are observed as nonzero
slowly varying components. These two types of forces have to be taken into account
differently by the control system. The second-order wave-induced forces cause a
drift force similar to the ocean current and can be lumped together with the ocean
current drift in the model. The first-order wave-induced forces cause zero-mean
oscillatory motions that should not be compensated for by the vehicles actuators
since this would cause oscillations in the ship’s propulsion and rudder system,
something which is undesirable. Therefore, these motions should be removed from
from the feedback controllers, something which is usually done by filtering out the
oscillations by using a cascaded notch and low-pass filter [60]. This process is usually
referred to as wave filtering. This requires knowledge of the wave frequency to
determine the pole placement of the notch frequency. In the case of a moving vessel,
a Doppler shift of the wave frequency should be taken into account. The Doppler
shifted frequency that is experienced by the ship is called the wave encounter
frequency.

Wind disturbances also have a constant and a non-constant effect. The con-



1.1. Background and Motivation

stant effects of wind disturbances are often modelled as having a constant pressure
and direction [60]. This pressure and direction cause forces and moments on the
vessel depending on its exposed surface area, its direction with respect to the wind
direction, and load condition coefficients that can be obtained from wind tunnel
tests. The non-constant effects of wind disturbances, e.g. wind gusts, should not
be compensated for by the propulsion system to avoid frequent control action.
These effects are often removed from the control system by filtering, and moreover,
for larger vessels are often attenuated by the inertia of the vessels. For small au-
tonomous surface vehicles and autonomous underwater vehicles at the surface, the
area exposed to wind is small and the effect of wind disturbances is less than that
of the drift forces caused by ocean currents.

1.1.2 Multi-Vehicle Path Following

This part is concerned with multi-vehicle path following for underactuated ma-
rine vessels. Multi-vehicle systems, or more generally multi-agent systems, have
attracted a lot of attention from the research community, see for instance Bai et al.
[10], Kumar et al. [83] , and Pettersen et al. [117] and the references therein.

A lot of the work in the multi-agent systems literature has focused on consensus
and agreements protocols. The goal of these works is to derive theoretical conditions
for synchronisation of states between systems, e.g. to achieve a common velocity
or a desired inter-agent distance. To achieve synchronisation, communication be-
tween agents is required. Powerful tools to model this type of communication and
to analyse the synchronisation behaviour can be found in the literature of algebraic
graph theory, see for instance Mesbahi and Egerstedt [98] and Godcil and Royle
[68]. Algebraic graph theory can be used to model multi-agent systems as a set of
vertices (the agents) which are connected by a set of edges (the communication
channels). Synchronisation can be achieved depending on the topology of the net-
work, that is, if the network satisfies certain properties to allow the information to
spread to all agents. More advanced works dealing with consensus can be found for
instance in Moreau [101] and Moreau [102] in which time delays are also taken into
account using set based stabilisation of the consensus dynamics. Work on dynamic
graphs can be found in Lin et al. [92]. For a survey on consensus problems see Ren
et al. [121].

These theoretical works have found applications to more practically motivated
studies of formation control and cooperative/coordinated motion of robotic sys-
tems. Multi-agent systems can offer several advantages over operations with single
robot systems. When using multiple robots a lot of tasks can be executed more time
effectively. This especially hold for spatially distributed tasks since multiple robots
can cover a larger area, but also having multiple robots to execute tasks in parallel
or together increases this efficiency. Moreover, multiple robots can take over tasks
of more complex and costly single robots and can introduce some redundancy for
operations in harsh environments. In particular, if a vehicle malfunctions or is lost
in a sub-sea environment or under the Arctic, repairing or recovering the robot can
be difficult or impossible, making redundancy desirable to continue operations.

One of the fields for the applications that has received a lot of interest from the
research community is formation control. Comprehensive reviews of the literature
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in this field are given in Chen and Wang [44] and Oh et al. [108]. Formation control
strategies aim to drive agents to adhere to prescribed constraints on their states.
Usually this includes a desired relative inter-agent distance such that the vehicles
achieve a formation. This goal can be achieved in different ways. The choice for
one of the different methods is often motivated by the constraints of the vehicles
and their inter-agent communication capacities and the intended application for
the formation. Four major research directions within the formation control field
are

1. Leader-follower synchronisation
2. Virtual structure approach
3. Behaviour-based approach

4. Coordinated path following

In the following a sample of the wide range of literature available in each of these
fields is given. Some references from applications in other fields of robotics are
provided followed by a review of works in the marine systems literature.

Leader-follower synchronisation is conceptually one of the simplest strategies
for formation control. This is a hierarchical formation control approach in which
there is a leader and there are followers. Due to this hierarchical approach it is
sometimes also referred to as master-slave synchronisation. The leader can be al-
lowed to move freely or has the task to follow a certain path or trajectory. However,
the leader does not carry any responsibility for the achievement of the formation.
This responsibility falls on the followers, which have the task to control their inter-
agent position and/or orientation with respect to the leader to a desired value. The
advantage of the leader-follower structure is that only local information needs to
be used to achieve the formation. The disadvantages is that there is limited fault
tolerance. In particular, if the leader fails the entire formation breaks down, and if
one or more of the followers fail the leader does not change its behaviour accord-
ingly and the formation breaks down. A special form of leader-follower formation
control is the one-to-one communication formation control, where each vehicle only
receives information from one vehicle, its leader, and sends information to only one
vehicle, its follower. Leader-follower behaviour can also be used to steer the coor-
dination between groups of agents to provide a common reference. This is one of
the cases considered in the seminal work of Jadbabaie et al. [78].

Leader-follower synchronisation is widely applied for coordinated control ap-
plications. Applications include master-slave synchronisation of robot manipula-
tors of which an in-depth treatment is given in Nijmeijer and Rodriguez-Angeles
[106]. In Nijmeijer and Rodriguez-Angeles [106] several output-feedback schemes
are given for synchronisation of fully actuated Euler-Lagrange systems representing
robot manipulators with both rigid and flexible joints. Moreover, a scheme for mu-
tual synchronisation is given. Leader-follower synchronisation for control of mobile
robots is studied in Desai et al. [47] which focuses on cases of synchronising the dis-
tance with respect to multiple leaders and the case of synchronising the distance
and orientation with respect to one leader. This approach is extended in Desai
et al. [48] to allow for changing formations. In Dasdemir and Loria [46] the case of
one-to-one communication is investigated to build up a formation of mobile robots
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along straight-line paths. One-to-one communication is also investigated in Poon-
awala et al. [118] in which an estimator is used to find the leader’s velocity and only
position measurements are used for synchronisation. In Aguirre [3] leader-follower
synchronisation is investigated for mobile robots connected over a network which
induces a delay in the communication. Theoretical results are presented and these
are verified with experiments. A strategy for leader-follower based formations for
unmanned aerial vehicles can be found in Stipanovi¢ et al. [132], in which several
leader-follower strings are combined by selecting a common leader to build up a
formation.

Leader-follower synchronisation for marine vessels is considered in Breivik et al.
[36], in which a leader-follower scheme for fully actuated marine vessels is presented
that can be used both in a centralised and a decentralised control strategy. In the
marine systems literature work on leader-follower synchronisation has played an
important part in research on underway replenishment of ships, see for instance
Fu and Haddad [65], Kyrkjebo et al. [85], and Skejic et al. [125]. For these opera-
tions the supply-ship is usually responsible for synchronising its motion with the
ship it is supplying. In Kyrkjebg et al. [85] the case of a fully actuated follower
that synchronises its output with a leader with unknown dynamics is investigated.
An observer-controller scheme is utilised to achieve synchronisation where the ob-
servers are used to estimate the unknown velocities of the leader and follower. The
observer-controller scheme utilised in Kyrkjebg et al. [85] is based on the theory for
master-slave synchronisation of robotic manipulators investigated in Nijmeijer and
Rodriguez-Angeles [106]. In Skejic et al. [125] the focus is on the interaction forces
between two vessels during underway replenishment operations. For control pur-
poses the constant bearing guidance algorithm from Breivik and Fossen [35] is used
to synchronise the ships along a straight-line path. The vessels are underactuated,
but no analysis of the underactuated internal dynamics are given. In Fu and Had-
dad [65] underway replenishment between fully actuated vessels is investigated and
adaptive backstepping controllers are designed to reject exogenous disturbances. In
Peng et al. [114] formation control of underactuated vessels under the influence of
constant disturbances is considered using neural network adaptive dynamic surface
control in a leader-follower scheme.

In the virtual structure approach the goal is for the individual vehicles to con-
verge to different points of a virtual structure. The virtual structure is usually a
geometrically-rigid object that defines the shape of the formation. Consequently,
when each vehicle is at its desired point on the virtual structure the vehicles are
in formation. Using this approach it is very straightforward to describe the desired
overall behaviour of the formation by appropriately designing the virtual structure
and its motion. The virtual structure approach was first proposed in Tan and Lewis
[134] and Lewis and Tan [90]. The controllers are usually derived in three steps. In
the first step the virtual structure is defined. In the second step the desired motion
of the virtual structure is translated to the desired motion of individual vehicles.
In the third step tracking controllers are defined for the individual vehicles to fol-
low the desired motion designed in the second step. An optional fourth step can
be added in which each of the vehicles provides feedback to the virtual structure
and the motion can be adjusted if necessary. This fourth step is called formation
feedback. In Tan and Lewis [134] and Lewis and Tan [90], the concept of a virtual
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structure is introduced and the proposed methodology is verified using simulations
and experiments for a mobile robot platform. Moreover, it is shown that the virtual
structure can be used bi-directionally to add fault tolerance, i.e. the motion of the
virtual structure can be adjusted based on limitations of the vehicles. However, no
stability guarantees are given for the formation. Stability guarantees for the for-
mation using a virtual structure were given in Beard et al. [12], in which a unified
control architecture is presented for the control of a formation of spacecraft. The
architecture includes a virtual structure but also utilises ideas from leader-follower
formation control and the behaviour-based approach. The disadvantage of this ar-
chitecture is however that formation feedback is not included. The work of Lewis
and Tan [90] and Beard et al. [12] is combined in Young et al. [139] which presents
a virtual structure approach with stability guarantees for a mobile robot platform
that also allows for formation feedback. These ideas are further developed in Ren
and Beard [120] where an extension is made that allows for a decentralised imple-
mentation. Based on the idea of a virtual structure with formation feedback an
application of an output feedback scheme for mobile robots with a dynamic model
is investigated in Do and Pan [52]. For marine systems a virtual structure is used
in the work of Skjetne et al. [127]. The approach uses a centralised control law to
control the formation that generates inputs for the decentralised controllers of the
vessels to achieve and maintain their position in the formation. This approach is
decentralised and validated experimentally in Thle et al. [73]. Another decentralised
approach for marine surface vessels is developed in Ihle et al. [75], in which the
virtual structure is modelled as a set of mechanical constraints on the vehicles
using Lagrangian mechanics. The reaction forces generated from violating these
constraints are then used to control each vessel to keep the formation.

In the behaviour-based approach several behaviours are prescribed for the
agents. The control action is then typically a weighted average of the control ac-
tion for each behaviour of individual agents and the group as a whole. Different
behaviours can include collision avoidance, obstacle avoidance, goal keeping, and
formation keeping. This type of averaging of the behaviours makes the resulting
behaviour unpredictable and makes it difficult to describe desired formation be-
haviour and to show stability. An advantage however is that the averaging of be-
haviours within the group introduces formation feedback in a straightforward man-
ner. These approaches have their origins in studies aiming to recreate behavioural
studies of animals such as flocking and the behaviour of herds and schools. One of
the first works to reproduce such behaviour using computer simulations is Reynolds
[122]. This type of formation control is still widely used when recreating animal
behaviour, since this is often a process of consensus that is not steered by a de-
sired reference. This biologically inspired type of interaction amongst neighbours
is shown Vicsek et al. [137] to achieve common behaviour using numerical simula-
tions. The work in Vicsek et al. [137] inspired [78] to perform the first mathematical
analysis of these types of interactions and provide conditions for convergence of
such strategies based on nearest-neighbour communication. An early application
for mobile robots of the behaviour-based approach is found in Balch and Arkin
[11], in which the generated behaviour is analysed using simulations and experi-
ments. Later works have focused on finding theoretical proofs for different types of
behaviour based on specific types of interaction rules, see for instance Olfati-Saber
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[109] and Tanner et al. [135]. An application for marine vessels can be found in
Arrichiello et al. [9] in which different tasks, i.e. obstacle avoidance and keeping a
formation, are weighted against each other based on priorities.

Coordinated path following is a two-fold approach to formation control. That
is, a path is assigned to each vehicle individually. The vehicle is individually re-
sponsible to follow this path. The formation is then achieved by coordinating the
motion of the vehicles among their given paths. This allows for decentralised ap-
proaches in which only minimal information such as inter-agent distances need to
be communicated. This type of formation control is best suited for formation con-
trol along straight-lines and identical parallel curved paths since when vehicles are
on different curved paths it is non-trivial to find a suitable metric of inter-agent
distance to synchronise the vehicles’ positions. Therefore, this problem is mainly
investigated in the marine systems literature since these types of paths are common
trajectories in the marine systems literature.

In [88] path following of two underwater vehicles is investigated. The vehicles
follow parallel paths, whilst achieving and maintaining a desired along-path dis-
tance. Similar results can be found in Bgrhaug et al. [28] for surface vessels and
Borhaug et al. [29] for underwater vehicles. The work from Bgrhaug et al. [28] is
extended in Bgrhaug et al. [31] to include a thorough study of the coordination dy-
namics using techniques from graph theory. The work in [88] is a simplified version
of this problem where one of the vehicles is responsible for coordinating the inter-
agent distances along the path which results in a leader-follower type coordinated
path following. The work in Bgrhaug et al. [31] is analysed for a much wider range
of communication topologies. The work in Ghabcheloo et al. [66] and Ghabcheloo
et al. [67] considers coordinated path following in the presence of communication
failures and time delays. In Ghabcheloo et al. [66] and Ghabcheloo et al. [67] the in-
dividual vehicles converge to a virtual target on the path to achieve path following.
The motion of these virtual targets is then adjusted around their common nominal
value based on their relative distances, to achieve coordination of the virtual tar-
gets and indirectly of the vehicles. In all the formation control approaches discussed
above the effects of ocean currents are not taken into account. Ocean current are
considered in, for instance, Almeida et al. [4] and Ihle et al. [76]. However these
works consider fully actuated marine vehicles. In Almeida et al. [4] backstepping
based controllers are derived for path following while coordination along the paths
is performed using measurements of the inter-agent distances between vehicles. In
Thle et al. [76] a path-following approach is used that is shown to satisfy passivity
properties. This passive path-following strategy is combined with a coordination
law that is also passive, which results in a passive closed-loop system. In [38] line-of-
sight (LOS) path-following with a conditional integrator is used for path following
under the influence of unknown disturbances. However, the coordination dynamics
are not analysed in this work.

1.1.3 Curved Path Following for Underactuated Marine Vessels

This part is concerned with curved path-following for underactuated marine vessels.
While the literature for straight-line path following of underactuated marine vessels
is, by now, well established even in the presence of unknown disturbances, the
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literature for curved paths is much less rich and has some caveats. This is due to the
complexity caused by the underactuation which causes several necessary conditions
to be satisfied. In particular, these conditions pertain to the well definedness of the
controllers and boundedness of the state.
In the literature three main approaches are considered when considering control
of ships along paths
1. The path-following problem focuses on stabilising a given path for a vehicle
without any time specifications, i.e. without putting a constraint on where
the vehicle needs to be on the path at a certain time.

2. The trajectory-tracking problem aims to let the vehicle’s output track a de-
sired time-varying output, i.e. the desired position of the vehicle is a time
dependent reference, e.g. (z,(t), yp(t)).

3. The manoeuvring problem requires two tasks to be satisfied: a geometric
task and a speed assignment. More specifically, for a #-parametrised path
the vehicle needs to track a 6 dependent output, e.g. (x,(6(2)),yp(0(t))),
and one or more additional requirements such as a time assignment, speed
assignment, or an acceleration assignment.

Some of these definitions have been used interchangeably in the literature by
different authors. Partly because the definitions have not been established from the
beginning and partly because sometimes the differences can only be subtle such
that multiple cases can be argued to classify the result. In the following a review
is given of some of the literature on each of the problems given above.

The problem of curved path following for underactuated marine vessels has its
parallel in the field of mobile robotics. Although the nature of the underactua-
tion between mobile robots and marine vessels are different, the powerful tools to
parametrise paths and define the problem developed in the seminal works Samson
[124] and Micaelli and Samson [99] can still be utilised. A solution for 2D path
following based on the tools developed in [99, 124] was proposed in Encarnacao
et al. [57]. In Encarnacao et al. [57] the path representation from Micaelli and
Samson [99] is used to define the path-following problem and a solution is pre-
sented using a nonlinear controller. An observer is used to incorporate the effects
of unknown, but constant ocean current. Part of the state is shown to be stable
and the zero dynamics are analysed and shown to be well behaved. However, this
is done under the assumption that the total speed is constant. This requires active
control of the forward velocity to cancel the effect of the sideways velocity induced
by turning. Moreover, the parametrisation from Micaelli and Samson [99] is only
valid locally, making the path-following result only valid locally. The work in En-
carnagao et al. [57] was extended to the 3D case in Encarnacao and Pascoal [56].
Another local result based on the parametrisation of [99, 124], is obtained in Do
and Pan [49]. In this work a practical stability result is shown for the path-following
states of an underactuated surface vessel in the presence of an environmental dis-
turbance. However, a simplified model with diagonal system matrices is used and
the interconnection between the total velocity and the sideways velocity is not
taken into account in the analysis of the zero dynamics. In Lapierre et al. [87]
and Lapierre and Soetanto [86] the work of Encarnagao et al. [57] is extended to
solve the path-following problem globally. This is done using another result first
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described for the control of mobile robots in Soetanto et al. [130]. In particular,
it is achieved by adapting the parametrisation of the path such that propagation
of the path-tangential reference frame can be used as an extra degree of freedom
in the controller design in order to avoid singularities in the parametrisation of
the path. The work in [86, 87] does not consider environmental disturbances, it
focuses on stabilisation of the path-following states but does not analyse the zero
dynamics. A similar approach to Lapierre et al. [87] is taken in Bgrhaug and Pet-
tersen [27] in which the frame is propagated differently and the controllers are also
analysed in closed loop. In Bgrhaug and Pettersen [27] a look-ahead based steer-
ing law is used to guide the vehicle to the path. Stability of the path-following
errors is shown using cascaded systems theory and the zero dynamics are analysed
and shown to be well behaved. To take into account ocean currents, the work in
Borhaug and Pettersen [27] is extended in Bgrhaug et al. [30] by adding integral
action to the steering laws. However, the results in Bgrhaug et al. [30] are only
valid for straight-line path following. The work in Bgrhaug et al. [30] was revisited
in Caharija et al. [40] for surface vessels and Caharija et al. [41] for AUVs. Ex-
perimental results were added in Caharija et al. [43]. The works of Caharija et al.
consider straight-line path following in the presence of ocean currents and refor-
mulate the work of Bgrhaug et al. [30] to consider relative velocities which provide
a simpler structure for controller design and a more direct control of energy ex-
penditure. Using the model formulation based on relative velocities from Caharija
et al. [40] the work of Bgrhaug and Pettersen [27] is extended with an ocean cur-
rent observer in Moe et al. [100] for curved path-following. However, in Moe et al.
[100] the zero dynamics are not analysed and the suggested input signals would
contain the unknown ocean current. Another LOS guidance for path-following is
presented in Fossen et al. [59]. The strategy is based on following a path made of
straight-line sections connecting way points. These concepts are further developed
to circles in Breivik and Fossen [32] where the vessel is regulated to the tangent of
its projection on the circle. The work is extended to the three dimensional case in
Breivik and Fossen [33] and Breivik and Fossen [34]. However, these works do not
consider environmental disturbances.

One of the first solutions to the full-state stabilisation problem for an underac-
tuated 3-DOF surface vessel was developed in Pettersen and Nijmeijer [115]. In this
work a trajectory tracking controller is developed for a simplified model to guaran-
tee exponential tracking. The approach is based on backstepping and the recursive
design technique for systems in chained form developed in Jiang and Nijmeijer [80].
This result requires a persistently exciting (PE) yaw rate with some additional
condition on the curvature of the path, which implies that the path should have a
non-zero curvature, i.e. straight-lines are excluded. These limitations were partly
relaxed in Pettersen and Nijmeijer [116] where only the PE condition for the yaw
rate is required. The results in Pettersen and Nijmeijer [116] is extended to global
exponential tracking in Lefeber et al. [89] by using a cascaded systems approach.
In this work the problem is divided in two subsystem, i.e. a subsystem for the yaw
control and a subsystem for the velocity control. In Jiang [79] two solutions for
global trajectory tracking under the assumption of a persistently exciting yaw rate
are presented. Both approaches are base on Lyapunov’s direct method. The first
method is a passivity-based approach which under a sufficient PE condition for the
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yaw rate provides asymptotically convergent tracking errors. The second method is
based on a combination of backstepping and cascaded systems theory to derive an
exponentially convergent tracking controller. A solution that does not require the
yaw rate to be persistently exciting is given in Do et al. [53] and extended to include
point stabilisation in Do et al. [54]. Both of these works are based on a combination
of backstepping and Lyapunov’s direct method. In all of the aforementioned works
on trajectory tracking the model was simplified. In particular, these works assume
diagonal mass and damping matrices which significantly simplifies the controller
design. In Do and Pan [50] nonzero off-diagonal terms in the mass and damping
matrices are added and environmental disturbances were considered. This method
introduced a coordinate transform to transform the dynamics back into diagonal
form and then followed the same approach as previous works. Nonlinear damping
terms were included in Do and Pan [51] to allow for high-speed applications. An-
other interesting approach can be found in Aguiar and Hespanha [1] in which a
tracking controller is developed that is combined with an adaptive switching su-
pervisory control to develop a hybrid controller. The controller guarantees global
boundedness, convergence of the position tracking error to a small neighbourhood,
and robustness against parametric model uncertainties.

The manoeuvring problem combines aspects of both the path-following and
trajectory-tracking control problem. Its geometric task aims at stabilising a sub-
set of the state space as is done in path-following. However, for the manoeuvring
problem this is combined with a dynamic task that can prescribe a time-dependent
assignments as is done in trajectory tracking, or a velocity assignment depending on
the path parametrisation as is done in Do and Pan [51]. The manoeuvring problem
is introduced in Skjetne et al. [126]. In Skjetne et al. [126] a recursive control
design technique is developed for fully actuated nonlinear plants in vectorial strict
feedback form of any relative degree. This work is extended to handle disturbances
in Skjetne et al. [128]. The results of [128] are used in Skjetne et al. [129] to develop
and experimentally validate a manoeuvring controller for a fully actuated model
ship. In Thle et al. [74] this work is extended to the output feedback case for fully
actuated ships. Moreover, unknown environmental disturbances are included in this
work.

The three problems treated above have their own set of advantages and disad-
vantages depending on the desired application and system under consideration. The
path-following is most convenient when simply satisfying the geometric task of path
following is the single most important task. In particular when the speed to travel
along the path is irrelevant or if the speed assignment is independent of the velocity
along the path. This is the case for instance in Bgrhaug and Pettersen [27] and Moe
et al. [100], where the vehicle is regulated towards the path using a parametrisation
of the path but the speed assignment is independent of the parametrisation. When
the speed assignment, or another dynamic task, is connected to the parametrisa-
tion the problem is best treated as a manoeuvring problem. This is the case for
instance in Do and Pan [51] where the parametrisation is used to generate a desired
velocity of the vehicle to guarantee path following, which is an approach similar to
the ones listed above in the review on the manoeuvring problem. When it is impor-
tant to converge to a certain place along the path at a specific time the problem
is best treated as a trajectory-tracking problem. This is for instance the case when
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performing docking with a moving target or other coordinated tasks, or tasks that
are time critical such as reconnaissance and search and rescue missions where the
vehicle is required to be at a certain place at a certain time that is relevant to the
mission.

1.2 Scope and Contributions of the Thesis

This section discusses the scope of the thesis and lists the contributions of the
work. This section is divided into three subsections corresponding two the three
main parts of the thesis. Within the three subsections each chapter is treated
separately.

1.2.1 Modelling of Marine Vehicles and Environmental
Disturbances

Part T of the thesis considers modelling of the vehicles studied in the thesis and
the environmental disturbances encountered by the vehicles studied in this thesis.
The different types of disturbances, i.e. ocean current and waves, and their effects
on the vehicles are described.

Chapter 2 considers modelling of underactuated marine vehicles and presents
a convenient way to model the effect of ocean currents on the motion of a marine
vehicle. The material in this chapter is based on Fossen [60] and Caharija [39]. Two
models are presented that are used in this thesis. The first model represents an
underactuated surface vessel or an AUV moving in the horizontal plane. Hence, it
describes planar motion and has three degrees-of-freedom (DOF), i.e. two positions
and an angle. This model is used in Chapter 4 and Chapters 6-8. The second model
is the model of an AUV moving in three dimensional space. This model has five
degrees-of-freedom, i.e. three positions and two angles. The third angle, which is
the roll angle along the longitudinal axis, is not considered since it is self-stabilising
and does not influence the motion for the AUVs considered. This model is used in
Chapter 5.

Chapter 3 considers wave disturbances and presents a frequency estimator that
can measure the wave frequency encountered by a ship. The contribution in this
chapter is the development and experimental verification of a wave frequency esti-
mator that is designed to estimate the dominant wave frequency of a wave spectrum
on-line. The frequency estimator takes motion signals, such as measurements of the
pitch or roll angle, of the vessel as input. The frequency estimator is based on a fil-
ter developed in Aranovskiy et al. [8] to estimate the frequency of sinusoidal signals
with fixed amplitudes. The work of Aranovskiy et al. [8] is extended to show that
the origin of the estimation error is globally exponentially stable even when the
amplitude is time-varying. It is shown that these stability properties hold when the
estimator is equipped with a gain-switching mechanism. The gain-switching mech-
anism is triggered by the amplitude of the measured signal and allows the estimator
to function in both situations of high excitation and low excitation. Moreover, it
is shown that the theoretical results hold if a low-pass filter is added to smooth
the estimates if necessary. The theoretical results derived in this chapter are then
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verified using an experimental case study. The experimental verification consists
of two parts. In the first part the estimator is verified using data gathered in tow-
ing tank tests using a model ship. Frequency spectra are made for the data sets
gathered in the towing tank and the estimate of the filter is compared against the
peaks in those spectra. In the second part the wave frequency estimator is verified
using data gathered on a container ship during a passage of the Atlantic Ocean.
The work in Chapter 3 is based on Belleter et al. [19] and Belleter et al. [20].

Wind disturbances are not considered in this thesis. Certain aspects of wind
disturbances may be captured by the model of the ocean current. However, dynamic
effects are not taken into account.

1.2.2 Multi-Vehicle Path Following

Part IT consists of three chapters. Chapter 4 presents a control strategy for coor-
dinated path following for underactuated marine vehicles in the presence of ocean
currents. In this chapter integral line-of-sight guidance from Caharija et al. [40]
is used to control an underactuated marine vessel to follow a straight-line path
in the presence of a constant unknown ocean current. This is a task each vehicle
has to satisfy individually. To achieve coordination along the paths, a coordination
subsystem is added which uses measurements of the relative positions between
vessels to adjust the velocity of the vessel around a nominal value common to
all the vehicles, which is a coordination strategy based on the ideas in Bgrhaug
et al. [31]. The closed loop of the path-following and coordination subsystems is
then analysed using a technique from Loria [93], which allows us to consider the
feedback interconnection between the two subsystems as a cascaded connection. A
simulation case study with three vehicles is given to verify the results. The main
contribution of this work is that it presents an approach to coordinated path fol-
lowing that considers underactuated vessels and ocean currents together, whereas
in the previous literature results are available for both separately but not together
in one framework. Chapter 5 considers a similar problem to that of Chapter 4 but
for AUVs. This means that an extra subsystem is added to control the vehicle in
the vertical plane. The analysis follows along the same lines of that in Chapter 4
and a simulation case study is given. Moreover, Chapter 5 presents experimental
results using three light autonomous underwater vehicles (LAUVs) to verify the
theoretical results. The material in Chapter 4 is based on Belleter and Pettersen
[13] and Belleter and Pettersen [15]. The material in Chapter 5 is based on Belleter
and Pettersen [14].

Chapter 6 considers leader-follower synchronisation along an arbitrary trajec-
tory chosen by the leader. The underactuated follower is responsible for synchroni-
sation with the motion of the leader. The follower uses a constant bearing guidance
algorithm from Breivik et al. [37] to follow the leader. A proof is given to show that
the constant bearing guidance algorithm results in USGES tracking error dynamics
for which we can give an explicit bound on the error, rather than UGAS and ULES
by linearisation about the origin as shown in Fossen [60] which provided no such
bound. The constant bearing guidance algorithm from Breivik et al. [37] is intended
for straight-line target tracking, while in this work the leader’s trajectory can be
arbitrary. Therefore, the remainder of the chapter analyses the closed-loop system
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when the constant bearing guidance algorithm is used for curved leader trajecto-
ries. It is shown that for a straight line, synchonisation can be achieved. However,
on a curved trajectory only integral input-to-state stability of the synchronisation
error with respect to the sway velocity can be shown. Simulation results are given
to verify the theoretical results. The material in Chapter 6 is based on Belleter and
Pettersen [16] and Belleter and Pettersen [17].

1.2.3 Curved Path Following for Underactuated Marine Vessels

Inspired by the interesting dynamical effects that appeared in the application on
curved paths in Chapter 6, Part III presents three approaches to curved path
following for underactuated marine vehicles. Contrary to the straight-line guidance
used in Chapter 6, the guidance strategies in this part are designed to overcome
the difficulties encountered in Chapter 6. Three approaches are considered, all of
them are path-following approaches. The first two strategies presented in Chapter
7 and Chapter 8 use parametrisation of the path to achieve this. In particular,
a path-tangential frame is propagated along the path and the goal is to let the
vessel converge to the path-frame in the presence of an unknown constant ocean
current. The third strategy presented in Chapter 9 presents a strategy to follow
unparametrised paths, but ocean currents are not considered.

Chapter 7 considers path-following of underactuated marine vessels in the pres-
ence of constant ocean currents. A line-of-sight guidance law, an ocean current ob-
server, and a local parametrisation of the path are used in this work. The parametri-
sation that is used is the parametrisation introduced for mobile robots in Samson
[124] with an adaptation to include the effect of the unknown ocean currents. This
parametrisation aims to keep the vessel on the normal of a path-tangential refer-
ence frame. However, this is only possible when the ocean current is known and
therefore the adaptation to the parametrisation includes a restoring term that as-
sures that the vessel is brought back to the normal of the path-tangential reference
frame once the estimate of the ocean current has converged. Due to the locality of
the parametrisation it can only be used in a certain tube around the path whose
size depends on the maximum curvature of the path. When in this tube it is shown
that the closed-loop system of the controllers and the ocean current observer pro-
vides global asymptotic stability of the path-following error dynamics. This work
considers a path-following scenario similar to Do and Pan [49]. In Do and Pan [49]
the mass and damping matrices are assumed diagonal while in Chapter 7 these
matrices may have non-zero off-diagonal terms. Moreover, in Do and Pan [49] the
coupling between the total speed and the underactuated side-ways velocity is not
considered when showing boundedness of the sideways velocity. This coupling may
actually cause unbounded growth of the sideways velocity, which is shown and
prevented in Chapter 7.

Chapter 8 considers path-following of underactuated marine vessels in the pres-
ence of constant ocean currents. Contrary to the parametrisation in Chapter 7 the
parametrisation in this chapter is valid globally, i.e. the initial path-following errors
can be arbitrarily large. To accommodate this the guidance law is adapted, result-
ing in a line-of-sight like guidance for which the look-ahead distance is adapted
based on the path-following errors. Like in the local case an ocean current observer
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is used to compensate for the unknown ocean current. The full closed-loop system is
then analysed and it is shown that under appropriate conditions for the look-ahead
distance and path curvature the path-following errors are globally asymptotically
stable. The guidance considered in this work is an adaptation of the guidance in
Moe et al. [100], which investigates the same problem. It is shown that this mod-
ification is necessary to guarantee boundedness of the zero dynamics which were
not analysed in Moe et al. [100].

Chapter 9 presents a novel strategy to follow unparametrised paths with un-
deractuated marine vessels. The path is defined implicitly by using a describing
function that is zero when on the path. Then using three geometric objects, i.e.
the normal to the path, the tangent to the path, and the curvature of the path,
a control approach is introduced that drives the describing function to zero and
hence controls the vessel to the path. The controller is based on principles from ge-
ometric control and the hierarchical control design method from El-Hawwary and
Maggiore [55]. Using the hierarchical control design method, the closed-loop system
is analysed and the underactuated zero dynamics are shown to be well behaved.
The main contribution of this work is in the introduction of a new geometric con-
troller that allows path-following of unparametrised paths. This is a ‘purer’ form
of path-following than the approach taken in Chapters 7 and 8 and the other ap-
proaches available in the literature, since parametrisation of the path technically
only makes any point on the path attractive instantaneously rather than the path
in general. The material in Chapter 9 is based on Belleter et al. [23].

1.2.4 Publications

The following is a list of publications relating to the work in the thesis. It contains
publications in journals, a book chapter, and publications at several international
peer-reviewed conferences. The list contains both accepted and submitted works.

Journal Papers and Book Chapter

e D. J. W. Belleter, R. Galeazzi, and T. I. Fossen. Experimental verification
of a global exponential stable nonlinear wave encounter frequency estimator.
Ocean Engineering, 97:48-56, 2015

e D. J. W. Belleter and K. Y. Pettersen. Leader-follower synchronisation for
a class of underactuated systems. In N. van de Wouw, E. Lefeber, and
I. Lopez Arteaga, editors, Nonlinear Systems, chapter 8, pages 157-179.
Springer, 2017

e D. J. W. Belleter, J. Braga, and K. Y. Pettersen. Experimental verification
of a coordinated path following strategy for underactuated marine vehicles.
To be submitted to Elsevier Ocean Engineering, 2016

e D. J. W. Belleter, M. Maghenem, C. Paliotta, and K. Y. Pettersen. Observer
based path following for underactuated marine vessels in the presence of
ocean currents: a global approach. To be submitted to IEEE Transactions of
Control Systems Technology, 2016
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Conference Papers

e D. J. W. Belleter, D. A. Breu, T. I. Fossen, and H. Nijmeijer. A globally
K-exponentially stable nonlinear observer for the wave encounter frequency.
IFAC Proceedings Volumes, Presented at: 9th IFAC Conference on Control
Applications in Marine Systems, 46(33):209-214, 2013

e D. J. W. Belleter and K. Y. Pettersen. Path following for formations of un-
deractuated marine vessels under influence of constant ocean currents. In
Proceedings of the 53th IEEE Conference on Decision and Control, Los An-
geles, USA, Dec. 15-17, pages 4521-4528, 2014

e D.J. W. Belleter and K. Y. Pettersen. Path following with disturbance rejec-
tion for inhomogeneous formations with underactuated agents. In Furopean
Control Conference (ECC), Linz, Austria, pages 1023-1030. IEEE, 2015

e D. J. W. Belleter and K. Y. Pettersen. Underactuated leader-follower syn-
chronisation for multi-agent systems with rejection of unknown disturbances.
In American Control Conference (ACC), Chicago, USA, pages 3094-3100,
2015

e D. J. W. Belleter and K. Y. Pettersen. 3D coordinated path following with
disturbance rejection for formations of under-actuated agents. In 54th IEEE
Conference on Decision and Control (CDC), pages 1040-1047. IEEE, 2015

e D. J. W. Belleter, C. Paliotta, M. Maggiore, and K. Y. Pettersen. Path
following for underactuated marine vessels. In 10th IFAC Symposium on
Nonlinear Control Systems (NOLCOS), To Appear. IFAC, 2016

e M. Maghenem, D. J. W. Belleter, C. Paliotta, and K. Y. Pettersen. Observer
based path following for underactuated marine vessels in the presence of
ocean currents: a local approach. Submitted to IFAC world congress, 2017

Publications not part of the thesis

e D. J. W. Belleter, D. A. Breu, T. I. Fossen, and H. Nijmeijer. Nonlinear
observer design for parametric roll resonance. In Proceedings of the 11th
International Conference on the Stability of Ships and Ocean Vehicles, pages
699-705, 2012

e C. Paliotta, D. J. W. Belleter, and K. Y. Pettersen. Adaptive source seeking
with leader-follower formation control. IFAC-PapersOnLine, Presented at:
10th IFAC Conference on Manoeuvring and Control of Marine Craft, 48(16):
285-290, 2015

1.3 Outline of the Thesis
This thesis is build up of ten chapters and three appendices. Some chapters have

their own subappendices for material that is specific to that chapter and is not
necessary in the main body of the text.
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1. Introduction

Chapter 2 presents a dynamical model for motion in two dimensional space to
model marine surface vessels, and a dynamical model for motion in three dimen-
sional space to model autonomous underwater vehicles (AUVs).

Chapter 3 presents the design of a frequency estimator to estimate the wave
encounter frequency of a ship. The estimation algorithm can be used online and is
equipped with a gain-switching mechanism to function in situations with high and
low excitation. The theoretical results are verified using experimental data.

Chapter 4 presents a coordinated straight line path-following strategy for under-
actuated surface vessels in the presence of constant ocean currents. The combina-
tion of an integral line-of-sight guidance to achieve path-following and a nonlinear
coordination law to achieve desired along-path distances is investigated and it is
shown that coordinated path following can be achieved.

Chapter 5 presents a coordinated straight line path-following strategy for au-
tonomous underwater vehicles in the presence of constant ocean currents. Com-
pared to the previous chapter an extra step in the guidance is added for the depth
control and the extra degree of underactuation is taken into account in the coor-
dination error dynamics.

Chapter 6 considers leader-follower synchronisation for underactuated surface
vessels, where a straight-line guidance is applied to curved trajectories to analyse
the synchronisation behaviour under these circumstances.

Chapter 7 presents an approach for curved path following in the presence of
unknown ocean currents for underactuated marine surface vessels. It combines a
line-of-sight guidance law with an ocean current observer to achieve path following.
The result from this chapter is valid only locally due to the particular parametri-
sation of the path which has a singularity.

Chapter 8 presents an approach for curved path following in the presence of
unknown ocean currents for underactuated marine surface vessels. Compared to
the previous chapter this approach uses a different parametrisation and different
guidance that makes the result globally valid.

Chapter 9 presents a novel curved path-following strategy that does not require
parametrisation of the path. This strategy is based on principles from geometric
control and hierarchical control design.

Chapter 10 presents concluding remarks and gives recommendations for future
work and developments.

Appendix A presents some of the mathematical notations, definitions, and tools
used in the thesis.
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Appendix B presents model transformations that are used in the derivation of
the dynamical models of Chapter 2.

Appendix C presents the numerical simulation models used in the thesis.

17






Part 1

Modelling of Marine Vehicles and
Environmental Disturbances
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Chapter 2

Modelling of Marine Vehicles in the
Presence of Environmental
Disturbances

This chapter considers modelling of underactuated marine vehicles in the presence
of environmental disturbances. The first section presents a general model for ma-
rine vehicles based on a rigid-body approximation. In subsequent sections several
aspects of this model are specified further to derive some of the models that are
used for the controller designs throughout this thesis. The models presented in this
chapter are for the purpose of control design and stability analysis. The models
give a good representation of the kinematics and dynamics of the ship’s motion
but do not capture complex effects such as hydrodynamic interactions between the
hull and the water, details of the propulsion system and its interactions with the
environment.

2.1 Modelling of Ocean Current for Control of Marine
Vehicles

To derive the models used for control design in this thesis we start from a general
manoeuvring model as presented in Fossen [60]. This model is based on a rigid-
body approximation of a marine vehicle subjected to hydrodynamic and hydrostatic
forces which results in a nonlinear mass-spring-damper system with constant co-
efficients. The model describes motion in three dimensional space. In the marine
systems literature it is common to express this motion in two frames: the inertial
north-east-down (NED) frame expressed by i and the body-fixed frame b which is
attached to the body of the marine vehicle as depicted in Figure 2.1. This section
only gives a brief presentation of the model a more comprehensive discussion and
other variations of models can be found in Fossen [60]. The model is then given by

n=Jmnv, (2.1a)
Mppv + Crp(V)v + Mav, + Co(vy)vr + D(vp )y + g(n) = 7+ 7. (2.1b)
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X

y {i} NED

r(yaw)

w (heave)

Zb

Figure 2.1: Definition of the coordinates.

The vector n = [x,9, 2, ¢,0,9]T is defined in i and represents the position in
Cartesian coordinates and orientation in Euler angles roll-pitch-yaw of the vehicle
with respect to 7. The matrix J(v) is the velocity transformation matrix between
b and i. The term v 2 [u,v,w,p,q,7]" is the vector of generalised velocities with
respect to b. The linear velocities u, v, and w are the surge, sway, and heave ve-
locity respectively and the angular velocities p, ¢, and r are the roll rate, pitch
rate, and yaw rate respectively. The relative velocity vector, i.e. the velocity with
respect to the ocean current, is defined as v, £ v — v, where v, is the velocity of
the ocean current expressed in b. The matrices Mrp = MZ; > 0 and Crp(v) are
the rigid-body mass matrix and Coriolis and centripetal matrix respectively. The
matrices My = M7 > 0 and C(v) are the hydrodynamic added mass matrix and
the added mass Coriolis and centripetal matrix, respectively. The matrix D(v;)
is the hydrodynamic damping matrix. The vector g(n) is the vector of gravita-
tional /buoyancy forces and moments. The control input in body-frame b is given
by 7 and the vector T, £ Trind + Twave represents the vector of added wind and
wave-induced forces.

The general model (2.1) is specified further in the two subsequent sections of this
chapter. However, we first specify the nature of the disturbances considered in this
thesis. As specified in Chapter 1, the disturbance considered in this thesis are ocean
currents and wave forces. The wave forces are considered to be filtered out using a
wave filter that utilises estimates of the wave encounter frequency from the wave
frequency estimator that is presented in the next chapter. Moreover, as specified
in Chapter 1, wind disturbances are out of the scope of this thesis. Therefore, the
vector of added wind and wave-induced forces T, is not considered in the models
for control design in the next subsections. We now rewrite the model (2.1) in a more
convenient form to incorporate ocean currents. To do this we assume that the ocean
current is constant and irrotational with respect to the inertial frame. Hence, we
define the current vector V, £ [VmVy, VZ]T which has constant components and
where for surface vessels it holds that V, = 0. Moreover, we assume the current is

bounded by a maximum value Viyax > 0 such that [|[ V.|| = /V2 + V2 + V2 < Vigax.
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2.2.  The Manoeuvring Model in 3 DOF

The ocean current can be expressed in the body frame according to

Ve = R(¢79,1/1)TV::7 (22)

where R(¢,0,1) is the rotation matrix from b to i and where v, £ [ue, ve, w.]T. In
an irrotational fluid this results in v, £ [u., v, we, 0,0, 0]7. Furthermore, it shown

in Fossen [60] that if the current is constant and irrotational it holds that
Mpgpv + Crp(v)v = Mppv, + Cre(v,)v;. (2.3)
Using (2.2), (2.3), and the definition of v, we rewrite (2.1) to

H= Ty, + Vo OralT,  (240)
Mv, + C(v,)v,. + D(v,)v, +g(n) = T, (2.4b)

where M & Mgp + M4 and C(v,) = Crp(v,) + Ca(v,). The model (2.4) now
represents a marine vehicle moving in the presence of an ocean current that causes
a kinematic drift. The first-order wave forces are assumed to be filtered from this
model, and the vehicle is considered in the absence of wind. In this thesis we
choose to control the relative velocity. This gives direct control over the energy
consumption since the hydrodynamic damping depends on v, [39]. Furthermore,
using the relative velocity representation of the model leads to more straightfor-
ward controller design. In the next two sections the models are specified further to
represent a surface vessel and an autonomous underwater vehicle.

2.2 The Manoeuvring Model in 3 DOF

In this section the model (2.4) is further simplified to a 3 DOF model. This model
can be used to describe an autonomous surface vessel or an autonomous underwater
vehicle moving in a plane and is used in several subsequent chapters of the thesis.
This means that there is no motion in the vertical direction and that there is no
need to consider motion along the z-axis and rotation along the y-axis, i.e. the z
position and the pitch angle 6 can be removed from the model. Furthermore the
roll angle ¢ is assumed to be passively stabilised and is also not considered in the
reduced model.

In line with the previous section the position in the plane is denoted by p =
[,y]T € R? and the heading, i.e. yaw, angle is denoted by ¢ € R. The linear
velocities in the longitudinal (surge) and lateral direction (sway) of the body-
fixed frame are denoted by w and v respectively. The yaw rate is denoted by r.
The vessel has two control inputs available, the surge trust 7, and the rudder
angle T;.. The vessel in this case is only disturbed by an ocean current denoted by
V. £ [V,,V,]T in the inertial frame. The ocean current is assumed to be constant
and irrotational with respect to the inertial frame and it is bounded by V.« > 0

such that |[V,| = \/m < Vinas-

The relative velocity vector also reduces to two components resulting in v, £
[y, v,]T with u, £ u — u,. the relative surge velocity and v, £ v — v, relative sway
velocity where u. and v, are the components of the current expressed in the body
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frame. The total speed is defined as u; = \/u2 + v2 and the angle between the
direction of the surge velocity and total speed, i.e. the side-slip angle, is defined as
B £ atan(v,/u,). An illustration of the variables is given in Figure 2.2. In Fossen
[60] a 3-DOF manoeuvring model expressed in these variables is given by:

Mv, + C(v,)v, + Dv, = Bf. (2.5b)

where n £ [xayaw]Ta vy £ [uT7UT7T}T7 .f £ [TuaTT]Ta and

cos(vp) —sin(yp) 0
R(y) £ |sin(y)) cos(y) 0] . (2.6)
0 0 1

If we assume the vessel is port-starboard symmetric an the body-fixed frame is
located along the centreline of the vessel, the matrices M, D, and B can be
defined as

mi1 0 0 dll 0 0 b11 0
M=2| 0 mep meg|,DE|0 dy doz|,B=|0 baol,
0 mae3 ma3 0 ds2 dss 0 b3

with M = M7 > 0 the symmetric positive definite inertia matrix including added
mass, D > 0 is the hydrodynamic damping matrix, and B is the actuator config-
uration matrix. The matrix C(v,) is the matrix of Coriolis and centripetal forces
and can be obtained from M (see [60]) resulting in

0 0 —MooVy — M23T
C(VT) £ 0 0 mi1 Uy . (27)
M2V + Mag’  —M11Uy 0

Remark 2.1. Note that nonlinear damping is not considered in this thesis. This
choice is made to reduce the complexity of the proposed controllers. However, the
passive nature of the nonlinear hydrodynamic damping forces should only enhance
the directional stability [42].

To make the stability properties of the sway dynamics easier to analyse we
perform a change of coordinates by moving the origin of the body frame over a
distance € along the center-line of the vessel. Following Fredriksen and Pettersen
[64] there exists a constant e such that the resulting dynamics have mass and
damping matrices satisfying this relation: M~'Bf = [r,,0,7,]T. Details of this
coordination transformation can be found in Appendix B. Using these conditions,
the model of the marine vessel (2.5) can be represented in component form as

& = u, cos(y) — vy sin(y) + Vy, (2.8a)
§ = upsin(v) + v, cos(¥) + 'V, (2.8b)
Y =r, (2.8¢)
U = Fy, (vp,1) — fillll Up + Tu, (2.8d)
Op = X (up)r + Y (u) vy, (2.8¢)
7= F.(tp,vp,7) + 7p, (2.8f)
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2.3. The Manoeuvring Model in 5 DOF

The expressions for X (u,.), Y (u,), F,, and F, are

1
F,, £ —— (magv, + magr)r, (2.9a)
mii
m3 — mi11M33
X (u,) 2 23 — (2.9b)
" magmas — m3au, + 7dﬁ2§33ﬁf$§3 ’
Moy — M11)M daomss — dzam
Y(u) 2 (Mg 11) 223%0_ 22M33 32 223’ (2.9¢)
mMo2M33 — Mgy To2M33 — Mag
Mmaogdag — Moo (dsz + (M22 — mi1)u
FT(’U/T,UT,T) = m (m 7(m2 ) T>UT
2217633 23 (2.9d)

i mas(dag + mi1uy) — Maz(dsz + masu,) ,
5 .
M221MM33 — Myg

Note that the functions X (u,) and Y (u,) are linear and that Y (u,) satisfies the
following assumption throughout the thesis.

Assumption 2.1. The function Y,, (u,) satisfies
Y(UT) S _Ymin < 07 \V/UT- S [_‘/;Ilaxa u'r'd}v
where u,q is the desired surge speed.

Remark 2.2. Assumptions 2.1 is satisfied for commercial vessels by design, since
the converse would imply an undamped or nominally unstable vessel in sway.

}x

Figure 2.2: Definition of the ship’s kinematic variables.

2.3 The Manoeuvring Model in 5 DOF

The model considered in this section is a 5-DOF model of an AUV which describes
the motion of the AUV in surge, sway, heave, pitch and yaw. The roll angle is
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2. Modelling of Marine Vehicles in the Presence of Environmental Disturbances

assumed to be passively stabilised by fins or by gravity and is therefore neglected.
Consequently, the state of the vehicle w.r.t to i is given by n = [z,v,2,0,%]T
with three spatial coordinates x, y, and z and two angles 6 and 1 which are the
pitch and yaw angle respectively. The vector of linear and angular velocities of
the vehicle v £ [u,v,w, q,7]T is expressed with respect to the body-fixed frame b
and contains the surge velocity u, the sway velocity v, the heave velocity w, the
pitch rate ¢, and the yaw rate 1. The vehicles are affected by the ocean current
described in Section 2.1 such that V. £ [V, V,, V,]T expressed in the inertial frame
1 is assumed to be constant, irrotational and upper-bounded, i.e. IV, > 0 such

that ||‘/:3|| = 1/Vz2 + V; + sz S Vmax-
A

The ocean current velocities in the body-fixed frame b are given by v, =
[te, Ve, we, 0,0]T, and are obtained from [u., v, w.]T = RT(6,4)V, where R(,1))
is the rotation matrix from b to i defined as

cos(p) cos(f) —sin(v) cos(v))sin(f)
R(0,v) & |sin(y)cos(d)  cos(yp)  sin(t)sin() (2.10)
—sin(6) 0 cos(0)

Using the ocean current velocity we can define the relative velocity in the body-
fixed frame as v, £ v — v, = [u,, v, w,,q,7]T [60]. Tt is shown in Fossen [60] that
if the current is constant, bounded, and irrotational an underwater vehicle can be
described using the 5-DOF manoeuvring model:

n=Jmv, + VeV, V2,0,0]", (2.11a)
Mv, + C(v,)v,. + Dv,. +g(n) = Bf (2.11b)

The block diagonal velocity transformation matrix maps the body-frame velocities
and rotation to the inertial frame and is defined as J(n) = bdiag(R(6,v), T(0)),
with T'(6) £ diag(1,1/ cos(6)), |0] # £ /2. The matrix M = M7T > 0 is the mass
and inertia matrix, matrix D > 0 is the hydrodynamic damping matrix, and B is
the actuator configuration matrix.

The AUVs considered here are assumed to be slender-body AUVs, i.e. they have
a large length-to-width ratio. The AUV are assumed to be zz-plane symmetric,
which is the parallel of the port-starboard symmetry assumption in the previous
subsection. The AUVs are assumed to be neutrally buoyant, that is, they do not
move in the vertical plane unless active depth control is applied. Moreover, the
center of gravity (CG) and the center of buoyancy (CB) are located along the
same vertical axis in the body-fixed frame. The surge mode is decoupled from the
other degrees of freedom and consider only the dominating interconnections, i.e.
the interconnections between sway and yaw and between heave and pitch.

Remark 2.3. The assumptions made in the preceding discussion are common
assumptions in manoeuvring control of slender-body AUVs [60].

The matrices M, D, and B can now be defined to have the following structure

mi1 0 0 0 0
0 moo 0 0 maos
0 0 m33 m3za 0 |,
0 0 mys Myg 0
0 mso 0 0 mss
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2.3. The Manoeuvring Model in 5 DOF

dn, 0 0 0 0 by 0 0
0 d22 0 O d25 0 0 b23
D20 0 ds3 dsga O|, B2|0 b3 0
0 0 d43 d44 0 0 b42 0
0 d52 0 0 d55 0 0 b53

Remark 2.4. Note that nonlinear damping is not considered in this thesis. This
choice is made to reduce the complexity of the proposed controllers. However, the
passive nature of the nonlinear hydrodynamic damping forces should only enhance
the directional stability [42].

The matrix C' is the coriolis and centripetal matrix and can be derived from
M (see [60]) to obtain

0 0 0 m33Wy + M34q —M22Vr — M25T
0 0 0 0 mM11Ur
C(v,) 2 0 0 0 —M11 U 0
—ma33wWy — M344q 0 mM11Usr 0 0
M22V, + Ma25T —MmMi1Ur 0 0 0

The gravity vector in CG is given as g(n) = [0, 0,0, BG,W sin(6), 0|7, with BG,
the vertical distance between CG and CB, and W is the weight of the vehicle. The
control input vector f is defined as f £ [T, Ty, T,.]T and contains the surge thrust
Ty, the pitch rudder angle T}, and the yaw rudder angle 7). The location of the
body-fixed frame is chosen to be at (z,0,0) such that M~'Bf = [r,,0,0,7,,7,]7.
Note that the model is under-actuated in sway and heave. The point (z},0,0)
always exists for AUVs of cylindrical shape employing symmetric steering and
diving control surfaces [29] and the body-fixed frame can always be translated
to this location [60], details of this coordination transformation can be found in
Appendix B.

The model can be expanded into component form as

& = u, cos(v) cos(f) — v, sin(y)) + w,- cos(¢) sin() + V. (2.12a)
¥ = u, sin(y) cos(8) + v, cos(¢) + w, sin(y) sin(6) + V, (2.12b)
zZ = —u,sin(0) + w, cos(9) + V, (2.12¢)
0=q (2.12d)
Y =r/cos(f) (2.12¢)
U = Fyu, (U, W, q,7) — (d11/mar)uy + 7y (2.12f)
Op = Xo, (ur)q + Yo, (ur)vr (2.12g)
Wy = X, (Ur)q + Yo, (up)wy + Zy,, sin(6) (2.12h)
G =Fy(0,ur,wr,q) + 74 (2.12i)
7= Fr.(ur,vp,7) + 7 (2.12j)
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The definitions of F,, , Xy, , Yo,, Xw,; Yw,, Zw,, Fy, and F, are given by

1
Fur (U’r'y Wy, T, Q) é mi[(mQQU’r + m25T)T - (m33w7' + m34q)Q]7 (2133)
11
A M35 — Mi1Mmss dssmaos — dasmss
Xy, (uy) = 5 Uy R (2.13b)
Ma22Ms5 — My Ma2M55 — Moy
- d —d
Yvr(ur) A (m22 m11)ﬂ;25 o — 22155 52772125’ (2.13c)
mo2Mps5 — Moy m22Mps5 — May
2
—m35, +mpm dgamss — d3am
X, (ur) N 34 11 244 ) 44M34 34 244’ (2.13d)
m33Mygg4 — M3y m33M44 — Mgy
mMi1 — M33)M34 d33myy — dgzmay
Yo, (ur) 2 & Jmaa,, iy (2.13¢)
m33Mm44 — Mgy T33mnigq — Myy
BG,Wms
Z, 2 21 M (2.13f)

5
m33Mgq — M3y
» M3adss — ma3(daz — (m33 — miy)u,)
Fq(eaur;wraQ) = 2 Wy
T33mnigq — Myy

maa(dsa — my1uy) — mas(dag — maauy,)

" 2.13
m33myyq — m§4 ( g)
BG, W
s sin(6),
mM33Maq — Miay
dog — d _ .
Fr(up,vp,7) & masdas — Mo (dss + (mZQ mi)u )vr
mMooMM —m
— ” (2.13h)

mas(das + mi1uy) — Mmaz(dss + masu,) ,
m22Ms5 — m%5 .

Assumption 2.2. The function Y,, (u,) satisfies

Yy, (uy) < —YU’fin < 0, Y, € [—Vinax, tUrd,

where u,q is the desired surge speed.

Assumption 2.3. The function Y,, _(u,) satisfies
YwT (UT) < _Yur)r:“in <0, Yu, € [_Vmamurd]a
where u,q is the desired surge speed.

Remark 2.5. Assumptions 2.2 and 2.3 are satisfied for commercial vessels by
design, since the converse would imply an undamped or nominally unstable vessel
in sway and heave respectively.
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Chapter 3

Wave Frequency Estimation

Estimation of the wave encounter frequency is an important part of sea-state pre-
diction, which is of great importance in many marine operations as well as control
systems design. Sea-state estimation also provides information to increase both the
safety of operations at sea and the performance of control systems for ships affected
by waves.

To increase the safety of operations, knowledge of the wave encounter frequency
can be used for prediction of extreme waves, parametric roll resonance and in-
service monitoring. Knowledge of the sea-state, and in particular the encounter
frequency, is also important to increase the performance of marine control systems.
For ship autopilot and dynamic positioning (DP) systems, knowledge of the en-
counter frequency allows for better tuning of the low-pass and notch filters used in
wave filtering [60, Ch. 11]. On-line adjustment of controller and observer gains also
require knowledge of the wave encounter frequency [61]. This allows for automatic
gain scheduling of autopilots and DP systems.

As an exception in this thesis, this chapter has its own section with background
information. This is done since this chapter presents a topic not related to the other
chapters in the thesis which consider control of marine vehicles whilst this chapter
considers estimation of an environmental parameter. The material presented in this
chapter is based on Belleter et al. [19] and Belleter et al. [20].

3.1 Background

3.1.1 Sea-state estimation

In the literature several techniques for estimation of the wave encounter frequency
or wave spectra have been presented. The classical method is to obtain the wave
spectrum from Fast Fourier Transform (FFT) frequency spectral analysis [58].
Unfortunately, creating a FFT frequency spectrum takes time and consequently
it results in back-dated information when estimating the time-varying wave en-
counter frequency. This is due to the moving window necessary for applying the
FFT frequency spectral analysis. Hence, it is impossible to estimate a time-varying
wave encounter frequency without lag.
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3. Wave Frequency Estimation

More advanced spectral estimation techniques allow estimation of directional
wave spectra [105]. This can be done by parametric or non-parametric modelling.
The parametric modelling approach typically assumes that the wave spectrum is
parametrized such that it can be estimated using least-squares parameter matching
of a bimodal spectrum for stationary vessels [136] and moving vessels [105]. The
non-parametric modelling or Bayesian approach uses stochastic processes to match
the frequencies for stationary vessels [77] and moving vessels [105]. These techniques
have the same disadvantages with respect to acquisition times as the FFT frequency
spectral analysis. However, besides the frequency of the waves, they also supply
directional information.

Another approach to wave encounter frequency estimation is to estimate the
peak frequency instead of the entire wave spectrum. This is a valid approach for
application of sea-state estimation when designing control systems, since the peak
frequency of the spectrum is used for wave filtering [60, Ch. 11]. Approaches using
Kalman filters can be found in Belleter et al. [18] and Hassani et al. [69]. However,
these approaches require a dynamic model of the vessel.

3.1.2 Frequency estimation

Frequency estimation of oscillating signals is a well studied problem in the signal
processing literature. A discrete-time algorithm for a multifrequency signal based
on an adaptive notch filtering was first proposed by Regalia [119]. A continuous-
time version of this algorithm was presented in Bodson and Douglas [25], while Hsu
et al. [72] have derived a globally convergent continuous-time frequency estimator
for a single frequency signal.

An adaptive technique based on the persistency of excitation (PE) of oscillating
signals was proposed in Marino and Tomei [97], and extended by Xia [138] and Hou
[71]. Two discrete-time algorithms based on PE can also be found in Stotsky [133].

The approach taken by the authors is based on the internal model principle
for identification of a single frequency. This was first introduced in Nikiforov [107]
and further extended by Aranovskiy et al. [8], Bobtsov [24], and Aranovskiy and
Bobtsov [7].

3.1.3 Main contribution

The main result of this chapter is a nonlinear signal-based wave encounter fre-
quency estimator, which effectively estimates the ship wave encounter frequency
from heave, pitch or roll motion measurements. The wave encounter frequency es-
timator under consideration is designed to estimate the frequency of a sinusoid
with unknown frequency, amplitude and phase by modifying the algorithm of Ara-
novskiy et al. [8] to include an adaptive gain-switching mechanism. The frequency
estimator with gain-switching mechanism is shown to have GES error dynamics
even for signals with a time-varying amplitude.

The main motivation for introducing a gain-switching mechanism is that it is
important to improve the convergence of the estimator in situations with little
excitation (e.g. small roll and pitch angles) and vice versa. Typical applications
are marine craft control and decision-support systems where it is important to
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3.2. Estimation of the Wave Spectrum Encounter Frequency

know the sea state and wave frequency. The wave encounter frequency estimator
is experimentally verified through towing tank tests in both regular and irregular
waves. The estimator is also verified for 9-hours of data gathered onboard the
container vessel Clara Maersk during a storm across the North Atlantic Ocean.
The wave estimator is implemented in real-time and consequently it is much
faster than the real-time requirement of the ship autopilot and DP control sys-
tems, which typically samples data at 1-10 Hz. FFT is an off-line algorithm, which
use batches of data (moving window). The computational footprint is higher and
significantly affected by the acquisition time and numerical processing of the data.

3.1.4 Organization of the chapter

This chapter is organized as follows: In Section 2 the wave encounter frequency es-
timation problem is introduced and the Aranovskiy fixed-gain frequency estimator
is reviewed. Section 3 presents the switching-gain frequency estimator and GES of
the equilibrium point of the estimation error dynamics is proven. Section 4 con-
tains experimental verification using towing tank experiments and full-scale data
of a container ship. The material in this chapter is based on Belleter et al. [19] and
Belleter et al. [20].

3.2 Estimation of the Wave Spectrum Encounter
Frequency

Characterization of the sea state for marine operations is generally done in terms of
a limited number of fundamental parameters, which are used to calculate approx-
imations of the wave spectrum. Those parameters are the significant wave height
H,, the wave modal frequency (peak frequency) wp, and the wave encounter angle
Be that is the relative angle between the vessel heading and the the main direction
of the wave train. Knowledge of those parameters may reveal to be of extreme
importance in order to schedule and perform activities at sea in a safe, reliable and
cost effective manner.

For vessels in transit at forward speed U > 0 the experienced wave excita-
tion does not occur at the modal frequency wy because of the Doppler shift. The
frequency observed from the vessel in motion is given by:

e U, ) = o = 80 cos(3) (31)

which is known as the wave encounter frequency. Awareness about w. would allow
performance enhancement of ship control systems. For instance autopilots and DP
systems use wave filters, which are tuned to suppress oscillations at the encounter
frequency, in order to reduce the workload of the steering and propulsion systems.

Although waves are usually described as narrow-band stochastic processes, the
associated spectrum is certainly richer in frequency content than a single sinusoid.
Nevertheless spectral analysis of wave-induced vessel motions usually displays a
dominant frequency associated with the peak of the spectrum. During the transient
the natural frequencies of the different modes can be observed in the spectrum
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3. Wave Frequency Estimation

giving rise to multiple peaks. However, If the waves are large enough the ship will
oscillate at w, in all 6 degrees-of-freedom in steady state. For multi-peaked wave
spectra with a dominant peak the proposed method will provide an estimate close
to the frequency of the highest peak. Analytically the problem can be formulated
as:

Problem definition (Wave encounter frequency estimation)
Given the signal in the form:

y(t) = A(t) sin(wet + €) (3.2)

with A(t) the unknown amplitude, w, the unknown frequency and € the unknown
phase, reconstruct on-line the frequency w. based solely on noisy measurements of

y(t).

3.2.1 The Aranovskiy fixed-gain frequency estimator

Before presenting the main contribution of the chapter (Theorem 3.1), we first
review the signal-based frequency estimator proposed by Aranovskiy et al. [§],
which is instrumental in our design.

The sinusoidal signal (3.2) can be represented by the differential equation:

i =y (3.3)

where ¢ := —w? is treated as an unknown parameter. The frequency w. of the
signal (3.2) can be estimated using an auxiliary filter [7]:

=20 (3.4)
o = —2wp( — wiG + wiy (3.5)

where the filter cut-off frequency must be chosen such that 0 < w. < wy. The
transfer function corresponding to (3.4)—(3.5) is found by Laplace transformation:

G(s) = W?J(S) (3.6)
From (3.3) it follows that s?y(s) = ¢y(s) and
) = Ww
= wﬁ(é’) (3.7)
Wy

Transforming this expression to the time domain gives:
1 2
y="3 (2w G + w1 + (1) (3.8)
!
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3.2. Estimation of the Wave Spectrum Encounter Frequency

The Aranovskiy et al. [8] parameter update law for ¢ uses the computed measure-
ment:

Y =G = —2wple — Wil +wiy = ¢G (3.9)
Let ¢ denote the parameter estimate and define:

= ¢G (3.10)

The parameter update law is chosen as:

b =koGily —9) (3.11)

where ko > 0 is the constant observer gain. Consequently, the resulting frequency
estimator becomes:

=0 (3.12)
o = —2wpCa — WG + Wiy (3.13)
6 = ko C1(C2 — ¢G1) (3.14)

The differential equation for the parameter estimation error ¢ = ¢ — ¢ where
 is assumed to be constant becomes:

¢ =—ko (3¢ (3.15)

The wave component (3.2) has a positive amplitude 0 < A, < A for Vi > 0 and
frequency w, > 0. For frequencies w. < wy, the time-domain solution of (3.6) for a
sinusoidal input (3.2) is (; = Asin(w.t + €1) where € is the phase. The signal (7 is
persistently exciting (PE) since there exist a positive u and T such that

t+T
ug/ G (r) dr, Vt>0 (3.16)
t

The PE-condition (3.16) is used to prove that the the equilibrium point of the
estimation error dynamics (3.15) is GES for constant adaptation gain ko > 0 and
A > 0. This result will be generalized to time-varying adaptation gain and wave
amplitude in Section 3.

The solutions of (3.15) satisfy:

— t 2 T T
11 = lp(to) e o 7 €
= plto) | " Fip 47 Cerrre) (3.17)
with
t A2 A2
/ A% sin?(wer 4 €1) AT = —(t —tg) — sin(2wet + 2€1)
to 2 4we
A2
+ sin(2weto + 2€1) (3.18)
4w,
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Figure 3.1: Frequency estimates using different cut-off frequencies wy.

Substituting (3.18) in (3.17) gives:

2 2
% (t—to) e % [sin(2wet+2€1)—sin(2weto+2€1)]

81l = ll¢(to)ll €™
< c||@(to)[| e A7) (3.19)

where ¢ = ekoA?/29 > () and A = koA%/2 > 0. Hence, by Khalil [82, Definition
4.5], given in Appendix A as Definition A.4, the equilibrium point ¢ = 0 of (3.15)
is GES.

3.2.2 Filter cut-off frequency

The choice of the cut-off frequency wy should be made based on desired performance
— l.e. convergence rate and steady-state error — and noise filtering capabilities. wy
clearly influences the convergence rate of the estimator as shown in Figure 3.1,
where the frequency of a sinusoidal function oscillating at 0.5 [rad/s] is estimated
for increasing value of the cut-off frequency. Small cut-off frequencies result in a slow
convergence rate. However, higher cut-off frequencies introduce some oscillations in
steady state, as visible from the estimate done with w; = 20 [rad/s]. It is interesting
to note that moderately increasing the cut-off frequency can significantly increase
the convergence rate while the increase in steady-state error is negligible.
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3.3. Switching-Gain Wave Encounter Frequency Estimator

3.3 Switching-Gain Wave Encounter Frequency Estimator

The GES stability proof for the Aranovskiy frequency estimator (Section 3.2.1)
is based on a constant observer gain ky > 0. For marine craft the roll and pitch
angles may be quite small when operating in low sea states. Consequently, it is
advantageous to switch between a high and low gain in the parameter update law
depending on the amplitude of the pitch angle. In Belleter et al. [19] it was shown
that the frequency estimator (3.14) could be modified to include a switching gain
k(A), which depends on the amplitude A of the measured signal. Moreover,

Einie i, ¢ < tinit
k‘(A) = kmin 1,6 > tinie A A > Ag (320)
kmax if,t >t A A< Ag
Here kinit > Kkmin > 0 is the initial gain used to increase the convergence rate
at start up. During normal operation the gain is switched between the positive
gains kyin and kyax. Moreover, the gain k(A) will switch to the high value if the
amplitude A < Ay and to the low gain when A > Aj.
To implement the switching mechanism (3.20) online we need to know the
amplitude A of the measured signal y. Since we cannot measure A an estimator
based on the squared signal of (3.2) can be used for switching. Moreover,

AQ
Y = 7(1 — cos(2wet + 2¢)) (3.21)

The signal (3.21) can be low-pass filtered to obtain the amplitude A%/2 of the
squared signal y2. For instance,

Lo
“Ts+1Y

X (3.22)

where T' > 0 implies that the estimated amplitude becomes:
A=./2x (3.23)

3.3.1 Wave encounter frequency estimator with switching-gain

The results are in this section extended to be GES for time-varying wave amplitude
A(t) and adaptation gain k;(t) by introducing a low-pass filter for the gain k(A)
according to:

Tyks + ky = k(A) (3.24)

where Tt > 0 is the filter time constant and k(A) < max(Kmax, Kinit). The param-
eter update law (3.14) is modified according to:

¢=ksGa <C2 - 414/3) (3.25)

and GES is guaranteed by Theorem 3.1, which is presented below. The effect of
low-pass filtering on the gain switching is illustrated in Figure 3.2.
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Figure 3.2: Illustration of low-pass filtered gain changes for step inputs k(A).

Theorem 3.1 (GES switching-gain estimator). Let the time-varying wave
amplitude satisfy 0 < Apin < A(t) for all t > 0. Assume that ¢ = —w? is constant
and that ky(t) is the solution of (3.24) for Ty > 0 and step input k(A) given by
(3.20). Then the equilibrium point o = 0 of the estimation error dynamics:

= —ky 3¢ (3.26)

is GES.

Proof. From Formulae (3.20) and (3.24) it follows that 0 < kmin < kf(t) < Kkmax
for all A. The solutions of (3.26) satisfy:

1] = |G (to)||e ™ Tro réi ()
< || (tO)H e kmin fto A?sin® (weT+er) dr
< || (t0>|| rﬂmAm,n ft Sln2(w T+e1) dr (327)
Application of (3.18) to (3.27) gives:

2 2
mmAmm (t t()) m‘;Amm
we

18Il < llp(to)ll e™

< c||@(to)]| e (3.28)
where ¢ = ebminALin/29 > 0 and A = kminA2,,/2 > 0. Hence, by Khalil [82,
Definition 4.5], given in Appendix A as Definition A .4, the equilibrium point @ =0
of (3.26) is GES. O

3.3.2 Low-pass filtering of the wave encounter frequency
estimate

Since the measured ship motions in general display a non-pure sinusoidal behaviour
due to the narrow-band spectral characteristic of the wave motions, the estimate
¢ provided by (3.25) will show high-frequency fluctuations as a result. Therefore,
if the encounter frequency estimator is to be used in applications such as adaptive
wave filtering or gain-scheduling control, the high-frequency variations are certainly
undesirable since they may introduce chattering in the system. A straightforward
solution to this problem is to apply a low-pass filter at the output of the estimator
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(3.25), to obtain a running mean of the encounter frequency estimate. Consider
the system:

b=k (&-09) (3.29)
Y5 =Aps+bp (3.30)

where ¢y € R" is the vector whose first component ¢y ; is the low-pass filtered ¢.
The Hurwitz design matrix A and the vector b = [0,0,0,...,1]" define the low-
pass filter. By rewriting (3.29) in terms of the estimation error ¢, and by applying a
change of coordinates £ = ¢ + A~ by the following cascaded system is obtained:

i o=—ks (7@ (3.31)
Yo: £€=A€+by (3.32)
GES of the cascade ¥1—3 is guaranteed by Corollary 3.2.
Corollary 3.2 (GES cascade). The origin of the cascade X1-Yo is GES.

Proof. The origin of (3.31) is GES according to Theorem 3.1. For ¢ = 0 the
differential equation (3.32) reduces to € = A& (nominal system) whose origin is
GES since A is Hurwitz. In addition, the linear growth condition [|bg| < |@]
is satisfied for all ¢. Hence, according to Loria and Panteley [94, Theorem 2.1,
Proposition 2.3], see Theorem A.3 and Proposition A.1 in Appendix A, the origin
of the cascade X135 is GES. O

3.4 Experimental Verification

The performance of the estimator (3.20)—(3.25) in Section 3.3 is tested on exper-
imental and full-scale data using heave and pitch data. This to demonstrate that
the wave frequency estimator performs equally well for both signals. Operationally
this will provide flexibility for the operator, which could use measurements pro-
vided by either a heave accelerometer or a pitch rate gyro. First, the wave encounter
frequency estimator is applied to experimental data gathered through towing tank
experiments. Subsequently, the estimator is applied to full-scale sea trial data gath-
ered aboard the container vessel Clara Maersk in an Atlantic passage during a
storm.

3.4.1 Towing tank experiments

The experimental data considered here was gathered through towing tank tests
with a 1:45 scale model of 281[m] long container ship with volume displacement
76 000[m]? (see Figure 3.3). The detailed model and all the hydrodynamic coeffi-
cients can be found in Holden et al. [70].

The experimental conditions are reported in Table 3.1. For the regular wave
experiments (R-1173 and R-1189) wy is the wave frequency and H,, is the wave
amplitude. For the irregular wave experiment (I-1195) wy is the peak wave fre-
quency and H,, is the significant wave height. U and w, are the ship forward speed
and the wave encounter frequency, respectively.
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Figure 3.3: Model ship in the towing tank. Photo courtesy of Dr I. Drummen.

Table 3.1: Towing-tank experiment (full scale equivalents)

Exp. U [m/s|] wo[rad/s|] Huw [m] we [rad/s]

R-1173 5.4806 0.4425 2.5 0.5519
R-1189 7.6675 0.4640 2.5 0.6324
I1-1195 6.0240 0.4640 9 0.5963

Comparative study of the fixed and variable gain estimators

The data set R-1173 is used for comparing the performance of the Aranovskiy fixed-
gain frequency estimator with the proposed switching-gain solution (Theorem 1).
This data set is well suited for this comparison because the amplitude variations
of the pitch angle emphasizes the importance of the switching mechanism. The
parameters settings for both estimators can be fond in Table 3.2. Note that the
value of kg is chosen equal to kp,;,. This choice guarantees a small steady-sate error
during the first 15 minutes of the measurement where the pitch angle shows large
amplitudes.

Figure 3.4 illustrates the results of the comparative study. The use of the very
large initialization gain kiniz (Figure 3.4(b)) boosts the convergence rate of the
switching-gain estimator, which settles to the true value of the encounter frequency
approximately 4 minutes before the fixed-gain estimator (Figure 3.4(c)). After both
filters have converged they have the same gain, and hence the same small steady-
state error. When the encounter frequency changes the estimators initially converge
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Figure 3.4: Comparison of the frequency estimator with and without a gain switch-
ing mechanism.

Table 3.2: Parameter settings for the comparative study.

Quantity Symbol Value Unit
Switching time constant Ty 0.05 S
Filter cut-off frequency wy 1 rad/s
Switching amplitude pitch Ag o 0.01 rad
Initialization time tinit 100 s
Initialization gain Kinit 1500 -
Filter low gain Klow 50 -
Filter high gain Khigh 1000 -
Fixed gain kfixed 50 -

to the new value at the same rate. However, when the amplitude gets below the
switching threshold Ag the switching-gain estimator switches to the much high gain
kmax, as shown in Figure 3.4(b). This allows faster convergence towards the correct
frequency before the excitation becomes too small. The fixed-gain estimator does
not converge to the true value because the gain is to small for limited excitation.
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Table 3.3: Switching-gain estimator parameter settings for towing-tank data.

Quantity Symbol Value Unit
Switching time constant Ty 0.05 s
Filter cut-off frequency wy 1 rad/s
Switching amplitude pitch Ago 0.01 rad
Switching amplitude heave Az 0.6 m
Initialization time tinit 100 s
Initialization gain Kinit 500 -
Filter low gain Kmin 250 -
Filter high gain kmax 1000 -

Performance assessment on towing tank data

The estimator is tested on pitch and heave measurements gathered during exper-
iments R—1173 and R-1189, and on a heave measurement gathered during the
experiment 1-1195. The settings for the filter and gain switching parameters are
given in Table 3.3.

At the first the frequency estimator is tested on a measurement of the pitch
angle 0(t), as shown in Figure 3.5(a). The 30 minutes long time series is obtained
by joining the pitch angles measured in experiments R-1173 and R-1189, and the
last 15 minutes of the recording have been amplitude modulated through a decay-
ing exponential function. This behaviour has been appositely introduced in order
to test the capability of the estimator to track frequency variations in vanishing
signals.

The spectral analysis shown in Figure 3.5(b) clearly shows a frequency shift
between the first 15 minutes of the experiments and the second ones in total agree-
ment with the data reported in Table 3.1. Moreover, the nature of the excitation
used in the regular wave experiments determines a very narrow-band power spectral
density (PSD) denoted O(w), and this will ease the estimation process.

The estimate of the wave encounter frequency w. and the changes in the gain
ks can be seen in Figures 3.5(c) (d). The two horizontal lines in the frequency
estimate plot correspond to the peaks in the PSD’s. Figure 3.5(c) shows that the
estimate w, rapidly converges to the frequency associated to the largest peak of
©1(w). During the transition to the exponential decaying pitch angle the frequency
estimate drops to values in the neighborhood of the small side-lobe of the PSD
O2(w) and then converges to the frequency value associated with the largest peak
of @2 (w)

Figure 3.6(a) presents the measurement of the heave displacement z(t) recorded
during the regular wave experiments. The power spectral density Z(w) shown in
Figure 3.6(b) obviously confirms the position of the peak frequencies already iden-
tified in the PSD of the pitch angle. The estimate of the wave encounter frequency
is not as sharp as seen in relation to the pitch measurement, as shown in Fig-
ure 3.6(c). This reduced precision in estimating the correct value of w, may be
explained by the presence of side lobs in both PSDs Z; (w) and Z3(w). If fact for
both tranches of the heave measurement the estimate @, is pulled towards slightly
higher frequency values clearly addressing the influence of the side lobes in the
estimation process. Last, Figure 3.6(d) shows that the switching-gain strategy is
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Figure 3.5: Test I: estimation of wave encounter frequency from exponentially mod-
ulated pitch angle measurements collected during regular wave experiments B-1173
and R-1189. The estimator rapidly converges to and track the peak frequency of
the power spectral density O(w).

very active due to the large variability of the heave amplitude A, .

At last the switching-gain frequency estimator is tested on measurements of
the heave displacement recorded during the irregular waves experiment I-1195, as
shown in Figure 3.7(a). The large significant wave height together with the irregular
pattern of the wave train exciting the vessel determine repeated large and asym-
metric variations of the heave displacement. This behaviour largely differs from the
sinusoidal one and challenges the frequency estimator, as shown in Figure 3.7(c).
The estimate w. of the encounter frequency shows larger variations as a result of
the broader frequency range the power spectral density Z(w) spans over. Moreover
the presence of multiple peaks of almost equal magnitude in the PSDs; as for Z,(w)
and Z3(w), increases the difficulty of identifying the main frequency carrier.

Figure 3.7(c) shows that the estimator slightly overestimates the peak frequency
of Z1(w), which can be explained by the skewness of the PSD towards the higher
frequencies. Between 6 and 12 minutes the estimates varies between 0.5 and 0.7
[rad/s], which can be expected since Z5(w) shows not clear dominant peak during
this time interval. For the last 5 minutes &, first oscillates around 0.6 [rad/s], and
than decreases to around 0.5 [rad/s], which once again nearly matches the location
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Figure 3.6: Test II: estimation of wave encounter frequency from heave displacement
measurements collected during regular wave experiments R-1173 and R-1189. The
encounter frequency estimator converges towards the true value of the two main
peak frequencies of Z(w), however the presence of side lobs in the power spectral
density influences the estimation process pulling @, towards slightly higher values.

Table 3.4: Switching-gain estimator parameter settings for full-scale data.

Quantity Symbol Value Unit
Switching time constant Ty 0.05 s
Filter cut-off frequency wy 1 rad/s
Switching amplitude pitch Ag o 0.01 rad
Initialization time tinit 100 s
Initialization gain pitch angle Kinit 50 -
Filter low gain pitch angle Kmin 25 -
Filter high gain pitch angle kmax 100 -

of the two peaks of the power spectral density Z3(w).

In order to reduce these fluctuations a low-pass filter is added at the output of
the switching-gain estimator. This smooths the behaviour of the frequency estimate
of the encounter wave, which now stays much closer to the true value at all times,

as shown by the green line in Figure 3.7(c).
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Figure 3.7: Test III: estimation of wave encounter frequency from heave displace-
ment measurements collected during irregular wave experiment 1-1195. The en-
counter frequency estimator converges towards the true value of the two main
peak frequencies of Z(w), however the presence of side lobs in the power spectral
density influences the estimation process pulling @, towards slightly higher values.

3.4.2 Atlantic passage full-scale data

The final test of the switching-gain frequency estimator is run on a data set of
full-scale ship motions’ data recorded on board the container ship Clara Maersk
crossing the North Atlantic Ocean during a storm. The length of the vessel was
197[m] and its displacement volume was 33 000[m]3. Time series used here corre-
spond to the pitch angle recorded during nine hours of navigation. Due to the larger
amplitudes induced by the stormy weather different settings of the gain switching
mechanism have been chosen. The settings for the filter and the gain switching
mechanism are given in Table 3.4.

Performance assessment on full-scale data

The measurement of the pitch angle aboard the ship is presented in Figure 3.8(a).
The measurements show that the amplitude of the pitch angle is fairly constant over
a long period of time, with the exception of few larger peaks. Figure 3.9 presents
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Figure 3.8: Test IV: estimation of wave encounter frequency from pitch angle mea-
surements collected aboard Clara Maersk during a passage through the North
Atlantic. The wave encounter frequency estimator succeeds in rapidly identifying
the range of frequencies where the dominant spectral components fall into.

the evolution of the pitch power spectral density ©(w) over the nine hours, and
the wave encounter frequency identified as the frequency of the largest peak of
each PSD. The power spectral density spans over a very broad range of frequencies

with a multitude of peaks; however, the main spectral components are in the range
0.7-0.8 [rad/s].

The estimate of the encounter frequency based on the pitch measurement is
given in Figure 3.8(b), which shows that &, is also in the range 0.7-0.8 [rad/s].
Comparing the estimate of the encounter frequency with w, identified through
the analysis of the power spectral density it can be noted that w. converges to
values in close proximity to w.. Application of a low-pass filter to the output of
the switching-gain frequency estimator helps in smoothing the obtained frequency
estimate. Figure 3.8(b) also shows the switching gain strategy. Since the amplitude
Ap of the measured pitch angle is rather constant and sufficiently exciting for rapid
adaptation there are only few gain switches.
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Figure 3.9: Evolution of the pitch power spectral density over 9 hours of navigation
across a storm.

3.5 Conclusions

Knowledge of the parameters characterizing the sea state is of extreme value in
order to carry out marine operations in a safe, reliable and cost effective ways.
This chapter has derived a signal-based nonlinear observer for the estimation of
the wave encounter frequency. The kernel of the designed estimator is a second-
order nonlinear observer with a switching-gain mechanism designed to estimate the
frequency of a sinusoid with unknown frequency, amplitude and phase. The origin
of the estimation error dynamics is proven to be global exponentially stable.

The frequency estimator has been extensively tested on model-scale motion data
of a container ship gathered during towing tank experiments in regular and irregu-
lar waves, and on full-scale motion data of a container ship recorded in an Atlantic
passage during a storm. In all scenarios the nonlinear switching-gain frequency es-
timator succeeds in identifying the frequency range where the encounter frequency
falls into. Extremely good results in terms of fast convergence and tracking are
obtained for the model-scale data collected in the regular wave experiments, since
the ship responses in pitch and heave closely resemble pure sinusoidal signals. The
broadening of the spectral content of the heave and pitch responses recorded in the
irregular wave experiment and in the sea trial clearly challenges the capabilities of
the observer to converge to the true value of the wave encounter frequency. Nev-
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ertheless, the frequency estimator achieves its objective, by providing an estimate
within the frequency range where the main spectral components are.
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Chapter 4

Straight-Line Coordinated
Path-Following for Underactuated
Marine Vessels in the Presence of
Ocean Currents

In this chapter the straight line path-following problem is considered for forma-
tions of underactuated marine vessels. The vessels are affected by a constant ocean
current that is bounded and irrotational with respect to the inertial frame. This
is a problem of interest in applications such as sea-bed scanning or measuring of
environmental parameters, since in such applications the vehicles have to cover an
area often by performing a lawn-mover pattern with long straight-line sections.
Hence, by using multiple vehicles a large area can be covered at once, reducing
the time and costs of the operation. A Line-of-Sight (LOS) guidance law with two
feedback linearising controllers is used to achieve path following of each individual
vessel. Integral action is added to the LOS guidance law to compensate the effects
of the ocean current acting on each vessel. In addition to the individual geometric
task of path convergence, the vessels must also achieve the formation control task.
More specifically, the vessels have to move along the desired path with a speci-
fied relative inter-vessel distance and with a constant desired velocity. This task
is accomplished using a nonlinear coordination law. The closed-loop dynamics are
analysed using theory that allows the analysis of feedback-interconnected systems
as cascaded systems under certain conditions Loria [93]. It is shown that the origin
of the closed-loop error dynamics of the combined path-following dynamics and
formation dynamics is uniformly globally asymptotically stable. Simulation results
are presented in a case study.

To achieve the goal of coordinated path following, the work aims to unify the
results for integral LOS (iLOS) path following for underactuated marine vessels in
the presence of ocean currents from Bgrhaug et al. [30] and Caharija et al. [40],
with LOS path-following results for formations of underactuated marine vessels
from Bgrhaug et al. [31]. This is done in order to achieve path-following control of
formations of underactuated marine vessels in a two dimensional plane that also
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4. Coordinated Path-Following for Underactuated Marine Vessels

takes into account the ocean currents.

Motivated by [30, 40], and [31] we use a cascaded systems approach. It is inter-
esting to note that the combination of the integral LOS guidance control, which
has adaptive properties, together with the formation keeping control, introduces
a feedback-loop in the system that is not present when only one of these features
is present in the system. The approach of cascaded control used in [30, 40], and
[31] can therefore not be directly applied. In particular, the combination of adapta-
tion and formation keeping makes it necessary to "break the loop" [93]. Using this
approach, we prove that the origin of the closed-loop error dynamics is uniformly
globally asymptotically stable.

The chapter is organized as follows. In Section 4.1 the model of an underac-
tuated surface vessel is given and the control objectives are stated. In Section 4.2
the controllers to solve the control problem are presented. Section 4.3 contains the
derivation of the closed-loop system. The main result is formulated and the closed
loop is analysed in Section 4.4. A case study is presented in Section 4.5. Finally
Section 4.6 gives the conclusions of the work. The material presented in this chapter
is based on Belleter and Pettersen [13] and Belleter and Pettersen [15].

4.1 Model

In this chapter underactuated marine surface vessels are considered. Therefore, the
model under consideration is the model from Section 2.2. Recall the model can be
written in component form as

& = u, cos(y) — vy sin(y) + Vy, (4.1a)
¥ = u, sin(¢p) + v, cos(¥) + V, (4.1b)
Y=r, (4.1c)
U = Fy, (p,1) — frllllll Up + Tu, (4.1d)
Op = X (up)r + Y (ur) vy, (4.1e)
7 = Fp(up, vp,7) + Tr, (4.1f)

The definitions of F,, , X (u,), Y (u,), and F, are given in Appendix 4.A. Note that
X (u,) and Y (u,) are bounded for bounded arguments and linear in u,. We assume
the following assumptions are satisfied

Assumption 4.1. The ocean current is assumed to be constant and irrotational
with respect to the inertial frame, i.e. V.. £ [V, V,, 0]7. Furthermore, it is bounded

bY Vinax > 0 such that ||Ve|| = \/m <V

Assumption 4.2. It is assumed that Y (u,) satisfies
Y (uy) < =Ynin <0, Vu,r € [—Vinax, Urq + al,

with U4 the constant desired velocity and a a parameter of the formation control
law to be defined later.
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4.1. Model

Figure 4.1: Example of a desired formation.

Remark 4.1. This assumption is satisfied for commercial vessels by design, since
Y (u,) > 0 would imply an undamped or nominally unstable vessel is sway direction.

Assumption 4.3. It is assumed that Viyax + a < Urg < Upax — @ where Uy iS
the maximum attainable surge velocity of the vessel.

Remark 4.2. Assumption 4.3 requires that the desired speed of the vessel is higher
than the maximum of the ocean current and the constant a which is a parameter of
the formation control law. In general, Assumption 4.3 is easily satisfied since vessel
propulsion systems are rated for much higher speeds then typical ocean current
magnitudes.

4.1.1 Control Objectives

The goal is to coordinate the motion of n vessels along a straight-line path defined
as P £ {(x,y) € R? : y = 0}. An example formation is given in Figure 4.1.
Note that this definition implies that, without loss of generality, the z-axis of the
inertial frame is aligned with the path. The desired potion of jth vessel can than be
described by the distance D; with respect to the path P and the relative along-path
distance d;; with respect to vessel ¢. This leads to a decentralised control strategy
where each vessel determines it’s own control input dependent on its own position
measurements and that of its neighbours.

tlim y;j(t) — D; =0, (4.2a)
—00

tli>nolo %‘ (t) = ¢Ssa ¢ss € (_ga %) ) (42b)
Jm z;(t) — zi(t) — dji = 0, (4.2¢)
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Figure 4.2: lllustration of the integral line-of-sight guidance.

for i,7 =1,...,n. Note that according to (4.2b) the desired yaw angle is required

to converge to a constant value in the interval (fg, %) This constant side-slip
angle, whose magnitude is dependent on the magnitude of the current, is required

to compensate for the component of the ocean current perpendicular to the path.

4.2 Guidance Law, Communication Topology and
Coordination Law

This section presents the guidance law that is used to steer the vessel to the desired
path, the coordination law that is used to achieve the desired along-path distances,
and the controllers to achieve the desired values prescribed by the guidance law
and coordination law.

4.2.1 Guidance law

The guidance law that is used is an integral line-of-sight guidance law. This guid-
ance law was first introduced by Bgrhaug et al. [30] and assigns the desired heading
angle based on the cross-track error y — D;, an adaptive part to add the integral
action that is used to compensate for the unknown ocean current o¥,t, and the
look-ahead distance A. Resulting in the desired heading angle assignment:

g & —tan~! (W) , A>0, (4.3a)

ot = Ay — Dy)
T (W= Dj) + oyim)? + A2

(4.3b)
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4.2. Guidance Law, Communication Topology and Coordination Law

where ¢ is the integral gain. An illustration of the guidance law can be seen in
Figure 4.2. As shown in Bgrhaug et al. [30] the integral action allows the yaw
angle assignment (4.3a) to be non-zero when the vehicle is on the desired path,
which in turn allows the vessel to compensate for the ocean current component
perpendicular to the path. To reduce the risk of integrator wind-up the integrator
update law (4.3b) is defined such that adaptation becomes small when the cross-
track error is large. To track the desired yaw angle we apply the following feedback
linearising PD controller to (4.1f):

T = = Fp (g, 0, 7) 4 g — kg (0 — a) — k() — ba), (4.4)

with ky > 0 and k. > 0 constant controller gains. This controller assures that
and 7 exponentially track 14 and 14 respectively.

Remark 4.3. Note that technically implementation of the feedback linearising
controller (4.4) used here and in the works of Caharija et al. is not possible with
just measurements of the relative velocities, since 14 contains unknown signals.
More specifically, from (4.3a) it can be seen that 14 contains ¢, and from (2.8b) it
can be seen that y depends on the unknown ocean current component V,,. This can
be solved in various ways. The easiest solution is to use measurements of §y from
the GPS for ships and through a DVL with bottom lock for an AUV. Alternatively,
an ocean current observer can also be used which is the approach taken in Chapter
7 and Chapter 8 of this thesis. Moreover, it should be noted that for practical
applications this problem usually does not arise, since typically existing ASVs and
AUVs do not allow force or torque inputs to the control system, but rather have
autopilots that only allow the heading angle as input. The control input is thus
given by the guidance angle in (4.3a).

4.2.2 Communication topology and coordination law

The control objective (4.2¢) is defined in terms of the along-path position of mul-
tiple vessels. Hence, the vessels need to communicate their along-path position.
Graph theory (see for instance Mesbahi and Egerstedt [98]) is used to describe the
communication.

The communication network is represented by a directed graph or digraph
G(V,E), where V is a set of vertices and E a set of edges. The vertices repre-
sent the vessels in the formation and the number of vertices is equal to the number
of vessels. The edges represent communication channels and are represented by
pairs of vertices. More specifically, if there is information transfer from vertex v;
to v; then the pair (v;,v;) € E.

The neighbourhood A; of v; is the set of vertices v; € V such that there is an
edge from v; to v;. Hence, when controlling vessel j only the along-path position
x; of the vessels where i € A; may be used. The above allows us to give some
definitions, based on Godcil and Royle [68], that are used in the analysis of the
formation dynamics. A vertex vy € V reachable from vertex v; € V if there is a path
from v; to vg. A vertex is globally reachable if it can be reached, either directly or
indirectly, from every vertex in G(V, F). The graph is said to be strongly connected,
if all vertices of G(V, E) are globally reachable.
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4. Coordinated Path-Following for Underactuated Marine Vessels

Assumption 4.4. It is assumed the communication graph has at least one globally
reachable vertex.

Coordination is achieved by a coordination law at the velocity level using the
desired surge speed assignment

te; = Ura — 9( D (o —mi— dji))a (4.5)

i€EA;

consisting of the desired constant relative surge velocity U,q and g(z) : R - R
should be a continuously differentiable saturation-like function that satisfies

—a<g(r)<a, VreR, g(0)=0,

/ ! A (4‘6)

0<g(z) <pVreR, g'(x)=dg/de
where a is the parameter from Assumptions 4.2 and 4.3, and g > 0 is an arbitrary
constant. This also implies that the function g(x) should be a sector function
belonging to the sector [0, u]. A suitable choice for g(z) is for example

2
g(z) = ?a tan~! (2). (4.7)
To make u,,(t) track u., the following feedback linearising P controller is ap-

plied to (4.1d) (omitting the vessel-specific subscript):

d
Tu = —Fu (0p,7) + —2ug + 1 — ku, (U — ), (4.8)
mi1

with k,, > 0 a constant controller gain.

4.3 The Closed-Loop System

This section presents the closed-loop systems of the model (4.1) with the yaw rate
(4.4) and surge velocity (4.8) controllers. First we consider the actuated dynamics
for each vehicle and analyse the control errors &€ £ [a,, 1, 7], where @, £ u, — u,
is the surge velocity error, 1) = 1) — 1) is the yaw angle error, and 7 £ 7 — 4 is the
yaw rate error. The derivative of € can be found by applying (4.4) and (4.8) to the
dynamical system (4.1), resulting in

&= 0 0 1 | &3¢ (4.9)
0 —ky  —k,

The system (4.9) is linear and time-invariant and k.., ky, k., and di1/mq1 are
strictly positive. Consequently, 3 is Hurwitz and the origin of (4.9) is uniformly
globally exponentially stable.

The underactuated part is considered next and we consider the cross-track error
kinematics (4.1b), the sway velocity dynamics (4.1e), and the guidance (4.3). To
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simplify notation we define y; Ly D; The dynamics of the y;-v, subsystem is
given by:

. Ay,
int = 4.10
Yty + ogin)? + A2 (4-10)
U = (Ur + uc) sin(l/; + Yq) + v, COS(l; +va) +Vy (4.11)
O = X (G + 1) (Y + ) + Y (i + ue)vy. (4.12)
The equilibrium of the y; — v, systems for u. = U, 4 satisfies:
A
RIS Yy 24 =0, v81=0. (4.13)

Yint = — ) y]
g 2
VU — Vy2

The equilibrium is moved to the origin by defining e; £ yin — yit and ex =
y; + oey. Substituting (4.3a) for ¢4 and factorizing the result w.r.t. £ leads to the
interconnected dynamics

[é1,¢é2,0.]7 = Aleq, e2,v,]" + Bf(es) + Cy(x) — HE (4.14a)
£ =3¢ (4.14b)
with A as in (4.50) and B, C, and H defined as:
AXUeV, T
Bie2) 2 [0 Vy *(62+Uym)z+f2} (4.15)
T
Y AX"eoyt
C(QQ) é |:0 (ngrny,?t)vaAz ((62+0'y?x?t)2+A2)3/2:| (416)
0 0 W
H(y, yin I 1 0 4.17
(y7y tvwdvv 75)  AX(@,tue) L |:,ii:| ( )
(ez+ayf§t)2+A2
with hg and hUTT defined in Appendix 4.A and
Sa\2 L A2
Flea) =1 (Uymtl i . (4.18)
V(e2 + oyih)? + A
Note that f(eq) satisfies the following bound:
e
flea)l < o (4.19)

~ Vet o)+ A2

and that H(-)€ contains the terms vanishing at & = 0. The above describes the
path-following error dynamics for each vehicle, which is decoupled from every other
vehicle. We now turn our attention to our attention to the interconnected dynamics.

Coordination takes place along the direction of the path, i.e. the z-axis. There-
fore, we analyse the along-path kinematics to analyse the coordination error. The
along-path kinematics are given by

& = u, cos(y) — vy sin(v) + V. (4.20)
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4. Coordinated Path-Following for Underactuated Marine Vessels

Using the expressions u, = @y + Ue, ¥ = ¥ + ¥, and ue = Upg — g(x), with
g(x) defined as in (4.6), (4.20) can be rewritten as

i = Upgcos(y) — g(x) cos(tpg) + Ve + hT (¢, x)C, (4.21)

where ¢ £ [e1, ez, v,, €717 and h” (¢, x)¢ contains the terms vanishing at ¢ = 0.
Furthermore, we can split 1q = 955+ where 14, is the steady-state path-following
angle (see Figure 4.1) and 1, a transient part that disappears when es = 0 resulting
in

i = Upgcos(v)) — g(x) cos(thss) + Vi + RE (¢, 2)C. (4.22)
Consequently, hT (¢, x) £ [hy1,. .., heg]T is given by

hat,l = hm’6 = 07 hz73 = sin(@/; + Q/Jd)

h:fc,Z = g(l‘) Sine(j}t) Sin(wss) - COS(’(/:; -1 005(1/155)]
haa = cos(¥ + 1q) (4.23)
hys = g(x) _sindgw) sin(tq) — cos(z/:;)—l COS(wd)}

where h, 5 is related to 1); and disappears when e, = 0. Note that hT(¢,x) has
less then linear growth in 2. More specifically the growth of hZ (¢, ) is bounded
by the constant a.
From the geometry of the problem (see Figure 4.2) it can be verified that the
following holds
Urgcos(¢) = ug(t) — Vg (4.24)

where wu,(t) is the along-path component of the velocity, which allows us expresses
the relative velocity term in an equivalent inertial frame term. We now substitute
(4.24) in (4.22) to obtain

&= u,(t) — g(x) cos(¢ss) + hL (¢, 2)C. (4.25)

More specifically, for the formation we can write (4.25) as

by = us(t) — g 3 (e — dy)) cosibus,) + BLC, (426)
i€A;
with j = 1,...,n. Based on the preceding substitution we now perform a change of

coordinates, as is done in Bgrhaug et al. [31], by defining ; £ z; —d; — ft’; uz(s)ds
for j =1,...,n where d; is such that d; —d; = d;;, for j,7 =1,...,n. This results
in

by = —g( D" (6, = 63)) cos(vs,) + B (¢, 0)Gs, (4.27)

i€EA;

for j =1,...,n. It can be verified that §; —0; =0V i,j = 1,...,n implies that the
control goal (4.2c) is achieved.
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We now write the system in vector form by defining the aggregate state 6 =
[01,...,0,]T, the aggregate function g(x) £ [g(x1),...,9(x,)]T, and the aggre-
gate matrices A £ [diag{cos(¢ss, ), - - -, c08(¢¥ss, )}, ¢ = [¢F, ..., ¢T)T, and H, £
[Py he, )T, Such that (4.27) can be written as

6 = —Ag(LO) + H,(¢,0)¢C (4.28)

where the L is the Laplacian matrix of the graph G with elements:

§;  ifj=i
Lii 2 —1, ifj#i A (j,i)€E, ji=1,...,n (4.29)
0, otherwise

with ¢; the number of outgoing edges from v;. By definition the Laplacian has
one or more eigenvalues at zero with the vector of all ones as eigenvector. If the
graph is stronlgy connected -i.e. it has n globally reachable vertices- then the zero
eigenvalue is simple and L is symmetric and positive semi-definite (see [68, 98]).

Remark 4.4. The graph Laplacian is a well known tool from the literature of
graph theory and is used to express the structure of the communication network
mathematically. For more information see for instance Mesbahi and Egerstedt [98].

Remark 4.5. Although the system equation has differences, the structure (4.28)
is equivalent to the system considered in Bgrhaug et al. [31] except for the mul-
tiplication with the matrix A, which is a diagonal positive definite matrix. In the
following we will adapt some of the tools used in Bgrhaug et al. [31] to show sta-
bility of the coordination error dynamics to account for the addition of the matrix
A.

As stated in Bgrhaug et al. [31], the consensus properties of the along-path
dynamics cannot be determined by simply analysing its stability properties, since
any state of consensus is an equilibrium point of (4.28). Therefore, a coordinate
transform is proposed in Bgrhaug et al. [31, Lemma 2] which can also be derived
for system equation (4.28).

Lemma 4.1 (Bgrhaug et al. [31, Lemma 2]). Consider system (4.28).Provided
Assumption 4.4 is satisfied, there exists a coordinate transformation ¢ =T, T €
RM=DX7 - gych that the following holds:

1. ¢ =0 implies that 01 = ... =0,;
2. the dynamics of ¢ are of the form
¢ = F(¢) + G(¢, 0)¢ (4.30)

with G(¢, @) globally bounded, uniformly in ¢ and ¢;

3. ¢ = f(@) is UGAS with positive definite and radially unbounded Lyapunov
function V.=V (¢) satisfying

ov

%(@f(cb) < -W(¢) <0, Vo € R"7'\ {0} (4.31)

Hg‘;(cp)H < Cy, Vo € R™L, (4.32)
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The proof of Lemma 4.1 is given in Appendix 4.B.
We are now ready to formulate the full closed system as:

¢ =f(¢)+G(C, d)¢ (4.33a)
[é1,¢é2,0,]T = Aler, ea,v.]T + Bf(es) + Cy(x) — HE (4.33b)
£ =3¢ (4.33c)

where (4.33a) describes the synchronization dynamics, (4.33b) is the path-following
error dynamics, and (4.33c) are the controller error dynamics. In the next section

we formulate the main theorem and show stability of the closed-loop dynamics
(4.33).

Remark 4.6. Note that by a slight abuse of notation (4.33b) contains g(x) instead
of g(¢) and that the cross-track error system is in a non-aggregate form. This
is done to make the analysis more clear, since path following is considered for
individual vessels, while the along-path dynamics (4.33a) considers multiple vessels.

Remark 4.7. Note that (4.33b) contains a term depending on g(x), hence (4.33)
is a feedback-interconnected system and not a cascaded system. Consequently, we
cannot use classical cascaded systems theory to prove stability of the path following
problem as is done in Caharija et al. [40] and for the formation path following
problem in the absence of ocean currents as in Bgrhaug et al. [31]. Note that
the term Cyg(z) is a result of the combination of integral action/adaptation and
formation control. Having only one of these features, as in Caharija et al. [40] and
Borhaug et al. [31], this term would be zero. Therefore the feedback-interconnection
structure is a result of the combination of integral effect/adaptation together with
the formation keeping scheme.

4.4 Main Result

Using the following notation to denote the maximum and minimum of X (u.) and
Y (u.) respectfully

Xmax & ma X (ue, 4.34
J que[Urd_iUmd} | X5 (ue,)| (4.34)
yon £ min Y (ue,)| (4.35)

ucje[Urd*a»UrdJra]
we formulate the main result as

Theorem 4.2. Consider n vessels described by the dynamical system (4.1). If
Assumptions 4.1-4.8 hold, and if the communication digraph G(V, E) has at least
one globally reachable vertex, and the look-ahead distance A and the integral gain
o satisfy the conditions

|ijax| ?Urd"‘rvmax'i'a"'_o-
VER] [ 4Upg — Vinax —a -0
0<o0<Urg— Vimax — a, (4.37)

A >

+1], (4.36)

o8



4.4. Main Result

for 5 =1,...,n, then the controllers (4.4) and (4.8) guarantee achievement of the
control objectives (4.2a)-(4.2¢c).

To proof Theorem 4.2 we study stability of the origin of closed-loop error dy-
namics (4.33). The system (4.33) has a cascaded structure however there is a feed-
back from the synchronisation error kinematics to the path-following error dynam-
ics because of the influence of the synchronisation error kinematics on the surge
velocity. This feedback perturbs the path-following error dynamics and changes
the equilibrium of the integral line-of-sight guidance. The resulting structure is
analysed in Loria [93], where it is shown that a system of the form:

&1 = fi(t,z1) + g(t, 1, 22) (4.38a)
By = fot, @1, 22) (4.38b)

can be analysed as a cascaded system of the form

& = filt, &) + g(t, &1, &)& (4.39a)
& = ot 21(t), &) = f2(t, &) (4.39b)

where fo(t, z1(t),&2) depends on the parameter x1, with x1(t) denoting solutions
of (4.38a), under the conditions that

1. ;7 = 01is a UGAS equilibrium for &, = f1(¢,x1).
2. The solutions of (4.38) are uniformly globally bounded.

In Loria [93] it is shown that if these conditions are satisfied in the manner presented
in the remainder of this section, then the solutions of the system (4.39) will coincide
with that of (4.38) for an appropriate choice of initial conditions.

Condition 1) translates to the closed-loop system (4.33) satisfying the following
condition:

Condition 4.1 (1). ¢ =0 is a UGAS equilibrium for o= f(o).

Condition 4.1 is verified by claim 3) from Lemma 4.1, which establishes stability
of the nominal coordination dynamics.

Verifying condition 2) requires satisfying the following three subconditions 2a),
2b), and 2c).

Condition 4.2 (2a). There exists a C! positive definite radially unbounded function
V:RxR" — Rsg,a1 € Koo and continuous non-decreasing functions ou, oy :
R>g x R — R>q such that

V(t,xl) Z 041(|JL‘1|) (440)
and that,
Viassa (t 21) < oua(|z1]) oy (|2]); (4.41)
o do
/a 7@4(%_1(@)) =00 (4.42)
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This condition is used to verify that (4.33a) has no finite escape times uniform
in ¢. We define oy (||z1]|) as the lower bound of the radially unbounded Lyapunov
function from Appendix 4.B. More specifically, a1 (||¢]|) £ In(V + 1), where V is
given in (4.56). Now using Lemma 4.1 and its proof in Appendix 4.B we have

15)
Viassay(ba1) < W () + H&wa)H 1G& )lic

Ol
< [§|¢2|2+1 + lgr (@) [[A[[ 1] C2[I<]l (4.43)
d|d|l
- A4 ||P]|] C:
< [§|¢2|+1 + llgi(@) || |A1]| |1P]]]| CalI<]|

where the existence of the constant Co > 0 above is a consequence of G(¢, ¢) being
bounded in its arguments. Moreover, it should be noted from the definition of g(-)
in (4.6) that g() is upper bounded by a constant a and that the growth of g(-) in
its argument is upper-bounded by p and lower-bounded by zero. This implies that
¢(+) has its maximal growth around the origin, outside the origin it keeps growing
at a smaller rate as it approaches the upper-bound. Therefore, any function g(||¢||)
can be bounded by a function of the form 8|¢|/(||¢]|| + ) for which there exists
constants S > 0 sufficiently larger than a and v > 0 sufficiently small to dominate
the growth of g(-). Consequently, we can bound (4.43) as

* 1)
Vs (ten) < | =022 o @A 121 | caliel
Tipa]l + 1 (4.44)
clg
— 7 .
< ol +n 211<l

where ¢ > 0 is sufficiently large and s > 0 is sufficiently small. From the above we
can satisfy (4.41) by choosing as(lg]) 2 ]/l + ) and a4 (ICl) 2 =Ca¢]]
Computation of the inverse of a1 (]|¢]|) is not an easy tasks and results in a com-
plicated function. However, to verify (4.42) we do not need to calculate o *(||¢||)
if we note that a1 (||¢||) is a function in class Koo and from Khalil [82, Lemma 4.2]
(see Lemma A.1), we know that it holds that a;'(||¢||) is defined on [0, 00) and
belongs to class Ko,. With the definition for ay(||¢||) above, for (4.42) we have

[ oy = [y

oo oo K
= 1df)—|—/ ——dv =
/a a 0411(17)

since the integral from a to oo of 1 is infinity and the integral of x/a;*(?) > 0
because a; (7)) € Ko, and consequently (4.42) is satisfied. Therefore, Condition
4.2 is satisfied.

Remark 4.8. The fact that (4.33a) has no finite escape times uniform in ¢ can also
be verified by the following observations on the growth rate of ¢. It can be seen from

(4.45)
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(4.54a) that the nominal dynamics f(¢) have a growth rate dependent on g(L¢),
which has at most linear growth and is bounded by constants according to the
definitions in (4.6). From (4.23) we can see that same holds for the perturbing term
G(¢, ¢)¢. Consequently, the growth rate of (4.33a) is less then linear everywhere,
which implies no finite escape times uniform in .

Condition 4.3 (2b). We dispose of a C' function V : R x R™ — R, a1,q2 €
Koo, and a positive semidefinite function W such that

ar(llz]) < V(E, 1) < aa(fl2al]) (4.46)
ov. oV

for all t € [to, tmax) and all 1 € R™.

This condition is verified by Lemma 4.1. In particular, in Lemma 4.1 it is shown
that this condition is satisfied for t,,,x = 0.

Condition 4.4 (2c). There exists 8 € KL such that the solutions w2(t,t,,72,,71)
of &3 = fa(t,x2) satisfy

||$2<t7t07x20a$1)|| S B(H$20Hat—to) Vt S [toatmax)~ (448)

It should be noted that ||za(¢,t,, T2, z1)| represents the solutions of (4.38b)
for fixed values of the parameter x; with initial conditions (t,, z2,), i.e. solutions
of the path-following error dynamics (4.33b)-(4.33c) for fixed values of the coor-
dination error ¢ and hence fixed values of the velocity. Consequently, Condition
4.4 implies that the solutions of x5, i.e. subsystem (4.33b)-(4.33c), are required to
asymptotically decreasing to zero for all possible values of the parameter x;. For
(4.33) it suffices to show that (4.33b)-(4.33c) is UGAS for all velocities constant
velocities u. € [Urq—a, Urq+a]. Hence, for all possible states of the synchronisation
error (4.33a) the adaptation function g(-) that appears in the (4.33b)-(4.33c) takes
values in the range [—a, a).

Consequently, a proof that the error dynamics of the integral line-of-sight path-
following strategy is UGAS is sufficient to proof Condition 4.4. This proof is avail-
able from the work in Caharija et al. [40] and Caharija [39], where it is shown that
the origin of the error dynamics of the integral line-of-sight path following is in fact
UGAS and ULES. In fact, if we choose A and o as in Theorem 4.2, then the condi-
tions of the proof in Caharija et al. [40] are satisfied for all u. € [U,q — a, Urq + a.
Therefore, we can show that there is a stable equilibrium on the path for each value
of the coordination function.

Condition 2) is now verified with the following theorem:

Theorem 4.3. The solutions of (4.33) are uniformly globally bounded.

Proof. The proof of this theorem follows from Loria [93, Theorem 2], which is given
as Theorem 4.5 in Appendix 4.C. In the case presented here, it is straightforward
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to verify that item 2) of Theorem 4.5 holds. In particular, in this case

V10 = | 25 gt a1,20) (4.490)
< |55 @ 1cc e (4.490)
< 5”‘2"?”“ £ g1 (@) 1As] ||P||] Glel (a0
< P culdl < cucale (4.494)

where 1 is the constant from (4.32) and note that we have used the results from the
verification of Condition 4.2. From (4.49d) it can be seen that to bound ||[L,V]]], we
can choose a5(||¢]|) € K as a function of the form ||¢||/(||@||+ ) for an appropriate
choice of k¥ > 0. Having chosen a suitable family of functions for a;(||¢||), we then
note that forward completeness of (4.33a) is implied by the fulfilment of Condition
4.2 and Condition 4.3 [93]. Therefore, the solutions of the cascade (4.33) exist
for all time. Moreover, we know that according to Condition 4.4, ||¢|| decreases
for all values of ¢ since there is always an equilibrium on the path. Therefore,
after a certain time, W (¢) dominates ||[L,V]| < C1Cs||¢||. More specifically, there
exists a certain time after which it holds that of(|[¢]|) £ eCa|¢|| < A, such that
as(]lo)) < AW (¢). Consequently, item 2) of Theorem 4.5 is satisfied. Moreover,
since it is shown that Condition 4.2, 4.3, and 4.4 hold, Theorem 4.5 holds and
consequently Theorem 4.3 holds. O

Theorem 4.4. The origin of (4.33) is UGAS if Condition 4.1 and the conditions
of Theorem 4.3 hold.

Proof. Tt is shown that both Condition 4.1 and Theorem 4.3 hold and hence we
can invoke Loria [93, Proposition 2], given as Proposition 4.1 in Appendix 4.C, for
system (4.33). O

This implies that the control goals (4.2) are achieved and thus the proof of
Theorem 4.2 is complete.

4.5 Case Study

In this case study we consider three vessels described by the ship model from
Fredriksen and Pettersen [63], which are given in Section C.1. The three vessels
each have to follow their specified path P;, whilst being affected by a current
with an intensity |V,| = v/2 [m/s]. The components of the current are chosen
as V, = —1.1028 [m/s] and V,, = 0.8854 [m/s]. The integral gain for the ILOS
guidance law is chosen as o = 1.5 [m/s] and the look-ahead distance is chosen to
be A = 200 [m], which satisfies conditions (4.36-4.37) for the given vessels. The
gains for the feedback linearising controllers are chosen as k,, = 0.1, ky = 0.04,
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and k, = 0.9, following the tuning of the path-following controller in Caharija
et al. [40]. All initial velocities are set to zero and the initial positions and angles
(in degrees) are chosen as

T1o 0 T20 0 T30 0
Yo | = | —10001, | y20 | = |500], [ys30 | = | =500].
1/)10 180 1/]20 90 1/130 —-90
The desired relative surge velocity is chosen to be U.q = 5 [m/s|] and the

velocity adaptation parameter as a = 0.5 [m/s] to have sufficient freedom to adapt
the velocity. Ship 1 can communicate its position to ship 2 and 3, while only ship
3 can communicate its position to ship 1. The path-following distances for the
formation are di2 = 200 [m], d;3 = 100 [m], D2 = —200 [m], and D3 = 200 [m].
In Figure 4.3 it can be seen that the ships converge to their specified paths and
attain the desired formation. We also see how the ships side-slip in order to keep
the desired path despite the ocean current acting in the transverse direction of
the path. This is confirmed by the plot of the cross-track error y — D; for each
vessel given in Figure 4.4, which show that the path-following errors converge to
zero. Furthermore, the side-slipping behaviour can be seen from the heading angle
assignments given in Figure 4.5, which shows that the heading angle for the vessels
is nonzero when it has converged to the paths in order to compensate for the ocean
current. In Figure 4.6 the relative surge velocity over time can be seen. We can see
that at first ship 1 is at maximal speed while ship 2 and 3 wait until they are at
the desired distance by slowing down. After about 340 [s] ship 2 is at the desired
position w.r.t. ship 1 and matches its velocity to ship 1. After about 540 [s] the
desired formation is achieved and the velocities all converge to the desired surge
velocity. The along-path formation errors can be seen in Figure 4.7, from which it
can be observed that the formation errors converge to zero.

Remark 4.9. Collision avoidance is not taken into consideration during this case
study, which is intended to illustrate the combined path-following and formation
control strategy.

4.6 Conclusions

In this chapter, the problem of path following for formations of underactuated
surface vessels under the influence of constant ocean currents was considered. It was
shown that n underactuated surface vessels can be controlled to follow a straight-
line path whilst attaining and maintaining a desired formation. This has been
achieved by making each vehicle converge to a desired path individually using
a ILOS-based cross-track controller, combined with a formation keeping control
scheme controlling the along-path position of the vessels using only locally available
information. The closed-loop system of the path following and formation control
strategy were analysed using theory for nonlinear cascaded systems. This was done
by showing that the system, which is feedback interconnected, can be analysed as
a cascaded system under certain conditions. Simulation results are presented to
validate the theory.
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Figure 4.3: The paths of the vessels attaining formation. The small boats give the
orientation of the vessels at certain times.
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Figure 4.4: The cross-track error be- Figure 4.5: Yaw angle and its desired
tween the vehicles and the path. value .

4.A Function Definitions

The functions Fy,., X (u,), Y(u,), and F, are given by:

1
F, (vq,71) £ —— (magv, + masr)r,

miy
m2, — mim da3mos — doam
b a Mig 11733 33123 23M33
(Ur) - 2 s 2 )
mM221M33 — Mag mMo2M33 — Mag
s (Mo —ma1)mas doomas — dzamas
Y(u,) £ 5 Uy — 5
Ma22MM33 — M3 Ma22M33 — Mag
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Figure 4.6: The relative surge velocities
u, and their desired values u..
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Figure 4.7: The along-path formation
keeping error between the vehicles.

F, (uT7 Up, T 2
ma2Mm33 — Ma3

)& mazdas — Maz(dsa + (Maa — ma1)u,)

T

mag(dag + mi1uy) — Mmaz(dsz + masu,) .

2
T22M33 — Mag

Functions hy, £ [hy,, hy,, hy, )T and by, £ [he,, s B,y ho,s] T are given by:

hy1 = sin(y + ¥q), hys =0,

hy2 = uc [Sind%w) cos(Yq) + C()S(Qi)_l

sin(t))

+ v, [COS(?/J)—]. cos(9q) — 7

(8

X (U + up) — Xte

Sin(%)]

Sin(wd)‘| )

Y (U + ue) — Yte

Y (Yint> Y5 Vr) + Ur

h‘UT,l =

Uy
hvr,Q - 07 h’vr,S - X(ar - uc)7
with v(Yint, ¥, v-) defined as:

A Aluc(y + incx?t) — Av,)

9

Uy

NG

int, Y,V - e
i 1) = e,y oy)2 + BB (e  og)E ¥ A2

oA (
((e2 + oyt )? + A2)2

y—Dj).
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4.B. Proof of Lemma 4.1

4.B Proof of Lemma 4.1

The proof for Lemma 4.1 follows along the lines of the proof given in Bgrhaug et al.
[31]. However, we now have to account for the matrix A in the dynamics (in addition
to the interconnection term H ¢ being different). According to Assumption 4.3 the
communication graph G has at least one globally reachable vertex. Therefore in this
proof we assume that G has 1 < r < n globally reachable vertices. This allows us,
without loss of generality, to partition L as

L= ﬁ’)l iz] (4.51)

where L; € R(*=7)*(n=7) ig anti-Hurwitz, i.e., —L; is Hurwitz, and satisfies
PL, +LTP=qQ, Q=Q" >0 (4.52)

for some positive definite diagonal matrix P [91]. The sub-graph corresponding to
L; € R™*" ie. G(Ls), is strongly connected. Hence Ls is positive semi-definite,
with zero as a simple eigenvalue and a corresponding eigenvector 1, = [1,...,1]T €
R". Consequently, L3 can be decomposed into Lz = M3 M., where M3 € Rr*(r=1)
has full column rank. A coordinate transform is then given by

b2 {Lol ]\I/fT] 62 T6. (4.53)
3

We can now verify the claims of Lemma 4.1.
Claim 1):

=0 = B A‘quwo = 0=o0al,, acR
3

Consequently, ¢ = 0 implies that 0; = 60;, j,i =1, ...,n.
Claim 2): Differentiating (4.53) w.r.t time we obtain

i [~LiA1g1(é1) — LaAsga(k)
= f(¢) +G(C 9)¢ (454b)

where ¢ = [pT, #2317, with ¢1 € R*™" and ¢, € R", and we defined k £ Msgp,
to simplify notation. Moreover, using (4.23) it is straightforward to verify that
G(¢,¢) £ TH,((, 0) is globally bounded in its arguments.

Claim 3): Consider the stability properties of the nominal system

$1] _ [-LiA1gi(¢1) — LaAaga(k)] _
LﬁJ B [ — M Asgs(k) = f(o). (4.55)

Remark 4.10. Note that considering the stability properties of the origin of the

nominal dynamics means that we consider the stability properties of (4.54a) when
the perturbing dynamics has converged. This implies that the cross-track error has
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converged, and consequently, the desired yaw angle 14 is bounded well away from
/2 and —m /2. Hence the elements of diagonal matrices A; and A, are bounded
away from zero and will have clearly defined minimum eigenvalues of A,,, and A,
respectively.

To show that the origin of (4.55) is UGAS we use the Lyapunov function can-
didate

S b1
veSiel s [ Phaiy)-dy (1.56)
0

where P is the positive definite diagonal solution of (4.52) and § > 0 to be chosen
at a later stage. The sector property of g and the fact that P is a positive definite
diagonal matrix assure that V is a positive definite function of ¢; and ¢o. It
is straightforward to verify that V is also radially unbounded. Taking the time-
derivative of V along the solutions of (4.55) gives

V =—1g7(¢1) [MPLiA + A\LTPAy] g1 (1)
— 0KT Aaga(k) — g1 (¢1)A1PLyA2gs(k)
If we substitute for Q in (4.57) and take the norm we obtain

V < cllgi(@)] - lga(r) | = K7 Aag(x) — 2 g1 ()]

with g, > 0 the minimum eigenvalue of AjQA; and ¢ > ||[A1PLyAs|| > 0. Since
g belongs to the sector [0, ], with > 0, it can be verified that z/g(x) > 1/u,
Vz € R, and we can bound V by

(4.57)

OAmy m
2 g2 ()P = 5 lgr ()]

Choosing § > u([c/v/2qm)? + @)/ Am,, Where a > 0, gives

V < clgi(en)] - llgz(r)] —

2

V<~ (=l - Sl o0l) - alaatel?

= ~W(g1(¢1), g2(kK)).

The function W is a positive definite function of g1(¢1) and g2(k) = g2(Mseh2).
Noting that g(x) = 0 if and only if x = 0 and that matrix M3 has full column
rank we can conclude that W = 0 if and only if ¢y = 0 and ¢> = 0. Hence, W is
a positive definite function of ¢; and ¢-. Consequently the origin of the nominal
system (4.55) is GAS and since (4.55) is time-invariant, the origin is UGAS. This
result is equivalent to that in Begrhaug et al. [31].

Although the Lyapunov function (4.56) has made it possible to prove UGAS
for the origin of (4.55), and it satisfies (4.31), it does not satisfy (4.32). However,
as shown in Bgrhaug et al. [31] the function V £ In(V + 1) satisfies both (4.31)
and (4.32), since

(4.58)

3 1
V< —WW(91(¢1)192(M:&¢2)) (4.59a)
2 W (4) <0, (4.59D)
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satisfies (4.31) and

oV 1
30| = 7 Clgel +lan@nl 1A 1P]) (4.602)
[
— A || P 4.60b
< Ogig 77+l @ 1 IALIP (4.600)
< Cl, Cr > O7 (460(3)

satisfies (4.32), where we used that ||g1(¢)|| is globally bounded.

4.C Reference Theorems

This appendix presents Theorem 2 and Proposition 2 from [93] which are used in
the stability proof of the closed-loop system in Section 4.3.

Theorem 4.5 (|93, Theorem 2]). Consider system (4.38) under the following
conditions:

1. Condition 4.2, 4.3, and 4.4 hold;

2. there exist a5, of € K such that
LG VIl < e ([l ] eds ([l2]1) (4.61)
and for each r > 0 there exist A\, 0. > 0 such that
t20, [lzf 2 nr = as([[z1])) < A-W(z1) (4.62)

Then, the solutions of (4.38) are uniformly globally bounded.

Proposition 4.1 (|93, Proposition 2|). Under Condition 4.1 and the conditions
of Theorem 4.3 the origin of (4.38) is UGAS.
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Chapter 5

Straight-Line Coordinated
Path-Following for Underactuated
Underwater Vehicles in the Presence
of Ocean Currents

In this chapter coordinated path following for formations of under-actuated agents
in three dimensional space is considered. The agents are controlled to follow a
straight-line path whilst being affected by an unknown environmental disturbance.
The problem is solved using a twofold approach. In particular, the agents are con-
trolled to the desired path using a guidance law that rejects an unknown, but
constant, disturbance. Simultaneously, each agent utilises a decentralised nonlin-
ear coordination law to achieve the desired formation. The closed-loop system of
path-following and coordination dynamics is analysed using theory for feedback-
interconnected systems. In particular, a technique from Loria [93] is used that
allows us to analyse a feedback-interconnected systems as a cascaded system. The
origin of the closed-loop error dynamics is shown to be globally asymptotically
stable.

Each vehicle is guided to a desired straight-line path using integral LOS guid-
ance [43]. The path-following error dynamics can then be placed in cascade with
the coordination error dynamics that are used to achieve along-path coordination.
However, the combination of the adaptive properties of the integral LOS guidance
together with the coordination controller creates a feedback in the cascade formed
by the full closed-loop dynamics. Therefore classical cascaded systems theory can-
not be applied and it is necessary to ‘break the loop’ [93]. Using this technique we
prove that the origin of the full closed-loop error dynamics is uniformly globally
asymptotically stable.

The chapter is organised as follows. The model for the agents and the com-
munication topology are presented in Section 5.1. The controllers and guidance
scheme are given in Section 5.2. The closed-loop system is derived in Section 5.3
and stability of the closed-loop system is shown in Section 5.4. Section 5.5 presents
the results of a case study using numerical simulations. Section 5.6 contains results
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of experiments performed with three AUVs. Section 5.7 presents the conclusions.
The material in this chapter is based on Belleter and Pettersen [14] and Belleter
et al. [21].

5.1 Modelling

This section recalls the model of the AUVs and the environmental disturbance,
the control objectives, and the communication topology for the network of agents.
To describe the motion of the AUVs we use the 5-DOF manoeuvring model from
Section 2.3. Therefore, the unknown environmental disturbance is modelled as a
three dimensional ocean current in this work.

5.1.1 AUV model

The model considered in this chapter is the 5-DOF model for an AUV given in
Section 2.3, which describes the motion of the AUV in surge, sway, heave, pitch
and yaw. Recall that the state of the vehicle n = [x,v,2,6,9]T with respect to
the inertial frame i is expressed in three spatial coordinates x, y, and z and two
angles 0 and v which are the pitch and yaw angle respectively. Moreover, recall
that the model is derived under the following assumptions for the AUV and the
ocean current.

Assumption 5.1. The roll motion is assumed to be passively stabilised by fins or
by gravity and can therefore be neglected when modelling the vessel.

Assumption 5.2. The ocean current, V, = [V, V,, V,]7, expressed in the inertial
frame 4, is assumed to be constant, irrotational and upper-bounded, i.e. AV2 > 0

such that ||V,| = \/sz-i-V—?f-l-Vf < Vinax-

Assumption 5.3. The vehicles are neutrally buoyant and the center of gravity
(CG) and the center of buoyancy (CB) are located along the same vertical axis in
the body-fixed frame.

Assumption 5.4. The vehicles are assumed to be x — z plane symmetric and have
a large length to width ratio.

Assumption 5.5. The surge mode is decoupled from the other degrees of free-
dom and consider only the dominating interconnections, i.e. the interconnections
between sway and yaw and between heave and pitch.

Assumption 5.6. Damping is considered linear.

Remark 5.1. Assumptions 5.1 and 5.3-5.6 are common assumptions in manoeu-
vring control of slender-body AUVs [60].
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Consequently, the model can be expanded into component form as

& = u, cos(p) cos(8) — v, sin(v) + w,. cos(¢) sin(f) + V. (5.1a)
¥ = u, sin(y)) cos(0) + vy cos(¢) + w, sin(¢) sin(f) + V,, (5.1b)
2 = —u,sin(f) + w, cos(d) + V, (5.1c)
0=q (5.1d)
¥ =1/ cos(h) (5.1e)
U = Fy, (Ur, wr, q,1) — (d11/ma1)uy + 7y (5.1f)
by = X () + Yo ()0 (5.1¢)
Wy = X, (Ur)q + Y, (up)wy + Zy, sin(6) (5.1h)
G =Fg(0,ur,wr, q) + 74 (5.1i)
7= Fp.(ur,vp,7) + 74 (5.1j)

The definitions of F,,, X.., Yo, Xw, ) Yu,, Zuw,, Fy, and F, are given in Appendix
5.A.

Assumption 5.7. The function Y;, (u,) satisfies
Y, (uy) < =Y"" <0, Vu, € [~Vinax, Ura + dl,

r

where a is a parameter of the formation control law to be defined later.
Assumption 5.8. The function Y, (u,) satisfies

Yo, (uy) < Y20 <0, Yu, € [~Vinax, Ura + al,
where a is a parameter of the formation control law to be defined later.

Remark 5.2. Assumptions 5.7 and 5.8 are satisfied for commercial vessels by
design, since the converse would imply an undamped or nominally unstable vessel
in sway and heave respectively.

5.1.2 The control objectives

The goal is coordinating the motion of n AUVs along a straight-line path P in 3D
space to achieve a given formation. Without loss of generality the inertial frame
is chosen such that its z-axis is aligned with the desired path, and consequently
P 2 {(x,y,2) € R®:y,z = 0}. For the jth AUV in the formation the goal can be
characterised by the following control objectives

Jim y;(t) = Dy; = 0, (5.2a)

tlggo zj(t) — D,; =0, (5.2b)

Jim () = Y Vs € (-5.3) (.20

Jim 6,6 = e, 0ur € (-5.5), (5.2

tli)rglo Up; (t) — Urqg = 0, (5.2€)

tllglo xj(t) — x;(t) —dj; = 0. (5.2f)



5. Coordinated Path-Following for Underactuated Underwater Vehicles

Control objectives (5.2a) and (5.2b) express the path-following control objectives,
where Dy; and D.; are offsets to the path P that are given by the desired for-
mation structure. Control objectives (5.2c) and (5.2d) describe the desired side-
slipping motion in steady-state, which is necessary for disturbance rejection in the
transversal direction of the path despite the absence of actuation in sway and heave.
Control objective (5.2e) assures that all vehicles achieve the same desired veloc-
ity. Control objective (5.2f) specifies that the inter vehicle distance along the path
should converge to a pre-defined value dj; given by the desired formation structure.

5.1.3 Communication topology

To synchronise the along-path distance, communication of the along-path distance
between the vehicles is required. This information can then be used in local syn-
chronisation laws resulting in a decentralised approach. Graph theory [98] is used
to model the communication.

The communication network is represented by a directed graph or digraph
G(V,E), where V is a set of vertices representing the vessels and E is a set of
edges representing the communication flow. The neighbourhood A; of v; is the set
of vertices v; € V such that there is an edge from v; to v;. Hence, when controlling
vessel j only the along-path position x; of the vessels where i € A; may be used.
The above allows us to give some definitions, based on Godcil and Royle [68], that
are used in the analysis of the formation dynamics. A vertex vy € V reachable from
vertex v; € V if there is a path from v; to vg. A vertex is globally reachable if it can
be reached from every vertex in G(V, F), either directly or indirectly. The graph is
said to be strongly connected, if all vertices of G(V, E) are globally reachable.

5.2 Control System

In this section the control system is proposed. In the first subsection the path-
following control strategy is introduced. The second subsection describes the con-
troller used to achieve along-path coordination.

5.2.1 Path-following control

Path-following is achieved using integral line-of-sight guidance combined with feed-
back linearising controllers for the yaw and pitch angle. An illustration of the iLOS
in three dimensional space can be seen in Figure 5.1.

Yaw Control

The desired yaw angle is calculated using an integral LOS guidance law, first in-
troduced in Bgrhaug et al. [30], based on the y distance to the path which results
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0 zZint

Figure 5.1: Geometry of the 3D-ILOS path-following for A, = A, = A

in
—D,,; in
G 2 — tan-! (“’ ) oy t) Ay, (5.32)
Y
. Ay(y — Dy;)
it = , 5.3b
Yint ((y — Dy;) +Uyyint)2+A?24 ( )

with oy > 0 the integral gain, A, the look-ahead distance, and D,; denoting the
constant offset from the main path. The desired yaw angle is tracked using the
following feedback linearising yaw rate controller

o = — Fy(up, vy, 7) — qsin(0)y + cos(8) | — k() — a) — k(4 — ¢d)] . (5.4)
with ky > 0 and k. > 0 the proportional and derivative controller gains respec-
tively.

Pitch Control

The desired pitch angle is calculated using an integral LOS guidance based on the
z distance to the path, resulting in

ed £ tanfl <(Z — DZJA) + O-ZZint) ) Az > 07 (553)
. _ AZ(Z - Dzj)
Zint = ((Z . Dzj) + UZZint)2 4 Ag) (55b)

with o, > 0 the integral gain, A, the look-ahead distance, and D,; denoting the
constant offset from the main path. The desired pitch angle is tracked using the
following feedback linearising pitch rate controller

Tg = —Fy(0,ur, w0y, q) + Oq — ko(0 — 04) — kq(6 — 64), (5.6)
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with kg > 0 and k, > 0 the proportional and derivative controller gains respectively.

5.2.2 Coordination control

The coordination controller consists of a velocity assignment proportional to the
coordination error, combined with a feedback linearising surge controller. The ve-
locity assignment is chosen as

e, & Upg — 9( Z (rj — 25 — dji))a (5.7)

i€EA;

with U4 the desired constant relative surge velocity and g(z) proportional to the
along-path coordination error. The function g(x) : R — R should be a continuously
differentiable saturation-like function satisfying

—a<g(xz)<a, VzreR, g(0)=0,

, LA (5.8)

0<g(x)<pVreR, ¢(x)=0g/0x
where a is the parameter from Assumptions 5.7 and 5.8, and p > 0 is an arbitrary
constant. This also implies that the function g(x) should be a sector function
belonging to the sector [0, u]. A suitable choice for g(x) is for example

g(z) = Z?a tan~! (). (5.9)

It was shown in Caharija et al. [43] that in order to overcome the effects of the
ocean currents a minimum bound should be placed on the desired velocity. That
bound is given in the following assumption adjusted for the case that includes
coordination.

Assumption 5.9. The desired relative surge velocity u. satisfies the following
condition:

and consequently U,q > u™" + a to allow for the necessary velocity manipulation
by the coordination law.

. 5
ug™ > max {Vmax + 3 ‘

Z,.
Yip, (upin)

r

Ly
Wi + 2 | e
e ‘YwT(u?““)

Remark 5.3. Note that it is always possible to find values of U, satisfying As-
sumption 5.9, since |Yy,, (u,)]| is strictly increasing for u, > 0 [43].

To track u., the following feedback linearising P controller is applied to each
vessel

d
Tu = —Fyu (vp,7) + iucj e, =k, (U — ), (5.10)
mi

with &k, > 0 a constant gain. Note that part of the surge damping is not cancelled
to guarantee some robustness w.r.t. model uncertainties.
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Using the notation

Xmaxj & X, i(ue, 5.11
& e S ] | Xaj(ue, ) (5.11)
yming & min Yo j(uc,)| (5.12)

ucj € [Umin ) Umax]

with @ € {vy, W}, Unin = Upg — a, and Upax = Urq + a where the main result can
then be formulated as follows.

Theorem 5.1. Consider a formation of n vessels described by (5.1). Suppose
that ug is continuously differentiable, Assumptions 5.2-5.9 are satisfied, and the
communication graph contains at least one globally reachable vertex. If the look-
ahead distances Ay and A, and the integral gains oy and o, satisfy the conditions

X0 (5T,
A _| Uy |:5 max+vmax+0'y +1:|, (513&)

v |Yvr£1in| 1 Tiin — Vinax — Oy
|XmTax| 5I‘max + Vmax+0z
A, = |Y1fnin|p(az) T v .t (5.13b)
W, min max z
0< Oy < 1—‘linf - Vmax; (513C)
5| Zw
0< 0, < Umin - Vmax - 5 ‘Ym:n‘ (513d)
with U v
plo.) £ T e 27 (5.14)
Umin - Vmax — 0z — % ngirirn

forj=1,...,n, then the controllers (5.3-5.6), (5.10) guarantee achievernent of the
control goals (5.2) with ¢ss = —tan™'(V, /1 /T(s)2 = V2) and 0, = tan™'(s).

Remark 5.4. The constant s and the function I'(s) are defined in the next section
when the closed-loop dynamics are derived.

The proof of Theorem 5.1 is given in Section 5.4 which considers the closed-loop
stability of the error dynamics.
5.3 Closed-loop System

In this section the closed-loop dynamics are formulated. The closed-loop path-
following error and tracking error dynamics are derived first. The coordination error
dynamics are derived second and finally the full closed-loop system is presented.

5.3.1 Path-following and tracking error dynamics

In this subsection the tracking and path-following error dynamics are considered.
The derivation of these dynamics follow those in Caharija et al. [41] and Caharija
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et al. [43], in which the same path-following dynamics are investigated for single
vehicles. The tracking errors are analysed by substituting the controllers (5.4),
(5.6), and (5.10) into the dynamical system (5. 1) For analys1s we 1ntr0duce the
vector £4 [uT,w,F 0,37, with tracking errors @, = u, —ue, ¥ = p—1pg, 7 = r— Va,
0260—0, and G2 q— Gd The tracking error dynamics are given by

k=L 0 0 0 0

. 0 o 1 0 0
£= 0 ~ky —k. 0 0 |&E=ZE (5.15)

0 o 0 0 1

0 0 0 —ky —kg

The system (5.15) is linear and time-invariant and k., di1/m11, ky, ke, kq, and
k, are all strictly positive. Therefore, . is Hurwitz and the origin of the tracking
error dynamics (5.15) is uniformly globally exponentially stable (UGES).

The first part of the path-following dynamics consists of the z — w, subsystem
given by

. AZ(Z - DZj)
Zint = 5 5.16a
" (2= D) + 02zim)? + A2 (5.162)
2= —u,sin(f + 0q) + w, cos(0 + 0q) + V2, (5.16b)
Wy = X, (Ur)q + Y, (Up)wy + Zoy,. sin(0 + 0y). (5.16¢)
In Caharija et al. [43] it is shown that the equilibrium of (5.16) satisfies
e e azzier? JzzieI? ?
20 =Dy, wi =u, Azt—Vz (Azt) +1
where 2z} is the unique solution of:
V. Zy V.
24 1= 22 _ZWr -z 5.17
T YJff T (5:.17)

with s £ 0,200 /A,
The second part of the path-following dynamics is formed by the y — v, sub-
system given by

Ay(y - Dyj)

i = ((y = Dyj) + oyyint)? + A2’ (5.18a)
U= U, sin(i/; + ¥q) cos(é +04) + v, COS('L/NJ + a)

+ wy sin(Y + ¥q) sin(0 + 04) + V, (5.18b)

by = X () (9 + ) cos(8 + 02) + Yo (ur)or, (5.18¢)

for which it is shown in Caharija et al. [43] that the equilibrium is given by

eq_Ay VU eq:D eq_o

int — R

oy JT(s)2 — V'y27
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with )
1 Z S
I'(s)2u——— — =~
() S u Vs24+1 Yurs?+1
and
3 Zw
1—‘inf = g Umin - um:r‘ 5 Fmax = Umax~ (519)

The equilibrium point of the (5.16) and (5.18) can be moved to the origin using
the introduction of the following error variables

2 eq & &
€21 = Zint — Zints €2y = (2 — Dyj) — 0262, €1 = Wy — W,
. €q Y )
€yr = Yint — Yines  €y2 = (U — Dyj) — oyeyy,
and including the tracking error dynamics (5.15), the system can be written in the
cascaded form

éyl eyl

éy2 = AQ(eyz) €yy | + BQ(eyz)p(eyz) + H2X7

Oy Ur (5.20)
. A 622 H B 622
X = [ 15) ) El]er[ 1(0 )} flez)

with x = [e4,, €2,, €24, €T]T. Hence, the tracking errors are placed in cascade with
the z—w, subsystem and this cascade is placed in cascade with the y—wv, subsystem.
The matrices Aq(e,,) and As(e,,) can be found in (5.50) and (5.51), matrices
B (e,), Ba(ey,), f(es,), and p(e,,) are defined as

AZXluey,

B, 2 [O,Vz XV (5.21)

T
_z s
V (ezg 02z )2 +A2 Wr \/s241
T
—A2 XV,
By 2 |0,V e 22
2 VY \/82+1(6?12+G?/yi1?t)2+A22,4 (5 )
V(o220 21 A2
€,,)=1-— nt z 5.23
f( 22) \/(ez2+azzie§t)2+A§ ( )
oA
V0w, toyyii)?+A2

pley,) =1 (5.24)

The interconnection matrices H(z, zint, 04, wr, ) and Ha (Y, Yint, 04, Vd, Ur, X)
contain the terms perturbing terms for the cascade from control tracking errors to
the z — w, subsystem and the perturbing terms van z — w, to the y — v, subsystem
respectively. The interconnection term H;& goes to zero when £ goes to zero and
Hyx goes to zero when x goes to zero. The interconnection matrices are given by

0 0 BT
= 1 of |
H, A:Xuy (intue) [ gl (5.25)
| (ezp+o=20)2+A2
- 0 . y
H, = ! 0 5.26
’ Ay Xy, (firtuc) cos(§+64) 1 hvj% ( )
L (eyotoyuime) 2 +A7
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where the expressions for h’ hgr, hz;, and thT can be found in Appendix 5.A.

In Caharija et al. [43] it is shown that the path-following cascaded system (5.20)
has a UGAS and ULES equilibrium at the origin for a constant velocity satisfying
Assumption 5.9 and constants satisfying (5.13).

Remark 5.5. Note that for the case of a constant velocity u. we have Upyax =
Umin = Ue, XM = X™in = XU and Y™ = Y™ = YU for the constants in
(5.13).

Remark 5.6. Note that the proof in Caharija et al. [43] applies for a constant
velocity u.. However in the case considered here the velocity is not constant, and
therefore the proof cannot be directly applied to the coordinated path-following
scenario. However it will be shown that when analysing the closed-loop system in
Section 5.4 we can still utilise this proof to guarantee an equilibrium on the path
when the velocity satisfies u. € [U.q — a,Urq + a] as defined in (5.7).

Remark 5.7. Despite the singularity in 6 in the open-loop system (2.11), this
singularity does not appear in the closed-loop path-following error dynamics (5.20).
Therefore, global results can be achieved for the path-following error.

5.3.2 Coordination error dynamics
The coordination error dynamics are expressed in the z-direction of the inertial
frame and therefore we consider (5.1a)
i = (ue + 1) cos(1h + 1g) cos(f + 04) — v, sin(e) + 1)
+ wy cos(Y + 1g) sin(0 + 04) + V, (5.27)
= T'(s) cos(1ha) + g(x) cos(vhss) cos(bss) + Vi + hi €
where h1¢ is the interconnection term between the coordination error dynamics

and path-following error dynamics with ¢ = [e, , €y,, Vs, X]T - The elements of AT
are given by

hacl = hac4 = hacg = hxll =0

hz2 = g(x) cos(0ss) {% cos(Vss) + sin(y) sin(z/)ss)}
€y2 €y2
hes = —sin(¢ + a)
hes = uc cos(vq) {M cos(0ss) + sin(6:) sin(@ss)]
€22 €22
+ wi cos(va) {Sjn(et) cos(fss) + cos(6) — 1 sin(Hss)}
€22 €22
has = cos(h + ¥q) sin(6 + 0,) (5.28)
hypr = cos(@ + q) cos(é + 04)
cos(h) — 1 sin (1))

Bag = [wiq sin(f 4 04) + ue cos(0 + 0d)] [ 7 cos(a) — 7 sin(ﬁhi)}
sin(f) cos(0a) + COS(HZ% Sil’l(ed):| .

0

he1o = [wi? cos(¥a) + ue cos(a)] {
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5.3. Closed-loop System

The contribution to the along-path velocity of the surge velocity and the current
is given by U, = T'(s)cos(tss) + V. Using this, we can introduce the change
of coordinates 9; = z; —dj — ftto Uyds for j = 1,...,n where d; is such that
d; — d; = dj;. The path-following dynamics (5.27) can be transformed into the
coordination error dynamics using this changes of coordinates

0 =—g [ D @) —:) | cos(thss) cos(0ss) + h1C. (5.29)
iEAj

Remark 5.8. Note that ¥; —9; =0,Vi,j = 1,...,n implies that (5.2f) is satisfied
and along-path coordination is achieved. Moreover, since 4, converges exponen-
tially to zero satisfaction of (5.2f) also implies that (5.2e) is satisfied.

To consider all vessels we write the system in vector form by defining ¥ £
[F1,...,9.]T, g(¥) £ [g(01),...,9(0,)]F, A = [diag{cos(¢ss, ) c0s(bss, ), - - - ,
cos(ss, ) cos(Bs, )}, ¢ = [KT,...,¢E1T, and H, = [hy,,...,h,, |7, such that
(5.29) can be written as

9 = —Ag(LY) + H,(¢,9)¢ (5.30)

where L is the Laplacian matrix of the graph G with elements:

5 ifj=i
Lii2< -1, ifj#i A (j,i)€E, ji=1,...,n (5.31)
0, otherwise

with d; the number of outgoing edges from v;. By definition the Laplacian has
one or more eigenvalues at zero with the vector of all ones as eigenvector. If the
graph is strongly connected, i.e. it has n globally reachable vertices, then the zero
eigenvalue is simple and L is symmetric and positive semi-definite (see [68, 98]).

As stated in Bgrhaug et al. [31] the consensus properties of the coordination-
error dynamics cannot be determined by simply analysing its stability properties,
since it can have multiple equilibria depending on the network topology. Therefore,
a coordinate transform is proposed in Bgrhaug et al. [31, Lemma 2] which can also
be derived for system equation (5.30).

Lemma 5.2 ([31, Lemma 2]). Consider system (5.30). Under the condition of
Theorem 5.1 there exists a coordinate transformation ¢ = T, T € R("=DX"_ gych
that the following holds:

1. ¢ = 0 implies that ¥, = ... = Up;
2. the dynamics of ¢ are of the form
¢ = F(6)+G(C. )¢ (5.32)

with G(¢, @) globally bounded, uniformly in ¢ and ¢;

3. ¢ = f(@) is UGAS with positive definite and radially unbounded Lyapunov
function V.=V (¢) satisfying
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ov

%(cb)f(cb) < -W(e) <0, V¢ e R"1\ {0} (5.33)
g—;(d)) < Cy, Vo € R™L (5.34)

The proof of this lemma, is given in Appendix 5.B.
The total closed-loop system can now be formulated as:

é=f(¢)+G(C )¢ (5.35a)
, As(ey,) | H, Bs(ey, )p(ey,)
C = 0 A1(622) H, C + | By (622)f(622) (535b)
0 by 0

By splitting u. in the constant desired velocity U4 and the adaptive part g(x)
the coupling between the coordination dynamics and path-following error dynamics
becomes evident

¢ = f(¢) +G(¢ )¢ (5.36a)
. A2(ey27 Ura) ‘ H,
¢= 0 Ai(es,,Ua) Hi | ¢
0 by
(5.36b)

B2<€y2)p(ey2) CQ(eyQ)
+ Bl(ezg)f(ezz) + 01(622) g(:l?)
0 0

with
o259 A XYeo.z0d

T
a0 225 wye int
Ciles) 2 [ g Py v vs ((e@+"zzeq)2+A3)3/2]

int

Oy Y A 1 Ay X5e T
C. (6 ) 2 10, Lty a2 ) P ) 3/2
2\%y2 (ey2+0yyiex?:) +A§ (ez2+azzier?t) +A2 V2l ((eyz +Uyy§q)2+A§)

int

where C/(ey,, €,,)g(x) is the feedback from coordination dynamics in path-following
dynamics.

5.4 Closed-loop Stability

In this section we investigate the closed-loop stability properties. The proof for
stability will follow along the lines of that in Section 4.4. First note that, as in
Chapter 4, the coupling term seen in (5.36b) is a result of the combination of
having a multi-agent system and having disturbance rejection. With only one of
these, the system would be in a cascaded form. Now instead the system has a
feedback-interconnected form. However, feedback-interconnected systems can be
analysed as cascade-interconnected system using a technique called ‘breaking the
loop’, as introduced in Loria [93]. In Loria [93] it is shown how a system of the
form:

i1 = fi(t,z1) + g(t, x1,22) (5.37a)
By = fo(t,z1,72) (5.37b)
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can be analysed as a cascaded system of the form

& = filt.&) + g(t, &1, &)& (5.38a)
b = folt,a1(1), &) = fo(t, &) (5.38D)

where fo(t, z1(t),&2) depends on the parameter x1, with x;(t) denoting solutions
of (5.37a), under the conditions that

1. ;1 = 0is a UGAS equilibrium for &, = f1(¢,x1).
2. The solutions of (5.37) are uniformly globally bounded.

In Loria [93] it is shown that if these conditions are satisfied in the manner presented
in the remainder of this section, then the solutions of the system (5.38) will coincide
with that of (5.37) for an appropriate choice of initial conditions.

Condition 1) translates to the closed-loop system (5.35) satisfying the following
condition:

Condition 5.1. (1) ¢ =0 is a UGAS equilibrium for ¢ = f(9).

Condition 5.1 is verified by claim 3) from Lemma 5.2, which establishes stability
of the nominal coordination dynamics.

Verifying condition 2) requires satisfying the following three subconditions 2a),
2b), and 2c).

Condition 5.2. (2a) There exists a C! positive definite radially unbounded func-
tion V : Rx R™ — Rsp,aq € Koo and continuous non-decreasing functions
ay, oy R>g x R = R>q such that

V(t,21) = aa([laal]) (5.39)

and that,

Vis.350) (1, 21) < aa(llz1]) e (llz2]); (5.40)

o0 do
L ooy = (341

This condition is used to verify that (5.35a) has no finite escape times uniform
in ¢. We define a1 (||z1]]) as the lower bound of the radially unbounded Lyapunov
function from Appendix 5.B. More specifically, a;(||@]|) = In(V + 1) where V is
given in (5.57). Now using Lemma 5.2 and its proof in Appendix 5.B we have

Vo5 (1) < W () + HZZ(@H G )lic

8| 2|l

< [§|¢2|§+1 +lgr(@) AP | C: <]l (5.42)
5|2l

< |2 AP | C

< [g|¢2|+1+|91(¢)l AL P[] CallCll
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where the existence of the constant Co > 0 above is a consequence of G(¢, ¢) being
bounded in its arguments. Moreover, it should be noted from the definition of g(-)
in (5.8) that g(-) is upper bounded by a constant a and that the growth of g(-) in
its argument is upper-bounded by p and lower-bounded by zero. This implies that
¢(+) has its maximal growth around the origin, outside the origin it keeps growing
at a smaller rate as it approaches the upper-bound. Therefore, any function g(||¢||)
can be bounded by a function of the form 8||¢|/(||¢|| + v) for which there exists
constants S > 0 sufficiently larger than a and v > 0 sufficiently small to dominate
the growth of g(-). Consequently, we can bound (5.42) as

* 1)
Voo (ten) < | =022l o @11a 1P] | Calie
§||¢2|| +1 (5'43)
elél
_Elel g
< ol +n 211<l

where ¢ > 0 is sufficiently large and s > 0 is sufficiently small. From the above we
can satisfy (5.40) by choosing a4 (||l)) = [[¢]l/(ll¢ll + &) and a4([¢]]) = Ca|IC]].
Computation of the inverse of a1 (||¢||) is not an easy tasks and results in a com-
plicated function. However, to verify (5.41) we do not need to calculate o *(||¢||)
if we note that a(||¢]|) is a function in class Ko and from Khalil [82, Lemma 4.2]
(see Lemma A.1), we know that it holds that a;*(||¢|) is defined on [0, 00) and
belongs to class Ko,. With the definition for ay(]|¢||) above, for (5.41) we have

OOL: wm o
/a as(ar '(0)) / a; () ‘

oo o0 K
= 1d13+/ —F——dv =
/a a all(v)

since the 1ntegral from a to oo of 1 is equal to infinity and the integral of x/a; ' (7) >
0 because a; *(7) € K. Consequently, (5.41) is satisfied. Therefore, Condition 5.2
is satisfied.

(5.44)

Remark 5.9. The fact that (5.35a) has no finite escape times uniform in ¢ can also
be verified by the following observations on the growth rate of ¢. It can be seen from
(5.55a) that the nominal dynamics f(¢) have a growth rate dependent on g(L¢),
which has at most linear growth and is bounded by constants according to the
definitions in (5.8). From (5.28) we can see that same holds for the perturbing term
G(¢, ¢)¢. Consequently, the growth rate of (5.35a) is less then linear everywhere,
which implies no finite escape times uniform in ¢.

Condition 5.3. (2b) We dispose of a C function V : R x R™ — Rsq, oy, a9 €
Koo, and a positive semidefinite function W such that

ar((|z1]]) < V(t,21) < aa([|z1]) (5.45)
5‘V 3V

for all t € [to, tmax) and all z1 € R™.
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Condition 5.3 holds as a direct consequence of Condition 5.1 being satisfied
with tax = 00 by the proof of Lemma 5.2.

Condition 5.4. (2c) There exists € KL such that the solutions x3(t,t,,72,,71)
of o = fao(t,x2) satisfy

||$2(t,to,$(120, 331)” S B<||$20H) t— to) Vt S [ 0) max) (547)

It should be noted that ||x2(t, to, 20, 21)|| represents the solutions of (5.37b) for
fixed values of the parameter x1, i.e. solutions of the path-following error dynamics
(5.35b) for fixed values of the coordination error ¢ and hence fixed values of the
velocity. Consequently, Condition 5.4 implies that the solutions of x5, i.e. subsystem
(5.35b), are required to asymptotically decreasing to zero for all possible values
of the parameter xy. For (5.35) it then suffices to show that (5.35b) is UGAS
for all fixed velocities u. € [U,q — a,U,q + a]. Hence, for all possible states of
the synchronisation error (5.35a) the adaptation function g(-) that appears in the
(5.35Db) takes values in the range [—a, a].

Consequently, a proof that the error dynamics of the integral line-of-sight path-
following strategy is UGAS is sufficient to proof Condition 5.4. This proof is avail-
able from the work in Caharija et al. [43] and Caharija [39], where it is shown that
the error dynamics of the integral line-of-sight path following is in fact UGAS and
ULES for constant velocities. In fact, if we choose the look-ahead distances A, and
A, and the integral gains o, and o as in Theorem 5.1, then the conditions of the
proof in Caharija et al. [40] are satisfied for all u. € [U,q — a,U,q + a]. Therefore,
we can show that there is a stable equilibrium on the path for each value of the
coordination function.

Condition 2) is now verified with the following theorem:

Theorem 5.3. The solutions of (5.85) are uniformly globally bounded.
Proof. The proof of this theorem follows from Loria [93, Theorem 2], which is given

as Theorem 5.5 in Appendix 5.C. In the case presented here, it is straightforward
to verify that item 2) of Theorem 5.5 holds. In particular, in this case

V10 = | 25 gt 21,22 (5.480)
< |5 @ 1cc.onie (5.48)
< [gjj"*f”ﬂ+||gl<¢>|| AP Callel (5.480
< ocalcl < Gl (5.484)

where (1 is the constant from (5.34) and note that we have used the results from the
verification of Condition 5.2. From (5.48d) it can be seen that to bound ||[L,V]||, we
can choose a5(||¢||) € K as a function of the form ||¢||/(||@||+«) for an appropriate
choice of k > 0. Having chosen a suitable family of functions for as(||@||), we then
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note that forward completeness of (5.35a) is implied by the fulfilment of Condition
5.2 and Condition 5.3 [93]. Therefore, the solutions of the cascade (5.35) exist
for all time. Moreover, we know that according to Condition 5.4, ||¢|| decreases
for all values of ¢ since there is always an equilibrium on the path. Therefore,
after a certain time, W(¢) dominates ||[L,V]|| < C1C5|[¢]|. More specifically, there
exists a certain time after which it holds that af(|[¢]|) £ €C2||¢|| < A, such that
as(]lo])) < AW (¢). Consequently, item 2) of Theorem 5.5 is satisfied. Moreover,
since it is shown that Condition 5.2, 5.3, and 5.4 hold, Theorem 5.5 holds and
consequently Theorem 5.3 holds. O

Theorem 5.4. The origin of (5.85) is UGAS if Condition 5.1 and the conditions
of Theorem 5.3 hold.

Proof. Tt is shown that both Condition 5.1 and Theorem 5.3 hold and hence we can
invoke [93, Proposition 2], given as Proposition 5.1 in Appendix 5.C, for system
(5.35). O

This implies that all the control goals (5.2) are achieved and thus the proof of
Theorem 5.1 is complete.

5.5 Case Study

This case study considers three AUVs moving in three dimensional space affected
by a constant three dimensional ocean current. The parameters for the model (5.1)
are obtained from da Silva et al. [45] and are given in Section C.2. The simulation
parameters to describe the formation, the ocean current, the tuning of the integral
line-of-sight guidance, and the formation control strategy are given in Table 5.1.
The parameters in Table 5.1 are chosen such that they satisfy all conditions of
Theorem 5.1. The initial position for the AUVs is given by

Tio 0 T20 0 T30 0
Yio —100 Y20 50 Y30 —50
210 = | =50 |, |200| = [=50], |23, | = | =50
910 0 (920 0 930 0
1plo ™ wQO 77/2 ¢30 _7T/2

The motion of the vehicles in three dimensional space can be seen in Figure 5.2.
From Figure 5.2 it can be seen that the vehicles converge to their assigned path.
This is confirmed by the error plots in Figures 5.3-5.5. From which is it can be seen
that the y- and z-direction path-following errors converge to zero in Figure 5.3 and
5.4 respectively. Finally Figure 5.5 show that the along-path formation error go to
zero and the desired formation is achieved.

5.6 Experimental Verification

This section presents the results of an experimental verification tests performed
using three light autonomous underwater vehicles (LAUVs) from the University of
Porto.
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Table 5.1: Simulation parameters.

Variable Value Unit ‘ Variable Value Unit

Ay 10 m Oy 0.2 -
A, 20 m o, 0.2 -
Ve -0.11028 m/s Vy 0.08854 m/s
V., -0.05 m/s | D, -20 m
D.,,D,, -10 m D, 0 m
D,, -50 m D,, 50 m
d12 50 m d13 50 m
Urq 2 m/s | a 0.2 m/s
o unsll ; —_— AUV 1
0. | e— AUV 2
e . | = AUV 3

100

z [m] -500 -100

Figure 5.2: AUV trajectories in 3-D space

5.6.1 Vehicle description and capabilities

A picture of one of the LAUVs can be seen in Figure 5.6. The LAUVs are ap-
proximately 110 [cm] long depending on the configuration and have a diameter of
15 [em]. The vehicles are designed to be light-weight and to be portable by one
person. Therefore, their weight is between 15 — 20 [kg] depending on the configu-
ration. The vehicles are rated for a maximum depth of 100 [m]. For propulsion the
vehicle uses a DC motor coupled to a three-blade propeller. The propulsion system
allows the LAUV to reach speeds of approximately 2 [m/s]. To steer the LAUV is
equipped with four fins. The vertically placed fins are used as rudders to control
the yaw rotation. The horizontally placed fins are used as control surfaces to con-
trol the pitch rotation that is used to control the depth. The vehicles are equipped
with GPS so that they can get position measurements when at the surface. For
underwater navigation the vehicles are equipped with acoustic modems, long base-
line (LBL) navigation, ultra-short baseline (USBL) navigation, a Doppler velocity
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Figure 5.3: y-path-following error

— AUV 1
— AUV 2
— AUV 3

0 50 100 150 200 250 300 350 400 450 500
Time [s]

Figure 5.4: z-path-following error
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Figure 5.5: Along-path formation errors
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Figure 5.6: Image of one of the LAUVs used during the experiments.

log (DVL), and a forward looking sonar for obstacle avoidance. For communication
purposes the vehicles are equipped with an antenna that allows communication
through WiFi and GSM/HSDPA.

5.6.2 Software toolchain

The vehicles are operated using the open-source toolchain developed at the Under-
water Systems and Technology Laboratory (LSTS) at the University of Porto. This
toolchain consists, among others, of the unified navigation environment DUNE, the
inter-module communication protocol (IMC), and Neptus which is the command
and control software. DUNE is the on-board software running on the vehicles and
communication gateways. The software is responsible for interactions with sensors,
payload, and actuators and also takes care of anything related to communications,
navigation, control, manoeuvring, plan execution and vehicle supervision. To ex-
tend the functionality of the vehicles, source code can be added to the DUNE code
repository. This is usually done as separate tasks that can interact with all other
aspects on DUNE by exchanging data through the message bus system. For this
communication, both on-board the vehicles and between vehicles, IMC is used.
IMC consists of a set of messages common to all entities in the system, e.g. ve-
hicles and communication nodes, and allows data exchange and communication.
Hence, each entity of the network runs DUNE tasks to function, while IMC pro-
vides data-exchange and communication capabilities between vehicles and between
different processes on the vehicles. The command and control software Neptus can
be used during all different phases of a typical mission life cycle: planning, simu-
lation, execution and post-mission analysis. It provides a graphical user interface
with profiles of the available vehicles that include the sensory and manoeuvring
capabilities of vehicles. Moreover, it provides different types of geographical maps.
All of this can be used to plan and simulate missions considering all aspects of
the mission including battery life, available sensors, etc. During execution Neptus
can be used to visualise incoming real-time data from the operation, allows for
tele-operation of vehicles, and can be used to send new manoeuvring commands to
the vehicles. In the review and analysis phase Neptus can be used to process and
visualise all the data stored through IMC messages of each vehicle. This allows the
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user to visualise and analyse the data.

5.6.3 Mission description and implementation

The mission considers the coordination of three LAUVs that are required to coor-
dinate their motion to a line formation on parallel straight-line paths. The test is
performed in the harbour of Porto. To contain the motion of the LAUVs they are
assigned rectangular shape paths. The motion pattern can be seen in Figure 5.7.
From Figure 5.7 it can be seen that the lenght of the path is not the same for each
AUV. The paths are placed this way to avoid collisions between the AUVs during
cornering. However, this has the adverse effect that the path of the orange AUV on
the inside is shorter than the path of the green AUV on the outside trajectory. In
fact, the length of the corner section for the green AUV is 30 [m] longer than that
of the yellow AUV and 60 [m] longer than that of the orange AUV. This means
that each time a corner is taken, coordination is lost and the metric for the relative
along-path distance does not make sense in the corner section. Therefore, the goal is
to only achieve coordination on the straight-line sections of 200 [m] length depicted
in Figure 5.7, which are sections of common length to each vehicle. The corner sec-
tions will be traversed in a way that aims to keep the formation error as small as
possible before reaching the next straight-line section. This is done by normalising
each corner section such that to the AUVs they appear to have the same length.
This normalised distance is then scaled to artificially increase path-following errors
on the normalised section. This will result in the outside AUV speeding up in the
corner and the inside AUV slowing down to reduce the distance between the AUVs
as much as possible before the next straight-line section is reached. To achieve
coordination, communication of the along-path distances between the vehicles is
necessary. For the purposes of this experiment, the AUVs are at the surface and
communicate using their WiFi antennas. The communication is not done directly
but is routed through a Manta communication gateway set up at the dock side.
The communication gateway makes a local communication network for the vehicles
to send their messages through. Each vehicle communicates its position to only one
other vehicle and receives a position from the third vehicle.

The AUVs are given a nominal speed of u,q = 1.25 [m/s] and can adjust their
speed by 0.25 [m/s] either way. Since each AUV communicates its messages to
only one other vehicle and the desired formation is a line, the argument of the
synchronisation function g(-) will simply be the along-path distances of each vehicle
subtracted. Consequently, the velocity assignment is made by taking.

2-0.25
™

e, (t) = 1.25 — atan(z; — x;). (5.49)

The look-ahead distance for the vehicles is set to A = 4 [m] and the integral gain
is set to o = 0.5 [m/s]. To be able to communicate through the WiFi network, the
vehicles should be at the surface. Therefore, the depth controller of the vehicle is
used to keep the vehicles on the surface.
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200[m] 10[m]

20[m]

30[m)]

Figure 5.7: LAUV paths with dimensions

5.6.4 Simulation benchmark

To evaluate the experimental data gathered during the mission described above,
we first perform a simulation which can be used as a benchmark. These simulations
were performed using DUNE, which provides high-accuracy hardware simulations
of the vehicles to test code implementations. To simulate an environmental dis-
turbance, a constant ocean current is added with a component in north and east
direction. The ocean current has a velocity of 0.2 [m/s| from the east direction and
—0.1 [m/s] from north direction. The vehicle paths generated by the simulations
can be seen in Figure 5.8, from which we see that the paths accurately resemble
the pattern suggested in Figure 5.7. The desired velocity assignments can be seen
in Figure 5.9, from which it can be seen that the desired velocity assignment is as
expected. Especially during the corner sections it can be seen that the red vehicle
is waiting for the other vehicles by lowering its speed, and we see the blue vehicle
changing its velocity once it synchronises with the red vehicle. On the straight-line
sections the velocity does not converge precisely to the nominal value but oscillates
around it. These same oscillations can be seen in the plot for the synchronisation
errors given in Figure 5.10. The error does not go to zero but oscillates around
it. This can be expected for the hardware simulations presented here, which have
discrete communication. This causes the vehicles to overshoot their desired posi-
tions to achieve synchronisation. Moreover, this discretisation causes transients in
the velocity controllers at every step which also prevent the vehicles from following
tracking their desired inputs, which is something that in the theory and numerical
simulations is guaranteed by the feedback linearising controllers.

5.6.5 Experimental results

The trajectories for the vehicles performing the mission described in Subsection
5.6.3 can be seen in Figure 5.11. From Figure 5.11 it can be seen that the vehicles
converge to the prescribed patterns. However, the trajectories are less smooth in
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Figure 5.8: On-board estimates of the paths of the vehicles.
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Figure 5.9: Desired velocity assignment for the vehicles in simulation.
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Figure 5.10: Synchronisation errors between the vehicles in simulation. The blue
line is the synchronisation error of the blue vehicle with measurements from the
red vehicle. The red line is the synchronisation error of the red vehicle with mea-
surements from the yellow vehicle. The yellow line is the synchronisation error of
the yellow vehicle with measurements from the blue vehicle.

open water than in simulation. This can be seen by comparing Figure 5.8 and Fig-
ure 5.11. This is a performance degradation that is to be expected by the added
uncertainties in the experiments, especially at the surface where the vehicles are
also exposed to waves. Note that in Figure 5.11, the distances between the rect-
angles may not be accurate as depicted, since the placement depends on the first
global estimate of the position and are interpolated from there. However, the overall
shape of the path suggests the geometric task of path following is achieved satisfac-
torily for the circumstances under consideration. The desired velocity assignment
can be seen in Figure 5.12. It can be seen that the pattern of the relative velocity
assignments resemble those of the simulation results in Figure 5.9. However, like for
the motion patterns the added uncertainty reduces the performance. In particular,
the oscillations on the straight-line sections are larger and the signal is less smooth
in general. Despite the oscillations it can be seen that the velocity assignment is
done as desired by making the vehicles that are ahead wait while the vehicles that
are behind speed up until a steady-state is reached. The same difference with re-
spect to the simulations can be seen from the plots of the synchronisation errors,
which are given in Figure 5.13. The synchronisation errors in Figure 5.13 show
larger oscillations on the straight-line sections and are less smooth in general than
the synchronisation errors from the simulations in Figure 5.10. From Figure 5.13
it can be seen that after a transient period in which the vehicles converge to the
desired paths and get in formation, they reach a steady-state until they arrive at
the next waypoint. The steady-state has oscillations of the synchronisation errors
with an amplitude of up to 2 [m]. However, it should be noted that the oscillations
are much smaller on the second straight-line section. This suggests that the differ-
ence in environmental circumstances between the two sides of the rectangle might
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play an important roll in the amplitude of the oscillations. The amplitude of the
oscillations should preferably be lowered in future experiments. In the remainder
of this subsection we will discuss measures to achieve this. Before going into these
measures, we note the fact that the communication only attains a low bandwidth
of about 1 [Hz]. Consequently, the desired velocity can only be updated every sec-
ond which causes vehicles to overshoot the desired formation. Although a similar
bandwidth is utilised in the simulations of Subsection 5.6.4, the bandwidth is at-
tained uniformly over the whole path in the simulations, while in the experiments
communication is more intermittent and the attained bandwidth differs between
the vehicles.

—40 L i
—60L .
—80 | ]

—100 |
F-120 LA |
8140} j |

—160 / |

—180 | ]

—200 | ]

—220

950  —200 —150  —100  —50
y [m]

Figure 5.11: On board estimates of the paths of the vehicles in the experiments.

The oscillations on the straight-line sections can be attributed to several factors.
The most important is the low bandwidth of communication which causes delays
in the changes of the desired velocity that are required to achieve the formation.
Moreover, a transient in the velocity controller is induced every time the velocity
is changed. These changes in the velocity are much less smooth in this case than it
would be if the communication bandwidth was higher. This is already the case for
the hardware simulations in Subsection 5.6.4 and is exacerbated by the more inter-
mittent communication in the experiments. Added to that, there is more delay in
the communication, which requires interpolation to compare incoming along-path
distance measurements to stored along-path distances of the vehicle itself, such that
the timestamps of those measurements match. Consequently, the calculated errors
become less accurate due to the interpolation, and the control action is applied
with a delay since the error is ‘old’ at the time the control action is computed and
applied. Besides increasing the bandwidth, over which direct control might not be
available, several other measures can be taken. One measure could be to change
the synchronisation function. More specifically, the slope of the arctangent around
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Figure 5.12: Desired velocity assignment for the vehicles in the experiments.
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Figure 5.13: Synchronisation errors between the vehicles in the experiments. The
blue line is the synchronisation error of the blue vehicle with measurements from
the red vehicle. The red line is the synchronisation error of the red vehicle with
measurements from the yellow vehicle. The yellow line is the synchronisation error
of the yellow vehicle with measurements from the blue vehicle.
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the origin can be decreased. This has the effect that changes in the velocity will
be smoother, and if the vehicles overshoot the desired position, then the resulting
change in velocity is less severe. This might be combined with an increase of the
look-ahead vehicles, which will make the guidance of the vehicles less reactive to
changes in the velocity and the transients in the controller. The negative effect of
changing the slope of the arctangent is that it will take longer for the vehicles to
converge to the formation. Therefore, the choice will be a trade-off between con-
vergence speed and desired steady-state behaviour. For the case considered here,
speed of convergence plays an important role due to the transients introduced
in each corner. For future implementations this requirement can be removed by
letting vehicles have the same corners and interweaving trajectories as suggested
in Figure 5.14. The implementation in Figure 5.14 makes the cornering distance
identical for each vehicle and should maintain formation when coming to the next
straight-line section. Therefore, the necessity of fast transients is removed. Another
measure to remove the oscillations is a change in the communication topology. In
the implementation presented here the graph is cyclic. This has an advantage that
all the vehicles wait for vehicles that are left behind. This assures again that the
steady-state is reached faster. However, it also implies that all the vehicles should
synchronise at the same time. More specifically, partial synchronisation between
two of the vehicles is disturbed by one of the vehicles is waiting for the third while
the other vehicle desired to maintain the nominal velocity. This can be solved by
implementing the communication graph in a leader-follower like structure where
two of the vehicles synchronise only to the leader, which allows for synchronisation
between two of the vehicles while the third vehicle still converges. Another option
could be that each vehicle sends its information to both of the others. However,
this is more complicated from an implementation perspective since interpolation
will have to be applied to match all the time-stamps of incoming messages, which
will also introduce some additional errors. Despite the difficulties mentioned here,
the experimental results illustrate the effectiveness of the proposed coordinated
path-following strategy.

5.7 Conclusions

In this chapter a control strategy for straight-line coordinated path-following of
under-actuated vehicles moving in three dimensional space has been presented. It
has been shown that using integral LOS guidance the vehicles are able to reject an
unknown, but constant, environmental disturbance, whilst simultaneously coordi-
nating their motion along a desired path with a nonlinear decentralised coordina-
tion law to achieve a desired formation. The origin of the combined coordination
and path-following error dynamics is shown to be UGAS by showing that our
feedback-interconnected system can be analysed as a cascaded system and satisfies
the conditions to prove UGAS. Simulation results have been presented that vali-
date the theoretical results. Moreover, experiments with actual AUVs are included
to validate the control strategy in a practical situation.
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Figure 5.14: Current implementation of cornering (left) and suggested alternative
implementation (right).
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Vectors hz = [hzlv hz27 hz?n hz47 hz5]T and hwr = [hwrla thQa hwr3a hwr47 hwr5]T are
defined as:

hoy = —sin(0+04); hay =h.3=h.s =0
cos(6) — 1 sin(0)

hoq = w, [é cos(f4) — v sin(@d)l

— U lsmé(e) cos(fgq) + % sin(@d)]

Ko, (U + up) — Xle

h,1 = a “Yao, (Zint s 25 W)
Yoo, (U +uc) — Yy'e
+ wy - =,
Uy
in(0 01
Pooya = Zuw, SmN( ) cos(fq) + M sm(@d)]

thS - XwT (717‘ + uc); thQ - hwr3 =0.
The vectors hy and h,, are defined as:

hy £ [hyly hy27 hy?n hy47 hy57 hy67 hy'?u hyS}Ta where,

uc Az ].
hya = 2 2
€22 | /(s +0.200)2 + A2 VSRS
s Zy 1 €2 + 02 S
V2 +1Yurex | \/(es, +0.200)2 + A2 V21

hys = sin(f + 6,) sin(¢) + ¢d) ya = cos(0 + 04) sin(P + )

hys = [uc cos(f + 04) — \/527 }quf sin(f + ed)}
- lsmé ) cosn) + “fb‘” sinwd)]
[COS ;/3) coslapa) — ) sinwd)] ,
hyr = e sin(1hg) COS(?_l cos(64) — Smé(é) sin(6,)

i U sin(vq) [Sm@ cos(fq) + % sin(@d)]

V1Y 0
hvr é [hvrlv hur27 h’vTSa hvr47 hvr57 thf)'a th7; thS]T Wherea

A 1
h‘UTZ - L z

int, Y, Ur ),
€z, l\/(ezz-i-az 22 r A2 /2 +1 Yo, (Yint s Y> Vr)
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Xv,,.(ar + uc) - Xuc

ho,a = - “= co8(0 + 0a) o, (Yint, Ys vr)
Yo, (U +ue) — Ylie
+ vy o =,
Ur
hvrﬁ = XUT (ar + uc) COS(G + ed)a hvrl = thS = hvr5 = thS =0
cos(0) — 1 sin(f .
e = | D= cos(0) — 250 sino) | X220, s 00)

Functions vy, (Zint, 2, w,) and v, (Yint, ¥, v-) are defined as

a A tue(z + 0, 2int A2
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5.B. Proof of Lemma 5.2

5.B Proof of Lemma 5.2

The proof for Lemma 5.2 follows along the lines of the proof given in [31]. How-
ever, we now have to account for the matrix A in the dynamics (in addition to
the interconnection term H,¢ being different). According to Assumption 5.9 the
communication graph G has at least one globally reachable vertex. Therefore in
this proof we assume that G has 1 < r < n globally reachable vertices. This allows
us, without loss of generality, to partition L as

L= ﬁ’)l iz] (5.52)

where Ly € R(*=7)*(n=7) ig anti-Hurwitz, i.e., —L; is Hurwitz, and satisfies
PL,+LTP=qQ, Q=Q">0 (5.53)

for some positive definite diagonal matrix P [91]. The sub-graph corresponding to
Ls € R™" ie. G(Ls), is strongly connected. Hence Ls is positive semi-definite,
with zero as a simple eigenvalue and a corresponding eigenvector 1, = [1,...,1]T €
R". Consequently, L3 can be decomposed into Lz = M3 M, where M3 € Rr*(r=1)
has full column rank. A coordinate transform is then given by

b2 {Lﬂl ]\ZQT] 92T, (5.54)
3

We can now verify the claims of Lemma 5.2.
Claim 1):

=0 = [é A‘Hqﬁwo = 9 =al,, ack.
3

Consequently, ¢ = 0 implies that J; =19;, 7,i =1,...,n.
Claim 2): Differentiating (5.54) w.r.t time we obtain

i [~LiA1g1(é1) — LaAsga(k)
2 f(¢) + G, d)¢ (5.55b)

where ¢ = [pT, #2317, with ¢1 € R"™" and ¢, € R", and we defined k £ Msgp,
to simplify notation. Moreover, using (5.28) it is straightforward to verify that
G(¢,¢) 2 TH,(¢,9) is globally bounded in its arguments.

Claim 3): Consider the stability properties of the nominal system

$1] _ [-LiA1gi(¢1) — LaAaga(k)] _
LﬁJ B { — M Args(k) = f(®). (5.56)

Remark 5.10. Note that considering the stability properties of the origin of the

nominal dynamics means that we consider the stability properties of (5.55a) when
the perturbing dynamics has converged. This implies that the cross-track errors
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have converged, and consequently, the desired yaw angle ¢4 and pitch angle 6, are
bounded well away from 7/2 and —7/2. Hence the elements of diagonal matrices
A; and Ay are bounded away from zero and will have clearly defined minimum
eigenvalues of \,,, and \,,, respectively.

To show that the origin of (5.56) is UGAS we use the Lyapunov function can-
didate

§ b1
Ve §H¢2H2 + PAigi(y)-dy (5.57)
0

where P is the positive definite diagonal solution of (5.53) and § > 0 to be chosen
at a later stage. The sector property of g and the fact that P is a positive definite
diagonal matrix assure that V is a positive definite function of ¢; and ¢s. It
is straightforward to verify that V is also radially unbounded. Taking the time-
derivative of V along the solutions of (5.56) gives

V =—1g{(¢1) [AMPL 1Ay + A\LTPAy] g1(91)

5.58
— 0k Arga (k) — g (1) A1 PLyAsgs(K) (559

If we substitute for @ in (5.58) and take the norm we obtain

V < cllgi(en)l - llg2(r)| — kT Aaga () — %mllgl(%W

with g,, > 0 the minimum eigenvalue of A;QA; and ¢ > ||[A1PLyAs|| > 0. Since
g belongs to the sector [0, ], with > 0, it can be verified that z/g(z) > 1/p,
Vz € R, and we can bound V by

Ay
%
Choosing 6 > p([c/v/2gm)* + a)/Am,, where a > 0, gives

V<= (Sl - | Llgso0l) —alom(l?
£ —W(g1(o1), g2(k)).

The function W is a positive definite function of g1(¢1) and g2(k) = g2(M3z¢2).
Noting that g(x) = 0 if and only if x = 0 and that matrix M3 has full column
rank we can conclude that W = 0 if and only if ¢p; = 0 and ¢ = 0. Hence, W is
a positive definite function of ¢; and ¢-. Consequently the origin of the nominal
system (5.56) is GAS and since (5.56) is time-invariant, the origin is UGAS. This
result is equivalent to that in [31].

Although the Lyapunov function (5.57) has made it possible to prove UGAS
for the origin of (5.56), and it satisfies (5.33), it does not satisfy (5.34). However,
as shown in [31] the function V £ In(V + 1) satisfies both (5.33) and (5.34), since

V < clgi(en)ll - llgz(r)] — lg=(s)]1* ~ %mllgl(tm)\l2

- 1
V< —WW(91(¢1)192(M:&¢2)) (5.60a)
2 _W(¢) <0, (5.60b)
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satisfies (5.33) and

oV 1
30| = 7 Clgel +lan@nl 1A 1P]) (5612)
[
— A || P 5.61b
< Ogig 77+l @ 1 IALIP (5610)
< Cl, Cr > O7 (561(3)

satisfies (5.34), where we used that ||gi(¢)|| is globally bounded.

5.C Reference Theorems

This appendix presents Theorem 2 and Proposition 2 from [93] which are used in
the stability proof of the closed-loop system in Section 5.4.

Theorem 5.5 (|93, Theorem 2]). Consider system (5.87) under the following
conditions:

1. Condition 5.2, 5.3, and 5.4 hold;

2. there exist a5, of € K such that
LG VIl < e ([l ] eds ([l2]1) (5.62)
and for each r > 0 there exist A\, 0. > 0 such that
t20, [lzf 2 nr = as([[z1])) < A-W(z1) (5.63)

Then, the solutions of (5.37) are uniformly globally bounded.

Proposition 5.1 (|93, Proposition 2|). Under Condition 5.1 and the conditions
of Theorem 5.8 the origin of (5.37) is UGAS.
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Chapter 6

Leader-Follower Synchronisation for
Underactuated Marine Vessels on
Curved Trajectories

This chapter considers leader-follower synchronisation for inhomogeneous multi-
agent systems with underactuated agents. In particular, we consider synchronisa-
tion of underactuated marine vessels on straight-line trajectories and curved paths.
The leader can be a vehicle with arbitrary dynamics as long as it moves in the same
space as the follower(s). The follower can be any type of marine vehicle described
by the nonlinear manoeuvring model that is introduced in Section 2.2. For for-
mation control purposes, each follower can again be the leader of other followers,
or all followers can have the same leader. Examples of possible configurations are
ASVs following an AUV as communication nodes during AUV search and survey
operations, or a fleet of ASVs manoeuvring by following a leader. Since we consider
an underactuated system, we need to take into account the full dynamic model
in the control design and analysis. In particular, since the system is underactu-
ated it is not possible to consider a purely kinematic model since then the internal
sway dynamics cannot be analysed. Moreover, for the case considered here it is
not possible to perform feedback linearisation of the full dynamics. The leader dy-
namics and the leader trajectories are assumed to be unknown. The leader is free
to move as it wants independently of the follower, while the follower has access to
measurements of the leader’s position and velocity in the inertial frame for use in
its guidance law. If the follower uses controllers with acceleration feedforward, the
leader’s acceleration and jerk also need to be measured. This includes cases where
there is communication between the leader and follower, but also when the follower
reads AIS measurements of the leader Kyrkjebg [84].

It should be noted that the leader-follower synchronisation scheme in this work
has its dual problem in trajectory tracking. Hence, the input signal of the leader
could easily be replaced by a virtual leader. This is true for most, if not all, leader-
follower type synchronisation schemes since the leader can always be represented as
a virtual vehicle with known trajectory and properties. However, when performing
trajectory tracking in most cases it is preferable to use information about the
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dynamics of the vehicle since then perfect tracking can be achieved for all types of
motions. When the leader dynamics and desired trajectory are not known a priori,
the followers’ internal dynamics might be perturbed by the chosen leader motion.
Moreover when the strategy is applied in a chained form, i.e. followers become
leaders to other vehicles, the duality is lost. The stability properties derived in this
work will still hold with respect to each leader.

Preliminary results for this problem have been presented in Belleter and Pet-
tersen [16], where the followers’ yaw rate was used as a parameter to limit the
motion of the follower to reduce the synchronisation error. However, in this work
the effect of the internal dynamics was not considered in the analysis of the guid-
ance. In this chapter we generalize the results of Belleter and Pettersen [16] by
analysing the complete closed-loop system including the fully actuated closed-loop
dynamics, the underactuated sway dynamics in addition to the synchronisation
error kinematics. We discuss the conditions to achieve synchronisation and the
physical meaning of these conditions. In particular, we show that the synchroni-
sation error kinematics become integral input-to-state stable (iISS) with respect
to changes in the velocity when coupled with the underactuated dynamics, i.e.
perfect synchronisation is not possible on trajectories that excite the underactu-
ated dynamics. Moreover, we also prove that the constant bearing guidance from
Breivik et al. [37] gives uniformly semiglobally exponentially stable (USGES) syn-
chronisation error kinematics with an explicit bound on the solutions, rather then
only showing uniformly global asymptotically stability and uniformly locally ex-
ponential stability through linearisation around the origin as proved in previous
work.

The work is organised as follows. In Section 6.1 the dynamic model for the fol-
lower and the constant bearing guidance algorithm are introduced. The closed-loop
behaviour is investigated in Section 6.2. Section 6.3 presents simulations consider-
ing different scenarios. Finally Section 6.4 gives the conclusions of the work.

6.1 The Follower: Modelling and Control

This section presents the model for the follower and the guidance law for the
follower that is used to synchronise its motion to that of the leader. The leader-
follower synchronisation scheme is developed for a class of systems described by a
3-DOF manoeuvring model. This class of systems includes underactuated ASVs and
AUVs moving in the horizontal plane. However, it should be noted that the leader-
follower scheme and analysis can be extended to different classes of systems with
similar properties such as unmanned aerial vehicles by considering the appropriate
dynamic model, control/guidance scheme, and appropriate disturbances.

6.1.1 The Vessel Model

In this section we consider the model for a surface vessel moving given in Chapter 2.
This model can be used to describe an autonomous surface vessel or an autonomous
underwater vehicle moving in a plane. Recall, that the model can be represented
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in component form as

& = uy cos(y)) — vy sin(y) + Vy, (6.1a)
¥ = u, sin(¢p) + v, cos(¥) + V, (6.1b)
b=, (6.1c)
Uy = Fy, (U, 1) + Tu, (6.1d)
O = X (ur)r + Y (ur)vy, (6.1e)
7= F.(up,v., 1)+ 70, (6.1f)

which is clearly underactuated in sway. Therefore, tracking has to be achieved by
a suitable velocity and heading assignment that takes into account the underactu-
ation. For this purpose constant bearing guidance is used. The definitions of F,, ,
X (u,), Y(u.), and F,. are given by

1 d
A 11
F,. £ —(magv, + masr)r — —u,., (6.2)
mi1 mi1
A M35 — My1M33 d33ma3 — dazma3
X(uy) = 5 Uy + 5 (6.3)
mo2M33 — Mag TMo2M33 — Mag
v » (maoz —mai)mos daamszs — d3amas 4
(ur) = 7 Ur — 2 (6.4)
Ma22M33 — Mg M221M33 — M3

» Mazdaz — Mmaa(dsz + (Maz — ma1)u,)
m221MM33 — m%g

r

6.5
mas(dos + mi1u,) — mog(dss + m23Ur)T (6.5)

2
Mo2M33 — Mag

Note that X (u,) and Y (u,) are bounded for bounded arguments and Y (u,.) satisfies
the following assumption.

Assumption 6.1. It is assumed that Y (u,) satisfies
Y(U7) < _Ymin < 0, \V/Ur € [_‘/Inaxa Umax}-
with Upax the maximal surge speed of the follower.

Remark 6.1. This assumption is satisfied for commercial vessels by design, since
Y (u,) > 0 would imply an undamped or nominally unstable vessel in sway direc-
tion.

The ocean current is assumed to satisfy the following assumption.

Assumption 6.2. The ocean current is assumed to be constant and irrotational
w.r.t. n, ie., Vo = [V, V,,0]T. Furthermore, it is bounded by Viyax > 0 such that

IVell = \/VZ + Vi < Vinaa

6.1.2 Constant Bearing Guidance

This subsection briefly describes constant bearing guidance (CB) as presented in
Fossen [60] and Breivik and Fossen [35]. CB guidance assigns a desired velocity
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based on two different components expressed in the earth-fixed frame. The first
component is the velocity of the leader v]' = [, #1]7 which needs to be matched.
The second component is the follower-leader approach velocity v} which is propor-
tional, but upper-bounded by a maximum, to the relative position in the earth-fixed
frame between the follower and the leader p" = [#","]7 and is aligned along the
line-of-sight (LOS) vector. The superscript n denotes that the variable is expressed
in the earth-fixed frame. An illustration of the constant bearing guidance can be
seen in Figure 6.1. The desired velocity assignment for constant bearing guidance
is given by

vy =v]' + v, (6.6)
ﬁn

vy = —KiT—, (6.7)
5"l

with v]* the leader velocity, v} the approach velocity, and
p'Ep" —pp, (6.8)

is the LOS vector between the follower and the leader, where ||p™| > 0 is the
euclidean length of this vector and

1"
(p™)Tp" + A2

__ rrmax
k=U,

(6.9)

with U;'** the maximum approach speed and Aj a tuning parameter to affect the
transient leader-follower rendezvous behaviour, which results in the synchronisation
error kinematics
7
=t op = e P . (6.10)
(p)"p" + A2

From (6.7) and (6.9) it can be seen that as p™ — 0 the approach speed goes
to zero and the velocity of the follower approaches the leader velocity. Conversely
when p” — oo the approach velocity approaches U"** and the guidance commands
the maximum allowed velocity to close the gap.

Assumption 6.3. To assure that the problem is feasible we assume that the sum
of the magnitude of the leader velocity, the maximum approach speed, and ocean
current is smaller than the maximum feasible surge velocity of the follower Ugeys,
i.e.

o'l + U™ + IVell < Uteas (6.11)

for all ¢ > 0. Moreover, the desired speed is required to be positive, and we therefore
need to assume that

[of' | = U™ = [[Vel > 0 (6.12)

for all £ > 0.

108



6.1. The Follower: Modelling and Control

Figure 6.1: Constant bearing guidance velocity assignments and position error.

Remark 6.2. Note that in order to converge to a point that is at a desired off-
set w.r.t the leader p,, the position of the leader should be included in (6.8) as
pl' £ pP .+ R(1)p, where R(3;) is a rotation matrix describing the orientation
of the leader. For curved paths the velocity v}’ should then also be calculated in the
off-set point to track the curvature with minimal error which requires the leader’s
yaw rate.

As shown in Fossen [60] the stability and convergence of the CB guidance
scheme, i.e., (6.6)—(6.7) and (6.9), can be investigated using the positive definite,
radially unbounded Lyapunov function candidate (LFC)

1 ~T ~T
V=3B (6.13)
Time differentiation of (6.13) along the trajectories of p" gives
. ~n\T ~n
V= (5" (o] — o) = —(””;"’ (6.142)
~n\T ~n
- _Uaﬁmax (p ) P < 07 vﬁn 7é 0 (614b)

with v} — v = v} by definition. Hence, the origin p"™ = 0 is UGAS, which is the
result given in Fossen [60].
Note however that by defining

max
ure

o7t p") & = (6.15)
(p")Tp" + AF
which for each r > 0 and |p"(¢)| < r gives
Umax
= £ c*(r) (6.16)

P (t,p") < —2——
(/T2 —|—A123
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which substituted in (6.14) gives
V < =2¢5(r)V (t,p") (6.17)

for all |p"(tg)] < r and any r > 0. The solutions of a linear system of the form
& = —2¢*(r)x are given by

x(t) = e 27 (Mt g (¢0) (6.18)
so by applying the comparison lemma Khalil [82, Lemma 3.4] we have
V(t,p") < e 2 M0V (15 B (1)) (6.19)

and consequently
157Dl < 5" o)l M) (6.20)

for all t > tg, |p"(to)| < r, and any r > 0. Therefore, we can conclude that (6.10)
is a USGES system according to Loria and Panteley [95, Definition 2.7], a result
which has not previously been shown in Fossen [60].

Theorem 6.1. Using the constant bearing guidance scheme, i.e. (6.6)-(6.7) and
(6.9), the origin of the synchronisation error kinematics (6.10) is uniformly semi-
globally exponentially stable.

The desired heading 14 and its derivative, the desired yaw rate r4, are calculated
by extracting heading information from the inner and outer products of the desired
velocity v’ and the actual velocity v™ [37]. This assures that v is aligned with v?.
Moreover, since it provides us with course, and equivalently heading, information
it allows for compensation of the environmental disturbance. More details about
constant bearing guidance can be found in Fossen [60] and the references therein.

6.1.3 The Controller

The control goals are

lim 5" =0, (6.21)
. ~n A . n __ ,n —
tlggov Zv" —v; =0, (6.22)

which corresponds to synchronisation with the leader, i.e., that the follower vessel
follows the leader, with a constant desired relative position and the same inertial
frame velocity. Note that the body frame velocity may be different due to differences
in actuation topology etc. In this section, we present feedback linearising controllers
using the desired velocity and heading angle from 6.1.2, in order to achieve these
control goals. In the following section it will be shown that the feasibility of these
goals depends on the type of motion the leader executes.

Since the follower is underactuated we can not directly control the velocity in
the earth-fixed coordinates, but rather the forward velocity and yaw rate in body-
fixed coordinates. Therefore, we transform the velocity error in the earth-fixed
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frame to an error in the body-fixed frame using the coordinate transformation

51 N 0 0 .
U, | = |0 cos(¥+q) sin(¢ +a) [gjl] . (6.23)
Oy 0 —sin(¢p+ ) cos(v+1q)

It is straightforward to show that the Jacobian of this transformation is given by

1 0 0
8(5T> = |-ans() Fape() o) s() (6.24)
) [ —are() — () —s() ()

with s(-) = sin(¢) + ¥4) and c(-) = cos(¢) 4 1hg). The Jacobian (6.24) can easily be
verified to be non-singular. Consequently, 7' is a global diffeomorphism. A physical
interpretation of this is that when % is driven to zero, i.e., v" is aligned with v}} by
the CB guidance algorithm, the relative surge velocity error can be used to control
v™ to v]}. Note that perturbation of the underactuated sway motion will disturb
this balance which will be shown in the analysis of the next section.

Remark 6.3. For the underactuated model considered here only 4, = u, — uq
can be used for control purposes, while for the fully actuated case v, = v, — vy
could be used to control the sway velocity and the perturbation problem does not
exist. For the underactuated case the heading controller needs to assure that v™
is aligned with v} and the control action can be prescribed solely by the surge
actuator, something which prevents the magnitude from being matched on curved
trajectories and in the presence of accelerations.

Remark 6.4. Note that the coupling between the heading and velocity control is
what allows for disturbance rejection. Since if a larger (or smaller) velocity is needed
to compensate for the effect of the current, the heading controller will assure that
the vessel is rotated such that v™ and v]} are aligned and hence the vessel keeps
the correct course.

We will use the following feedback linearising P controller for the surge velocity:
Tu =— Fy, (0p, 1) + g — by, (ur — uq), (6.25)

with k,, > 0 a constant controller gain.

Using (6.25) we can control u, towards ug provided that we have the accelera-
tion of the leader available to calculate 74, but we cannot directly control v,.. Along
the lines of Breivik et al. [37] we aim to control v, indirectly by using a proper yaw
rate controller. Following Breivik et al. [37] we have for x = x — xa:

in() = X e ~ TNy (6.262
[ogl[flo \/((UZ )2+ (v )2) (i2 + 32)
T Y
n\T p,n vl + Yy
cos(X) = (i) v" iz T Py (6.26b)

AT \/((UZ’I)QJF(UZ?J)Q) (2 +12)
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v x " Yug, — Tuy

~ d d,x d,y ~ . n . n . . n
tan(x) = = - - = x = —atan2(yv; . — 2vj,, TV . + yv

( ) ('vg)T'v” xvgm yvgy ( d,x d,y’ d,x d,y)

(6.26¢)

where X £ ¢ — g+ 8 — Bq 2 ¥+ 3 with 3 the difference in side-slip angle between
different orientations. We can thus define

g — B =1 — atan2(yvy , — i}, vy, + Yo, (6.27)
Note that from (6.26) we also have

Yy —yx Ud,yvd,:c - Ud,zvd,y
52 52 n \2 n \2
T+ Y (Ud,x) + (vd,y)

X = (6.28)

SO we can write

g — B — Ty — Y . vg,yi}g,w - vg‘,w@g,y
2+ (vg,)?+ (vg,)?

(6.29a)
27 — Ry(up, v, &, 9,05 — Ra(v],07%) — R3(up, vy, &, 9,075, 05)  (6.29b)

where v, £ V, cos(1)) 4V, sin(y) and vl £ V, sin(¢) — V, cos(¢) are the com-
ponents of the current expressed in the body frame axis and

u72"+vvg+vx2+X(uT’)(u7"+vgu) — Ur Zv+u7" lc)u Udz(v ’UTSIH(w))

Ri() =
u? +v2 4+ 2(upl , + vl )+ VE V2
7(1)(?71/ (vT - vg,v) - U(Til,wvg,u) COSW’) + cos (w)(vz V2) < Cmax
up 07 + 2(upvg , + v ,) + VE+ VP
Uy Ve — Vi aVd
Ro() & 753 T
(vie)? + (vg,)?
A Y (ur)vp (ur + ’Uz,u) + K, (ur — ua)(vr — Ug,v)
R3(-) =

u2 +vZ +2(ul, + Urvlc’,y) +V2+ Vy2

N 7}3@(1}3}“ —vp) cos(¥) + o, (Ve — vy sin(¢y)) — vgu cos(1))) -c
uZ +v2 + 2(uvt , +v,08 ) + V2 + V2 = s

Note that R; can be bounded by the constant CmaX since R; has the same growth
rate in v, and u, for the denominator and numerator while the ocean current
components are bounded (in body frame) and constant (in inertial frame). The
term Rj3 can be bounded by the constant Cr, since the denominator and numerator
grow at the same rate with respect to v, and u, and the current is bounded. Note
that the denominator of Ry, Rg, and R3 are larger than zero for nonzero ||v"| and
|v}|| which is verified by Assumption 6.3. Boundedness of Ry will be considered
later since its numerator grows linearly with v, and its denominator does not grow
with v,..

Since the inertial frame velocities, i.e. # and g, are measured V, and V, can
be substituted in expression (6.29) using the model equations (6.1a) and (6 1b)
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respectively for implementation purposes. Alternatively a kinematic ocean current
observer as in Aguiar and Pascoal [2] can be used to estimate &, §, V,, and V, based
on measurements of the positions and relative velocities. Hence, all the variables in
(6.29) are known and can thus be substituted in the yaw rate controller. A further

derivative of (6.29) can be taken to obtain ¢y — 3 as an acceleration feedforward.
Note that this will also require knowledge of the jerk of the leader motion since it
contains Ry (v}, v7) and Rs(u,,v,, &, 7, v, 0]).
To control the yaw rate we use the following controller:
1
Ry (ur, vy, 2,9, v])

- RS(ur7vrai‘7y7vg71}g) - k’lﬁ(w _wd"_B) - kr(w _wd—’_B))

Tr = —FT(UT,UT,’I") + ( - Rl(uravrai'7y.7vg)r - R2(”2L7 Ug)

(6.30a)

<7 Rl(urvvrv'rayvvd)r - Rz(vd?vd)

+ —
Rl(uravraxayvvg)

= —Fr(ur,vr,r)

- Rg(ur, Ur, -fa y7 'Ug, Ug) - kjl[))z - kT)Z)
(6.30b)

with ky > 0 and &, > 0 constant controller gains. This control action is well defined
if Ri(uy, vy, &,9,v]) satisfies certain conditions, which is something discussed in
the following when considering the boundedness of r. We introduce the vector
€2 i, X, X)7, with the tracking errors @, 2 u, — ug, X = ¢ + 3, and x 2 ¢ — j.
The dynamics of & can be found by applying the controllers (6.25) and (6.30) to
the dynamical system (6.1) resulting in:

o [~ke, O 0
E=1 0 0 1 | ¢4 % (6.31)
0 —ky —k

The system (6.31) is linear and time-invariant and k,,., ky, and k, are strictly
positive. Consequently, ¥ is Hurwitz and the origin of (6.31) is uniformly globally
exponentially stable and hence the controllers guarantee exponential tracking of
the desired surge velocity and course.

Note that through the assignment of (6.30) we use the heading controller to
perform course control, i.e. we force the direction of v}} and v" to be equal. To
investigate how the course controller affects r we start by rewriting (6.29) to obtain

1

= L—R ool _R Ty 7‘7'7.a TL"TL 632
" Rl(uravrvi'7y;vg) (X 2(vd’vd) 3(u o ¥ b vd)) ( )

This function is well defined if the numerator of Ry given in (6.29) is larger than
zero. This condition is satisfied if ugy is sufficiently large at all time and if u,. starts
sufficiently close to ug The term )%/Rl will be bounded since ¥ is bounded and R;
is bounded by constant C'g, as shown earlier. The same holds for the term Rs/R;.
The term Ry/R; however grows linearly in v, since 97, and 0y, depend linearly
on v, since the derivative of the approach speed v} depends on & and y. When
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(6.32) is substituted in (6.1e) the linear growth will assure that there is no finite
escape time for v, but some conditions have to be satisfied to show boundedness.
Summarizing the above we have that the course controller results in a well defined
yaw rate if the following condition is satisfied.

Condition 6.1. If the numerator of Ry is strictly larger than zero, then the
yaw rate equation (6.32) is well defined and bounded. In particular, besides be-
ing upper-bounded there also exists a lower bound for Ry such that 0 < Cg,f“ <
Ry (tr, vy, &, 7).

Remark 6.5. Condition 6.1 is satisfied for a sufficiently large desired surge velocity
uq if u, starts in a neighbourhood of uy4. Further analysis has to be performed to
find the precise physical meaning of the bound, but it appears to be that inertial
frame velocity vector has to have a positive magnitude for all time. This can be
satisfied by keeping the surge velocity w, sufficiently large to be able to dominate
the effects of the ocean current and the sway velocity v.. In particular, if the
inertial frame velocity vector would have a zero crossing, the rotation would change
instantaneously and when the magnitude of the inertial frame velocity vector is zero
then the desired rotation is undefined.

Remark 6.6. Note that Condition 6.1 is a condition that plays a role in the initial
behaviour when the difference between the initial orientation of the follower and
the leader is large, e.g. if they point in opposite directions. In this case ug obtained
from (6.23) needs to be saturated to a lower bound such that it stays positive and
well defined. As soon as the follower is oriented in the same direction as the leader
Condition 6.1 is easily satisfied for physically sensible motions of the leader and uq
can simply be obtained from (6.23).

The term Ry can be interpreted as dependent on the desired curvature of the
motion. In particular it can be rewritten as Rp = ||v]}||x where x denotes the
curvature of the desired trajectory. This term grows linearly with the inertial frame
velocities of the follower since it depends on v

Y g Ug,zﬂg,y _ ’UZZL,yi)lT,Lm - Ug,:vi}lr,ly + Ud,yva,a: - Ug,mi} Y (6 33)
Vo)t + (g, (vgL)? +(vg,)?  (0g,)? + (vg,)?

Ro(v3,0%) = j

which using the transformation (6.23) can be bounded by

Ry < Ua™ Uiyt Ve Uy (P TD) g, (00 +39) |
WL\ apear @rgeaE | TOm
Y,z Yd,y e AV =ty 5
£ Ryo, + Cr, (6.34)

where Cr, is some constant which magnitude will depend on the leader’s velocity
and acceleration. Note that the term R} is uniformly bounded for desired velocities
greater than zero and that it decreases as the positional error grows. Moreover, it
contains two parameters that can be tuned, i.e. the maximum approach speed
Ua,max and the interaction tuning parameter A;. Hence, these tuning parameters
can be used to influence the interaction behaviour between r and v,..
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6.2. Closed-Loop Analysis

6.2 Closed-Loop Analysis

In this section the closed-loop system, i.e. the fully actuated closed-loop dynamics,
the underactuated sway dynamics, and the synchronisation error kinematics, are
investigated. In particular, the closed-loop path-following error kinematics and dy-
namics for (6.1) with the proposed leader-follower synchronisation scheme is given
by:

e S S B S IR
(pr)7p" + A2 LTrsin(X = F+va) +0r cos(X — f+ )
Oy = Y (u,) 0 + X (up)r — 9g — Y (uy)vg (6.35b)
=3¢ (6.35¢)
where vg and ¥4 can be verified to be given by:
va = (Vo —vg,)sin(y) — (V, — vg,) cos(y) (6.36)

Vg = —Ug , sin(y) + (Vi — vy . )r cos() + i, cos(¥) + (Vy, — vg,,)rsin(y)
= _(i}g,x + 7.}17;,1 + (Vy - Ug,y)r) SlIl(’L/J) + (UZ,Ly + ’[}Z,y + (VI - Ug,z)r) COSW)
(6.37)

with vgy bounded for a bounded leader velocity. The equation for ©; depends on
Uy 4» Vg y> and 7 which will depend on @,. However as in (6.34) we can derive a

bound for v4

V. — o™ QR/ max 7 72
CRy B2 42 + A2 Py tA;
< Caby + Cy (6.38b)

where (5 is a constant which will depend on the leader’s maximum velocity and
acceleration and on the magnitude of the ocean current. The magnitude of the
constant Cs can again be adjusted by tuning U2** and Aj.

Please note that the terms perturbing the CB path-following error system in
(6.35a) compared to (6.10) arise since we here do not only consider the kine-
matic model, but instead take into account the (underactuated) dynamics given in
(6.35b)-(6.35¢c). We thus take into account that the desired inertial frame velocity
may not be matched since part of the error in the inertial frame velocity error is
transferred to the sway direction as seen in (6.23).

In order to not violate Condition 6.1 we analyse the system (6.35) under the
following assumption.

Assumption 6.4. The desired relative surge velocity is saturated to a sufficiently
large lower bound g min such that Condition 6.1 is not violated. It is assumed that
there exists such a lower bound that satisfies ugmin < ||v]]], i.e. that the leader
velocity can be matched without violating Condition 6.1.
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Since u, = ugy is a stable equilibrium point the surge velocity dynamics, for any
6 > 0 there exists a positively invariant neighbourhood of the equilibrium point
such that all solutions originating in this neighbourhood satisfy |u, — ug| < 9.
Therefore in the remainder we only consider solutions starting in the neighbourhood
of u,, = ug such that Condition 6.1 is not violated and there are no finite escape
times.

Since substituting (6.32) in (6.35b) shows that there is no finite escape time
for v, and the tracking dynamics (6.35¢c) are UGES, it suffices to investigate local
boundedness of v, near the set where u, — ug < § such that r is well defined.
Therefore we consider the system

O = Y (u,) 0 + X (up)r — 9g — Y (. )vg (6.39)
We substitute (6.32) and we obtain
X (uy)

67“ = Y(uT)’DT + ) (f( - RQ(vgvvcrlL) - RB(U’T;'UT;*@’ yvvgvvg))

Ry (’U,,., Ur, j,‘, Z), ’Uf}
— ’l'}d — Y(ur)vd
(6.40)

Using the following Lyapunov function we show boundedness for all solutions start-
ing in the neighbourhood of w, = ug by considering the Lyapunov function

V(o,) = =0 (6.41)
The derivative of (6.41) along the solutions of (6.39) is given by

X(ur) (X — Ra(v},9%) — R3(up, vr, 0,9, 05, 97))

V() =Y (u,)o? + i 4
( ) ( ) Rl(uravrvx?y7vg)

T

T

(6.42a)
+ (’L'/d — Y(u,n)fud) Uy

. X max| p/ X max < +Ch +C
< — |Ym1n| _ | mirll 2 03 173 + | ‘ (|X‘ minRz RB)’E’I‘
CR1 CRI

+ (C2 + Y™ vg) v,

(6.42b)

where Y™in ymax and X™2% are the minimum and maximum values over the
interval of velocities considered and will exist for sufficiently small §. From which
we can conclude boundedness if
Ymin R/ C
YR G
|Xmax| C}I%llln ‘Xmaxl

(6.43)

which is a bound that depends on the leader motion, the environmental disturbance,
and parameters U"®* and Ap. From (6.34) and (6.38) we can see that the term
RY can be tuned using the parameters U*** and Ap. In particular, if we increase
Ap, i.e. choose a smoother leader-follower rendez-vous behaviour, then the terms
R/, and C5 will be reduced. Hence, condition (6.43) can be guaranteed to hold by
appropriate tuning of the constant bearing guidance algorithm and all solutions of

(6.35b) originating in a neighbourhood of u, = ug are uniformly bounded.
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6.2. Closed-Loop Analysis

Remark 6.7. Note that increasing A has an effect on the dissipating term in
(6.35a). In particular, it lowers the ‘gain’ of the synchronisation around the origin,
i.e. the turning manoeuvre required will be less severe which has a positive effect on
(6.43), but the synchronisation error increases since the follower takes a smoother
trajectory.

We can now investigate the interconnection between (6.35a) and (6.35b). In
particular, we show that the synchronisation error kinematics are integral input-
to-state stable with respect to the output of (6.35b) and (6.35¢). If we lump the
perturbations into a new input v(t) £ [v1(t),v2(t)]7 we can rewrite (6.35a) as

max
Ua

pr=— P+ v(t) (6.44)
(ﬁn)Tﬁn +A12_)

If we consider the Lyapunov function

oy (PM)'P"
V(p") = (p")Tp" + A2 (6.45)
we obtain
: oy (BT (7))
My e - 372 (6.46a)
(p")Tpn + A% 9 ((ﬁn)Tﬁ” 4 A%)
i e (i DINET
(p)Tp" + A7 ( E— Ag)Q +5lv@ll (6.46b)
20T U (@B 3R a6

5 \T fn A2 B B 2 2

The first two terms are clearly negative definite and the third term is a class
K function of the input. Consequently, (6.45) is an iISS Lyapunov function for
(6.35a) [6] (see Definition A.6) and the system (6.35a) is iISS (see Definition A.5)
with respect to @, and ¥,. The results of this section can be summarised in the
following theorem.

Theorem 6.2. Consider the system (6.35). Under Assumptions 6.2-6.4 all the
solutions of (6.35) starting in a neighbourhood of u, = ug are bounded if the CB
guidance algorithm is tuned such that it holds that

v Aml G
|Xmax | Cﬁin |Xmax |
1

(6.47)

for the given leader motion. Moreover, the synchronisation error kinematics (6.35a)
are integral input-to-state stable with respect to the output of (6.35b)-(6.35¢).
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Table 6.1: Simulation parameters.

Variable | Value | Unit | Variable | Value | Unit
Uqa max 2 m/s | ky 0.04 -
Ap 500 m k.. 0.9 -
Ve -1.1028 | m/s | ky, 0.1 -
Vy 0.8854 | m/s

Corollary 6.3. If the leader trajectory is a straight-line with constant velocity
then, under the conditions of Theorem 6.2, the synchronisation error converges to
zero.

Proof. In this case the course of the leader and its inertial frame velocity are
constant. Therefore, as the follower synchronizes with the leader its course will
converge to the leader’s course. Since v, is not directly controllable the only stable
configuration the follower can be regulated to, to keep a constant course, will be
when 7 — 0 and v, — 0. Consequently, both v, and %@, go to zero and we arrive
at the unperturbed version of (6.35a), i.e. (6.10), which has a USGES equilibrium
according to Theorem 6.1. O

6.3 Simulations

In this section two scenarios are used as case studies to validate the control strategy

1. the leader moves along a straight-line path that is at an angle with respect
to the earth-fixed frame.

2. the leader moves along a sinusoidal path.

In both cases the follower ship is affected by a constant ocean current. The leader
is represented by a point moving in the horizontal plane that is to be followed.
This allows for a very straightforward implementation of the desired path and
illustrates that the leader dynamics are not needed for the control strategy. Some
parameters for the simulations are given in Table 6.1. This includes the parameters
for the controllers and guidance law, and the magnitude of the ocean current. The
follower vessel in the simulation is described by the ship model from Fredriksen
and Pettersen [63], which is given in Section C.1.

6.3.1 Straight-line Path Following

The motion of the leader and the follower in the horizontal plane can be seen in
Figure 6.2. From Figure 6.2 it can be seen that the follower converges to the tra-
jectory of the leader and compensates for the current by side-slipping to maintain
the desired path. The side-slipping is a desired result of the control strategy and
is necessary to remain on the straight-line path in the presence of ocean currents.
In particular, since the vessel is underactuated in sway, a side-slip angle w.r.t. the
path is necessary to compensate for the force pushing the vessel in the transverse
direction of the path. Since the desired heading angle is calculated from the inner
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and outer products of the desired and actual velocity, the desired angle is the angle
for which the velocity error is zero, which is the necessary side-slip angle.

14000 F Leader §as .
= = = Follower

12000

10000

= 8000
6000
4000

2000 -

=t

0 L
-2000 O

2000 4000 6000 8000 10000 12000 14000 16000
y [m]

Figure 6.2: Motion in the horizontal plane.

The synchronisation error in x and y can be seen in Figure 6.3. Figure 6.3
clearly shows that 2" and y™ converge to zero. Hence, target tracking or leader-
follower synchronisation with zero synchronisation error is attained for straight-line
motions with r4 — 0 which is in-line with our analysis of Section 6.2.

6.3.2 Sinusoidal Path Following

In the second case study the leader generates a sinusoidal reference for the follower
which demands a constantly changing desired yaw rate. Hence, the synchronisation
error kinematics are perturbed.

The trajectory of the leader and the follower for tracking of a sinusoidal path
can be seen in Figure 6.4. From Figure 6.4 it can be seen that the follower gets
close to the trajectory of the leader and compensates for the current to maintain
the desired path. Figure 6.5 shows the position synchronisation error in the x and
y direction. From Figure 6.5 it can be seen that the synchronisation error in z
decreases to below an amplitude of about 1.5 meters, while the error in y direction,
which is the direction transversal to the propagation of the sinusoid and most prone
to drift, decreases to below 2.5 meter. Note that the error plots are asymmetric
due to the vessel changing its direction with respect to the current which causes
different behaviour.
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Figure 6.3: = (top) and y (bottom) synchronisation error.

The behaviour in the test-case is in-line with the analysis of Section 6.2 since
we have convergence from large initial errors, the follower converges towards the
trajectory of the leader. When the follower is close to the leader the follower exhibits
integral input-to-state stable behaviour and stays in a neighbourhood of the leader
dependent on the size of the desired yaw rate to track this motion.

6.4 Conclusions

This chapter has presented and analysed a control scheme for leader-follower syn-
chronisation for inhomogeneous multi-agent systems consisting of an underactuated
follower and a leader vessel with unknown dynamics. The developed leader-follower
scheme can be applied to multi-agent systems with underactuated follower agents
that are subjected to environmental disturbances. The dynamics of the leader is
unknown, and the leader may be fully actuated or underactuated. Position and
velocity measurements of the leader are available to the follower for use in the
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Figure 6.4: Motion in the horizontal plane.

guidance law. If the follower uses controllers with acceleration feedforward, accel-
eration and jerk measurements of the leader also need to be available to the follower.
The leader is free to move as it wants independently of the follower(s), and can for
instance be manually controlled. The follower thus has no information about the fu-
ture motion of the leader. The follower uses a constant bearing guidance algorithm
to track the leader. The constant bearing guidance algorithm is shown to provide
USGES synchronisation error kinematics with an explicit bound on the solutions.
The constant bearing guidance algorithm is then coupled to controllers designed for
the underactuated follower vehicle. This results in a closed-loop system consisting
of the fully actuated controlled dynamics, underactuated dynamics, and synchroni-
sation error kinematics. The solutions of the underactuated and the fully actuated
dynamics, have been shown to be bounded under certain conditions. Furthermore,
the synchronisation error kinematics has been shown to be integral input-to-state
stable with respect to changes in the unactuated sway velocity. Moreover, it has
been shown that synchronisation can be achieved when the leader moves along a
straight-line since in this case the perturbation of the underactuated dynamics to
the synchronisation error kinematics vanishes. The validity of the control scheme
has been shown in a case study.
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Chapter 7

Observer Based Path Following for
Underactuated Marine Vessels in the
Presence of Ocean Currents:

A Local Approach

In this chapter a solution to the problem of following a curved path in the presence
of a constant ocean current disturbance is presented. The path is parametrised by a
path variable that is used to propagate a path-tangential reference frame. The up-
date law for the path variable is chosen such that the motion of the path-tangential
frame ensures that the vessel remains on the normal of the path-tangential refer-
ence frame. As shown in the seminal work [124] such a parametrisation is only
possible locally. A tube is defined in which the aforementioned parametrisation is
valid and the path-following problem is solved within this tube. The size of the
tube is proportional to the size of the curvature of the path. The locality of this
approach is a disadvantage. The advantage of this local parametrisation that keeps
the vessel on the normal is that the path-following error is always defined as the
shortest distance to the path.

To achieve path following we use a line-of-sight guidance law that is combined
with an observer to estimate the unknown ocean current. The closed-loop sys-
tem of the vessel with the observer and controller is investigated by first showing
boundedness of the sway velocity and then showing global asymptotic stability of
the path-following errors within the tube. Since the current is unknown the ves-
sel cannot be guaranteed to stay within the tube for an arbitrary current and an
arbitrary curvature of the path. Hence, the initial estimation error for the current
might cause a transient that takes the vessel out of the tube if the actual curva-
ture of the path is close to the maximally feasible curvature for the vessel. This
maximally feasible curvature is dependent on the parameters of the ship and the
desired path-following velocity.

The outline of the chapter is as follows. In the Section 7.1 the vessel model from
Section 2.2 is recalled. The path-following problem and the chosen path parametri-
sation are introduced in Section 7.2. Section 7.3 presents the ocean current observer
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that is used together with the guidance law and controllers. The closed-loop sys-
tem is then formulated and analysed in Section 7.4. A simulation case study is
presented in Section 7.5 and conclusions are given in Section 7.6. The material in
this chapter is based on Maghenem et al. [96].

7.1 Vessel Model

In this section we consider the model for a surface vessel given in Chapter 2. This
model can be used to describe an autonomous surface vessel or an autonomous
underwater vehicle moving in a plane. Recall, that the model can be represented
in component form as

& = u, cos(y) — vy sin(y) + Vy, (7.1a)
¥ = u, sin(¢p) + v, cos(¥) + V, (7.1b)
Y =r, (7.1c)
iy = Fy, (vp,7) = Bhu, 47, (7.1d)
Or = X (up)r + Y (ur) vy, (7.1e)
7= F.(up,vp,7) + 7, (7.1f)

The functions X (u,.), Y (u,), F,, and F, are given by

1
F, (vp,71) £ —— (magv, + Mmasr)T, (7.2a)
mi1
2
M5a — M11M d33mas — dazm
X(uy) 2 33 11 23 i 33M23 23 2337 (7.2b)
mM221MM33 — Mag mo2M33 — Moy
Mg — M11)Ma3 doomas — dzamas
Y (u,) = ( ) 5 Uy — 5 (7.2¢)
Ma221M33 — M3 M221M33 — Moy
adoy — d _
Fo(ur, 00, 1) & Ma23dar masz(ds2 + (mgz mll)ur)vr
mo2Mm33 — Ma3 (7 2d)

i mag(das + mi1u,) — maa(dss + mozuy,) ,
5 :
TMo2M33 — Mag

Note that the functions X (u,) and Y (u,) are linear functions of the velocity. The
kinematic variables are illustrated in Figure 7.1. As specified in Chapter 2, the
ocean current satisfies the following assumption.

Assumption 7.1. The ocean current is assumed to be constant and irrotational
with respect to the inertial frame, i.e. V. £ [V, V,, 0]T. Furthermore, it is bounded

by Vinax > 0 such that |V;]| = ,/V2 + Vy2 < Vinax-

Moreover, for the considered range of values of the desired surge velocity u.,.q
the following assumption holds.

Assumption 7.2. It is assumed that Y (u,) satisfies

Y(uT) < _Ymin < 07 VUT € [_Vmax;urd]7
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i.e. Y(u,) is negative for the range of desired velocities considered.

Remark 7.1. Assumptions 7.2 is satisfied for commercial vessels by design, since
the converse would imply an undamped or nominally unstable vessel in sway.

Additionally we assume that the following assumption holds

Assumption 7.3. Tt is assumed that 2Vi,.x < urq(t) Vi, i.e. the desired relative
velocity of the vessel is larger than the maximum value of the ocean current.

Assumption 7.3 assures that the vessel has enough propulsion power to over-
come the ocean current affecting it. The factor two in Assumption 7.3 adds some
extra conservativeness to bound the solutions of the ocean current observer, this is
discussed further in Section 7.3.

}x

Figure 7.1: Definition of the ship’s kinematic variables.

7.2 Problem definition

The goal is to follow a smooth path P, parametrised by a path variable 6, by appro-
priately controlling the ship’s surge velocity and yaw rate. For an underactuated
vessel, path following can be achieved by positioning the vessel on the path with
the total velocity u; = /u2 + v2 (see Figure 7.1) tangential to the path. To express
the path-following error we propagate a path-tangential frame along P such that
the vessel will be on the normal of the path-tangential frame at all time. This is
illustrated in Figure 7.2. The preceding implies that the progression of the path-
tangential frame is controlled such that the path-following error takes the form:

7 et i A

_ { 0 } (7.3b)

Yo/p
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where () is the angle of the path with respect to the X-axis, x;/, is the deviation
from the normal in tangential direction, and v/, is the deviation from the tangent
in normal direction. The time derivative of the angle ~(0) is given by #(6) = x(0)
where £(0) is the curvature of P at 6. The goal is to regulate x;,, and y;, to zero.

7.2.1 Locally valid parametrisation

The error in the tangential direction z;/, will be kept at zero by the choice of the
update law for the path variable 0, i.e. the vehicle is kept on the normal. It is well
known that such a parametrisation will only be unique locally [124]. In particular,
such a unique expression exists when the vehicle is closer to the path than the
inverse of the maximum curvature of the path, i.e. when y,/, < 1/Kkmax Where
Kmax 18 the maximum curvature of the path. Note that this is equivalent to being
closer than the radius of the smallest inscribed circle of the path. To design such a
parametrisation we first consider the error dynamics of the vessel with respect to
the path frame, which is given by:

iy = —0(1 — K(0)ys/p) + urcos(x —7(0)) + Vr, (7.4a)
Yv/p = uesin(x —vp(0)) + Vv — H(a)éxb/p, (7.4b)

where y £ 1 + 8 is the course angle (see Figure 7.1) and Vy £ V, cos(v,(6)) +

V, sin(v,(0)) and Vy £ V,, cos(v,(0)) — Vi sin(7,(0)) are the ocean current compo-

nent in the tangential direction and normal direction of the path-tangential refer-

ence frame, respectively. Consequently, if the path variable 0 is updated according

to

ug cos (x — () + Vr
1- K(Q)yb/p

0= (7.5)

the vessel stays on the normal when it starts on the normal. In particular, substi-
tution of (7.5) in (7.4a) results in @;/, = 0. To make sure that the update law (7.5)
is well defined the following condition should be satisfied

Condition 7.1. To have a well defined update law for the path variable 0 it should
hold that

L= k(0)ysp # 0 (7.6)

for all time.

Note that Condition 7.1 implies that the update law is well defined within the
tube of radius v/, < 1/Kmax Which results in the parametrisation being only locally
valid.

The update law (7.5) depends on the current component V. However, since
the current is assumed unknown we have to replace Vi by its estimate VT £
Vi cos(v(0)) + Vj, sin(+(#)). Consequently, (7.3b) does not hold until the current is
estimated correctly. Therefore, (7.3) takes the form

i tot | ] E
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B

Ly

Y

Figure 7.2: Definition of the path.

To force (7.7) to become equal to (7.3) once the ocean current is estimated correctly
we augment (7.5) to be

 ugcos (x —p(0)) + Vi + ksayyp
1= 5(0)ys/p ’
such that the path-tangential reference frame propagates based on an estimate of

the ocean current and has a restoring term to drive x/, to zero. Hence, substituting
(7.8) in (7.4a) gives

(7.8)

-i'b/p = —k(;l‘b/p + f/T, (7.9)

which shows that if the estimate of the current has converged the restoring term
ks, remains to drive xy,, to zero after which the vessel remains on the normal
of the path-tangential frame.

The dynamics of the error along the normal are given by

Ub/p = U sin(x —vp(0)) + Vi — xb/pﬁ(ﬂ)é. (7.10)

In the next section a guidance law is chosen to stabilise the origin of the dynamics
(7.9)-(7.10) and achieve the goal of path following.

Note that since the path parametrisation is only local, we can only utilise it
within a tube around the path with radius 1/kmax. To achieve global results this
tube needs to be made attractive and invariant, such that the vehicle first converges
to the tube after which the unique parametrisation to achieve path-following can be
used. The disadvantage of this is that a two-step approach is needed to solve the
path-following problem, which complicates the analysis. There is, however, also
a big advantage to this approach, since extra design freedom is available when
making the tube attractive. This allows one to design the approach behaviour and
convergence when far from the path, while for a global one-step approach this is in
general not possible to do independently of the behaviour close to the path. Hence,
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for the one-step approach the global behaviour will be a compromise between the
desired behaviour far away from the path and the desired behaviour close to the
path. For the two-step approach, the behaviour far away from the path and close
to the path can be optimised independently. This, for instance, allows strategies
where the vehicle moves along the normal of the path to reach the path as fast as
possible. Moreover, in cluttered environments this allows the vessel to converge to
the path along a clearly defined approach path, after which it can switch to the
guidance strategy that allows it to follow the desired path P.

7.3 Controller, Observer, and Guidance

In this section we design the two control laws 7, and 7,, and the ocean current
estimator that are used to achieve path-following. In the first subsection we present
the velocity control law 7,. The second subsection presents the ocean current esti-
mator. The third subsection presents the guidance to be used within the tube.

7.3.1 Surge velocity control

The velocity control law is a feedback-linearising P-controller that is used to drive
the relative surge velocity to a desired u,q and is given by

d
Tu = —Fu (Up, 1) + tirg + — g — ko (ty — Ura), (7.11)
mi1

where k, > 0 is a constant controller gain. It is straightforward to verify that
(7.11) ensures global exponential tracking of the desired velocity. In particular,
when (7.11) is substituted in (7.1d) we obtain

Uy = —ky (U — Upq) = —ky iy, (7.12)

where @, £ u, — u,q. Consequently, the velocity error dynamics are described by
a stable linear systems, which assures exponential tracking of the desired velocity
Uprd-

7.3.2 Ocean current estimator

This subsection presents the ocean current estimator introduced in [2]. This ob-
server provides the estimate of the ocean current needed to implement (7.8) and
the guidance law developed in the next subsection. Rather than estimating the
time-varying current components in the path frame Vpr and Vy the observer is
used to estimate the constant ocean current components in the inertial frame V,
and V. The observer from [2] is based on the kinematic equations of the vehicle,
i.e. (7.1a) and (7.1b), and requires measurements of the vehicle’s = and y position
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in the inertial frame. The observer is formulated as

& = u, cos(¥) — v, sin(Y) + Vi + ky, & (7.13a)
g = up sin(y) + v, cos(p) + Vy, + ky, 7 (7.13b)
Vy = ko, # (7.13¢)
Vy = Ky, (7.13d)

where & £ x — 2 and § = y — § are the positional errors and ky,, kg, ky,, and Ky,
are constant positive gains. Consequently, the estimation error dynamics are given
by

=V, —ky & (7.14a)
J=Vy—kyi (7.14b)
Vp = —kg, @ (7.14c)
V, = —ky,i (7.14d)
which can be written in vector form as
] [k, 0 1 0][Z
Yyl | 0 —ky 0 1| |7
Vol |=kew 0 0 Of |Vi (7.15)
v, 0 -k, 0 0] |V,

which is a linear system with negative eigenvalues. Hence, the observer error dy-
namics are globally exponentially stable at the origin. Note that this implies that
also Vp and Vv go to Vr and Vj respectively with exponential convergence since
it holds that
Vi = Vy cos(y()) + % sin(y(0)), (7.16a)
Vv = — Vi sin(y(0)) + V, cos(v(0)). (7.16Db)

For implementation of the controllers it is desired that ||V (¢)| < urq(t) Vt. To
achieve this we first choose the initial conditions of the estimator as

[#(to), §(t0), Ve (to), Vy (to)]” = [x(to), y(t0), 0,0 (7.17)
Consequently, the initial estimation error is given by
[E(t0), 5(to), Va(to), Vy (to)]" = 10,0, Vo, V], (7.18)

which has a norm smaller than or equal to Vj,.x according to Assumption 7.1. Now
consider the function

1 - 1 -
W(t) =22+ 3+ /TV k—v (7.19)
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which has the following time derivative

2 - = 2
=V Ve + —V,V,
ky2

ke,

=28 (Vyy — b, @) + 20(Vy — ky,§) — 2V, — 2Voi
= —2k,, 7 — 2k, 5* < 0.

W(t) = 2&& + 299 +
(7.20)

This implies that W (t) < [|[W (to)||. From our choice of initial conditions we know

that
1

kay

1 1
Vie Vi< —— V2 (7.21)

y = . max*
ky, min(k,, ky,)

W (to)ll =

Moreover, it is straightforward to verify

1

———IV.()|]? < W(2). 7.22
max(kg,, ky,) IVe@®I” < W) ( )
Combining the observations given above we obtain

1
max(ky,, ky,)

1

V.olIr< ——
Ve@ll S w5

V2o (7.23)
Consequently, we obtain

max(ky,, ky,) Voo < max(ky,, ky,)
max k

V()| < | ——22 22 min(k. k)
|| ( )” - Inin(kmzakyz) min(km2’ yz)

ura(t), Vt, (7.24)

which implies that if the gains are chosen as k., = k,, we have

IVl < 2Vinax < ura(t), Vt. (7.25)

Hence, |[Vy || < tpa(t), Yt if 2Vinax < ura(t), Vt.

Remark 7.2. The bound 2Vi.x < urq, Vt, is only required when deriving the
bound on the solutions of the observer. In particular, it is required to guarantee
that ||VN|| < upq(t), Vt. For the rest of the analysis it suffices that Vijax < urq, Vt.
Therefore, if the more conservative bound 2Vi.x < urqg, Vi, is not satisfied the
observer can be changed to an observer that allows explicit bounds on the estimate
Vi, e.g. the observer developed Narendra and Annaswamy [103], rather than an
observer that only provides a bound on the error V, as is the case here. For practical
purposes the estimate can also be saturated such that ||V || < uyq, V¢, which is the
approach taken in Moe et al. [100]. However, in the theoretical analysis of the yaw
controller we use derivatives of VN which will be discontinuous when saturation is
applied.

7.3.3 Guidance

This subsection presents the guidance that is used in combination with the local
parametrisation. Since, the chosen parametrisation is only valid in a tube around

132



7.3. Controller, Observer, and Guidance

the path, the proposed guidance is designed for operation in the tube. Inside the
tube we propose the following guidance law

a = v(0) — atan (;Td) — atan (W) . (7.26)

The guidance law consists of three terms. The first term is a feedforward of the
angle of the path with respect to the inertial frame. The second part is the desired
side-slip angle, i.e. the angle between the surge velocity and the total speed when
u, = upq- This side-slip angle is used to make the vehicle’s total speed tangential to
the path when the sway velocity is non-zero. The third term is a line-of-sight (LOS)
term that is intended to steer the vessel to the path, where ¢ is a term dependent
on the ocean current. The choice of g provides extra design freedom to compensate
for the component of the ocean current along the normal axis V. To analyse the
effect of this guidance law and to design g we consider the error dynamics along
the normal (7.10). To do this we substitute (7.26) in (7.10) and obtain

Ub/p = Utd Sin (wd + 94 Bq — 'yp(e)) +Vy — xb/pﬁ(ﬁ)é + U, sin(yp — 7,(0))

(7.27a)
Yv/p +9g T .
= —Utd +VN +G1(¢7ur;$b a¢dayb y Utdy 7 (0))

(y/p + 9)2 + A " fo ey

(7.27b)
where G1(+) is a perturbing term given by

G1(+) = uq [1 — cos(z/;)} sin (arctan (W)) + u, sin(y) — v,(0))

(7.28)

+ Uq COS (arctan <yb/2+g>> Sin(iz) - CEb/ﬂp(e)

and uq = \/u?, + v2 is the desired total velocity. Note that G(-) satisfies

G1(0,0,0,%a, Yp/p, wtd, ¥p(0)) =0 (7.29a)
||G1 (1;7 ’&T‘a To/ps d}da Yv/p> Utd, ’71)(0))” < C(’Yp(e)y utd)H(’lEa a7 xb/p)”, (729b)

where ((%,(0),uq) > 0, which shows that G;(-) is zero when the perturbing vari-
ables are zero and that it has maximal linear growth in the perturbing variables.
To compensate for the ocean current component Vi the variable g is now chosen

to satisfy the equality
g

Utd
VA2 + (Ypyp +9)?

which is a choice inspired by [100]. In order for g to satisfy the equality above, g
should be the solution of the following second order equality

= Vy. (7.30)

2
(thd_V]\Qf)<Ag) = A 4y, 24 VN (9) (7.31)
f VN —_— —~—\W
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hence we choose g to be

“ b b2_
g =Tyt Vo ac - (7.32)

which has the same sign as Vi and is well defined for (u?, — VJ\Q,) > 0. Moreover,
since

VI = ac = \JA2(2, ~ V) + i, (7.33)
solutions are real for (u? —V2)>0.

Consequently if we substltute this choice for g in (7.27) we obtain

Yo/p
(Ypp +9)° + A2

yb/p = —Utd + ‘7N =+ Gl(J)v’&a xb/pa¢d7yb/p7utd7;yp(9))' (734)

The desired yaw rate can be found by taking the time derivative of (7.26)
resulting in

; © o Upllpd — UpdUp A(yb/p + g)
= k(0)0 + , 7.35
Ya = K(0) u?, + v2 A2 + (yp)p + 9)? (75%)
where ¥, as given in (7.1e), ¢/, in (7.34), and g is given by
5 b+ Vb —ac 8g 8
=Vy — + 3 8bb—i— 90 (7.36)
where
. b+ VBT
% vy Yo ae (7.37a)
da 2aVb? — ac a
a = 2VN Vi — 2urqtivg — 20, [ X ()7 + Y (uy)0,] (7.37b)
" b b2 _
99 _ y bH VO —ac (7.37¢)
ob avb? — ac
. . B dg -~ 1 . .
b=2VNUs/p + 2VNYb/ps 50 = VNm» ¢ =2yp/plbsp-  (7.37d)

Note that 9/, appears a number of times in the expression for ql}d and that g/,

depends on Vy. Consequently, ¢d depends on an unknown variable and cannot be
used to control the yaw rate. This was not considered in [100] where the proposed
controller contained both z/Jd and 1de

~ Moreover, since z/Jd contains v,, which depends on r = z/}, the yaw rate error
zﬂ = w — @d grows with ¥ which leads to a necessary condition for a well defined
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yaw rate error. The yaw rate error dynamics are given by

borfrg Mot B 00, X))
Urg TV A2 4 (ypyp + 9) oa
B 5(9)9 + Y(ur)vrurd — UrdVUr

uzg + 07
A b4+ +b%2 —ac
+ 5 VN
A2+ (yosp + 9) —a

A 5 . (7.38)
3 afg (2‘7]\]‘7]\7 — 2urdurd - ZUTY(’U,T)UT)
A2+ (yyyp +9)" 90
A 09 (.
+ — | 2VNys,
A2+ (g +9)° on (2w
@ Ayb/?

+ |1+

99 (.~ ]
2Up/p + = |2V
e P/p T gy ( N) A2+ (yyp —l—g)2

which leads to the following necessary condition for a well defined yaw rate, i.e.
existence of the yaw controller,

Condition 7.2. To have a well defined yaw controller it should hold that
X(u)urg 09  20.X(ur)A
Wyt 0a a2 (y,,+g)

C, 21+ # 0. (7.39)

for all time after entering the tube.

Remark 7.3. The condition above can be verified for any positive velocity, for
the vehicles considered in this thesis. Note that for most vessels this condition is
verifiable since standard ship design practices will result in similar properties of
the function X (u,). Besides having a lower bound greater then zero C, is also
upper-bounded since the term between brackets can be verified to be bounded in
its arguments.

Since 1/}d depends on the unknown signal VN we cannot take @bd = r4. To define
an expression for rq without requiring the knowledge of Vx we use (7.38) to define

a 1

Cr

.
I 1~ w(0)ys/y

<(0) (Ut cos(¥ + B —1p(0)) + ksxpyp + VT)

Y (up)vptirg — Urqy A
p) D) 2
tra A2+ (s +9)

o b+Vb2 —ac

|

a

(7.40)
ag ~ X . (’“)g X
+ % (2VNVN — 2UpqUrd — 2’UTY(UT)’U7«) + % (QVNyb/p)

dg dg ] —UtdY/p
+ |14+ Zay,,, + Loy, + G (.
{ oc P T gy N |\ AT (), + 02 1)
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which results in the following yaw angle error dynamics
AVy

2
(9o +9)

99

L B ag N
b=+ 1+ S 2y + o (2VN)] o

(7.41)

where 7 £ r — ry is the yaw rate error. From (7.41) it can be seen that choosing 74
as in (7.40) results in yaw angle error dynamics that have a term dependent on the
yaw rate error 7 and a perturbing term that vanishes when the estimation error
f/N goes to zero.

To add acceleration feedforward to the yaw rate controller, the derivative of r4
needs to be calculated. However, when we analyse the dependencies of r4 we obtain

Td :Td(h;yb/paxb/pa"z)ai‘ag% (7.42)

where h = [0, v,., Uy, Urd, Urd, VT, VN]T is introduced for the sake of brevity and rep-
resents all the variables whose derivatives do not contain Vy or Vy. Consequently,
the acceleration feedforward cannot be taken as 74 since using (7.42), (7.9), and
(7.10) it is straightforward to verify this signal contains the unknowns Vy and Vy.
Therefore we define the yaw rate controller in terms of only known signals as:

a’r‘d . 87‘d yb/p
Tr:_FuT’7UT’7r +7h/ Y —u +G .
( T O/ ( AT (g + 9)° ) (7.43)
ory (7]{1‘ )+%CF—%ki’*%k~*k7:7kd~)
Oy oo/ oy oF ° a9y o ’

Using (7.43) in (7.1f) we then obtain the yaw rate error dynamics

. -0 9 dg [ AV
F=— ki — kyCptp — 22 {1 + S0t 5 (QVNﬂ N
oy ¢ A2 (oo +9)° (7.40)
0rd ~ Brd ~ 6rd ~ ard -~
_ 8yb/p Vn — 76.1317/1, Vr + %Vx + 8—:&Vy

which has a term depending on the yaw angle error, a term depending on the
yaw rate error, and perturbing terms depending on the unknown ocean current
estimation error.

Remark 7.4. 1t is straightforward to verify that all the terms in (7.35) are smooth
fractionals that are bounded with respect to (ys/p, Ty/p, T, ¥, ¥) or are periodic
functions with linear arguments and consequently the partial derivatives (7.43) and
(7.44) are all bounded. This is something that is used when showing closed-loop

stability in the next section.

7.4 Closed-Loop Analysis

In this section we analyse the closed-loop system of the model (7.1) with controllers
(7.11) and (7.43) and observer (7.13) when the frame propagates with (7.8) along
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the path P. To show that path following is achieved we have to show that the
following error dynamics converge to zero

Ty/p = — ksxpyp + Vr (7.45a)
. Yy ~
oo = = ta— e (y/:/ 5 +G10) + Vs (7.45b)
p
: _ ) dg (.~ AV,
b= C.F + {1 + 8—92%/,, + a—‘z (QVNH N (7.45¢)
¢ A2+ (yy/p +9)
: ~ org ~ orqg - Org ~ org ~
F = — ki — ko) — LV — 4y 4 Ty Ty
/v Oy 0F 9y 5
Orq g 09 (.~ AVy (7.45d)
- 21+ Sy + 5 (QVN) ,
Oy ¢ A%+ (yop +9)
i=— (k:u + d”) i (7.45¢)
mii
The system (7.45) has the following perturbed form:
[Tb/p ks
. b
N L I I v oy
X= Y| = C, 7 +
r —ky7 — kyCrt)
L u —kst
- s -
Vn
{1+‘192y +(lg(2f/ )} AV
. de “Ib/p T BY N1 a2 (yyypta)?
org | VT |  arg ag g o7 AV g
~ o), [VN] ~ %0 [1 + 522Yp/p + agQVN} A2+(yb/lz+g)2 Dpis, Ve
0

(7.46)
where py /), = [xb/p,yb/p]T and all the perturbing terms disappear as the current
estimates converge to zero. In particular, we cannot apply our desired control action

whilst the current estimates have not converged yet, since the current cannot be
compensated for until it is estimated correctly.

The full closed-loop system of the model (7.1) with controllers (7.11) and (7.43)
and observer (7.13) is given by

- Yo/p
N L B vy Y
= O\ +

7 —k1 7 — ko Oyt
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Vn
1+ 922 99 <2V )} AW
_ { + 5 2Y/p T B N A5 (g t) (7.472)
_on [Vrl o[y a9y, 4 oeop] Al oy
o117 {VN_ o0 [1 9c2e/n + ‘%QVN} A2+(yb/1:+9)2 ap Ve
_;bb;/p_ [—ksxn)p +~VT
v —kyi —V,
~ A y _ —kyg — Vy
2T D (7.47b)
v, —ky1§
| a | —ky

Up = X (ura + @)ra(hy Yo /ps T /ps 0, %, 9) + X (tpg + )7 + Y (Upg + @)v,  (7.47¢)

Before starting with the stability analysis of (7.47), we first establish GES of
(7.47b) by using the following lemma.

Lemma 7.1. The system (7.47b) is GES.

Proof. Note that (7.47b) is a cascaded system of the form

) = —ksTy/p + Vr, (7.48a)
z —ko® —V,

i;g _kyg - Vy

Vol = | —kmi |- (7.48b)
Vy _kyl?

b —k,u

The nominal dynamics of (7.48) are given by i/, = —ksxy/, from (7.48a), which
is a stable linear system and thus GES. The perturbing dynamics are given by
(7.48b) and where shown to be GES in Section 7.3. The interconnection term is
the term Vi from (7.48a). The growth of the interconnection term can be bounded
by V|l < ||[[Va, V] T ||, which satisfies the condition for the interconnection term
from Theorem A.3. Note that it is trivial to shown the nominal dynamics admit
the quadratic Lyapunov function V,, =1 / 23@?) - Consequently, all the conditions
of Theorem A.3 and Proposition A.1 are satisfied. Therefore, the cascaded system
(7.48) is GES, which implies that (7.47b) is GES. O

Note that although we show that the system (7.47b) is GES, the dynamics of
xy/p are only defined in the tube to avoid the singularity in the parametrisation.
Hence, the stability result is only valid in the tube.

The first step in the stability analysis of (7.47) is to assure that the closed-loop
system is forward complete and that the sway velocity v, remains bounded. There-
fore, under the assumption that Condition 7.1-7.2 are satisfied, i.e. 1 —x(0)ys/, # 0
and C). # 0, we take the following three steps:

1. First, we prove that the trajectories of the closed-loop system are forward

complete.
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2. Then, we derive a necessary condition such that v, is locally bounded with
respect to (X1, Xs).

3. Finally, we establish that for a sufficiently big value of A, v, is locally bounded
only with respect to Xs.

The above three steps are taken by formulation and proving three lemmas. For
the sake of brevity in the main body of this chapter the proofs of the following
lemmas are replaced by a sketch of each proof in the main body. The full proofs
can be found in the Appendices 7.A-7.C.

Lemma 7.2 (Forward completeness). The trajectories of the global closed-loop
system (7.47) are forward complete.

The proof of this lemma is given in Appendix 7.A. The general idea is as
follows. Forward completeness for (7.47b) is evident since this part of the closed-
loop system consists of GES error dynamics. Using the forward completeness and
in fact boundedness of (7.47b) we can show forward completeness of (7.47c), v,
and 7. Hence, forward completeness of (7.47) depends on forward completeness of
Yp/p- To show forward completeness of ¢/, we consider the y,/, dynamics with
X, 1[), 7, and v, as input, which allows us to claim forward completeness of ¥,
according to Theorem A.6. Consequently, all the states of the closed-loop system
are forward complete and hence the closed-loop system (7.47) is forward complete

Lemma 7.3 (Boundedness near (X1,X2) = 0). The system (7.47c) is bounded
near (X1, X2) = 0 if and only if the curvature of P satisfies the following condition:

Ymin
Xmax

A
ax = A4
Kmax = max |k(0)] < (7.49)

The proof of this lemma is given in Appendix 7.B. A sketch of the proof is
as follows. The sway velocity dynamics (7.47c) are analysed using a quadratic
Lyapunov function V' = 1/2v2. It can be shown that the derivative of this Lyapunov
function satisfies the conditions for boundedness when the solutions are on or close
to the manifold where (X7, X5) = 0. Consequently, (7.47c) satisfies the conditions
of boundedness near (X;, X5) = 0 as long as (7.49) is satisfied.

In Lemma 7.3 we show boundedness of v, for small values of (Xl, Xg) to derive
the bound on the curvature. However, locality with respect to X7, i.e. the path-
following errors and yaw angle and yaw rate errors, is not desired and in the next
lemma boundedness independent of X; is shown under an extra condition on the
look-ahead distance A.

Lemma 7.4 (Boundedness near X, = 0). If the following additional assumption
is satisfied:

1
Jo>0st. 1=r@)ypp>0>0 A Yimin — XmaxBfmax— | > 0 (7.50)
o
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the system (7.47c) is bounded only near X, = 0 if we have

4 X max

A > 7.51
[Ymin - Xmaxﬁmax%] ( )
Y.
max < 0 7.52
Kmax < O X (7.52)

Remark 7.5. The size of o can be calculated by using the following tuning pro-
cedure.

1. Start by calculating the absolute bound on the curvature from Lemma 7.3.
This is a bound that is necessary for feasibility of the trajectories.

2. Now choose a positive A and using the maximum curvature of the path, solve
(7.51) to obtain a possible value for o.

3. Using the value for ¢ obtained in the previous step and the maximum value
of the curvature we can use the inequality 1 — x(0)y;/, > o from (7.50) to
calculate the size of the tube as

ube 1—0
YipS = : (7.53)

ﬁmax

If initial conditions are within the tube y{)“be, and are chosen such that the transient

caused by the unknown current does not force the vessel out of the tube. Then the
sway velocity is bounded for all time. Note that the choice of A in step two given
above determines how large the tube will be. More specifically, a larger choice for
A will result in a smaller value for ¢ which will lead to a larger tube in step three.
However, due to the nature of the guidance a larger A will mean slower steering
and consequently slower convergence to the path.

The proof of Lemma 7.4 is given in Appendix 7.C, the general idea is given
as follows. The proof follows along the same lines of that of Lemma 7.3 but solu-
tions are considered close to the manifold X, = 0 rather than (X, Xp) = 0. It is
shown that boundedness can still be shown if (7.51) is satisfied additionally to the
conditions of Lemma 7.3.

Theorem 7.5. Consider a 0-parametrised path denoted by P(0) £ (x,(0),y,(0)).
Then under Conditions 7.1-7.2 and the conditions of Lemma 7.2-7.4, the system
(7.1) with control laws (7.11) and (7.43) and observer (7.13) follows the path P,
while maintaining v, 7. and 7, bounded. In particular, the origin of the system
(7.472)-(7.47b) is exponentially stable in the tube.

Proof. From the fact that the origin of (7.47b) is GES, the fact that the closed-
loop system (7.47) is forward complete according to Lemma 7.2, and the fact that
solutions of (7.47c¢) are locally bounded near X, = 0 according to Lemma 7.4, we
can conclude that there is a finite time T > ¢ after which solutions of (7.47b) will
be sufficiently close to X5 = 0 to guarantee boundedness of v,..
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Having established that v, is bounded we first analyse the cascade

=S
|

I C, 7 Gz( )
= —kl'r—kQ Tw:| [VTavN} org ‘N/c (754&)

olz,g]"

—%Gz()

3Pb/

-
<
~
hS]

_—kéxb/p -I-JN/T

—k,x — YI

— | TRy (7.54b)
—kajlfﬂ

_kylg

—kya

S S N B

The perturbing system (7.54b) is GES as shown in Lemma 7.1. The interconnection
term, i.e. the second and third term in (7.54a), satisfies the linear growth criteria
from Theorem A.3. More specifically, it does not grow with the ¢ and 7 since all
the partial derivatives of ry and g can be bounded by constants. The nominal dy-
namics, i.e. the first matrix in (7.54a), can be analysed with the following quadratic
Lyapunov function

Viey = 1 57+ ’sz (7.55)
whose derivative along the solutions of the nominal system is given by
V(F,l[)) = —k17? — ko CotpF + ko Critp = —koi® < 0 (7.56)
which implies that 7 and ¢ are bounded. The derivative of (7.56) is given by
Vieg) = —2k77° = 2k1 by Cra)i (7.57)

which is bounded since 7 and 1; are bounded. This implies that (7.56) is a uniformly
continuous function. Consequently, by applying Barbalat’s lemma (see Lemma A.7)
we have that

lim V. ;) = hm —k17? =0 = lim 7 =0. (7.58)

t—o00 G ﬂ/}) t— o0

Since C, is persistently exciting, which follows from the fact that C, is upper
bounded and lower bounded by a constant larger then zero, it follows from the
expression of the nominal dynamics that

lim 7 =0 = hm ¥ =0. (7.59)
t—o0
This implies that the system is globally asymptotically stable according to Defi-
nition A.3 and since the nominal dynamics are linear it follows that the nominal
dynamics are globally exponentially stable. Consequently, from the above it follows
that the cascade (7.54) is GES using Theorem A.3 and Proposition A.1.
We now consider the following dynamics

U —Utq Yo/
t
e VAT + (Y + 9)?

+ VN +G1(4). (7.60)
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Note that we can view the systems (7.54) and (7.60) as a cascaded system where
the nominal dynamics are formed by the first term of (7.60), the interconnection
term is given by second matrix of (7.60), and the perturbing dynamics are given by
(7.54). As we have just shown the perturbing dynamics are GES. Using the bound
on G1(-) from (7.29) it is straightforward to verify that the interconnection term
satisfies the conditions of Theorem A.3. We now consider the following Lyapunov
function for the nominal system

1
Vinss = Yo/ (7.61)

whose derivative along the solutions of the nominal system is given by

. Y2
v, b/p <0, (7.62)

p = ~Utd <
n VA gy +9)°

which implies that the nominal system is GAS. Moreover, since it is straight-
forward to verify that V,, ,» < aV,,  for some constant o dependent on initial
conditions, it follows from the comparison lemma (Lemma A.5) that the nominal
dynamics are also LES. Consequently, the cascaded system satisfies the conditions
of Theorem A.3 and Lemma A.4, and therefore the cascaded system is GAS and
LES. This implies that the origin of the error dynamics, i.e. (Xl,Xg) = (0,0), is
globally asymptotically stable and locally exponentially stable. However, since the
parametrisation is only valid locally we can only claim exponential stability in the
tube. O

7.5 Case Study

This section presents a case study to verify the theoretical results presented in this
chapter. The case study under consideration is following of a circular path using the
model of an underactuated surface vessel from Fredriksen and Pettersen [63], the
parameters of which are given in Section C.1. The ocean current components are
given by V, = —1 [m/s] and V,, = 1.2 [m/s] and consequently Viyax ~ 1.562 [m/s].
The desired relative surge velocity is chosen to be constant and set to u,q =
5 [m/s] such that Assumption 7.3 is verified. Using the ship’s model parameters
from Section C.1 and the expressions (7.2c) and (7.2d) it is straightforward to see
that the curvature bound from Lemma 7.3 is given by Kmax < (Ymin)/(Xmax) =
0.1333. The observer is initialised as suggested in Subsection 7.3.2 and the observer
gains are selected as k;, =k, = 1 and k;, = k;, = 0.1. The controller gains are
selected as k,, = 0.1 for the surge velocity controller and k; = 1000 and k2 = 400
for the yaw rate controller.

In this case study the vessel is required to follow a circle with a radius of
400 [m] that is centred around the origin. Consequently, the curvature of the path
is given by k, = 1/400 = 0.0025. To choose the parameters of the guidance law
we will now follow the tuning procedure lined out in Remark 7.5. In the first step
we verify that the feasibility constraint on the curvature is satisfied for the path
under consideration, which is clearly the case since £, < (Yiin)/(Xmax) =~ 0.133.
In the second step we fix our A as A = 40 [m], which results in ¢ ~ 0.0268. In
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7.5. Case Study

the third step we use the value for o to calculate the size of the tube as ylt,‘/";e ~
369.983 [m]. Note that this is only slightly smaller then the size of the tube where
the parametrisation is valid, i.e. 400 [m]. To stay within this tube we choose the
initial conditions as

[ur(to), vr(to), 7(to), z(to), y(to), ¥ (to)]" = [0,0,0,700,10,7/2]". (7.63)

The resulting trajectory for the vessel can be seen in Figure 7.3. The blue dashed
line is the trajectory of the vessel and the red circle is the reference path. The yellow
vessels represent the orientation of the vessel at certain instances. From the plot in
Figure 7.3 it can be seen that the vessel converges to the circle and starts to follow
the path. Moreover, it can be seen from the yellow vessels that the orientation of
the ship is not tangential to the circle which is necessary to compensate for the
ocean current.

400 +
300 t
200 t
100

=N
—~100
—200 |
—300 |
—400 |
400  —200 0 200 400 600
x [m]

Figure 7.3: Path of the vessel in the x — y-plane. The dashed blue line is the
trajectory of the path and the red line is the reference. The yellow ships denote
the orientation of the vessel at certain times.

The path-following errors can be seen in the top plot of Figure 7.4 which confirm
that the path-following errors converge to zero. A detail of the steady-state is
given to show the reduction of the error. Moreover, note that because of the choice
of parametrisation the error in tangential direction x;/, is zero throughout the
motion except from a very small transient at the beginning caused by the transient
of the observer. The estimates obtained from the ocean current observer can be
seen in the second plot from the top in Figure 7.4. From this plot it can be seen
that the estimates converge exponentially with no overshoot. This underlines the
conservativeness of the bound from Assumption 7.3 that is required for the error
bound for the observer as explained in Subsection 7.3.2. The third plot in Figure
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7.4 depicts the yaw rate and the sway velocity induced by the motion. It can be
seen that these do not converge to zero but converge to a periodic motion. Note
that for circular motion in the absence of current the yaw rate would converge to
zero. However, when current is present the vessel needs to change its turning rate
depending on if it goes with or against the current. The relative surge velocity is
given in the fourth plot from the top in Figure 7.4 and shows that the surge velocity
converges exponentially to the desired value. This plot is especially interesting in
combination with the plot of the magnitude of C, given at the bottom of Figure
7.4. From this plot it can clearly be seen that Condition 7.2 is verified both in
steady-state and during the transient of the velocity controller.

7.6 Conclusion

This chapter considered curved-path following for underactuated marine vessels in
the presence of constant ocean currents. In this approach the path is parametrised
by a path variable with a update law that is designed to keep the vessel on the
normal of a path-tangential reference frame. This assures the path-following error
is defined as the shortest distance to the path. However, the disadvantage is that
this type of update law has a singularity which only allows for local results. The
vessel is steered using a line-of-sight guidance law, which to compensate for the
unknown ocean currents is aided by an ocean current observer. The closed-loop
system with the controllers and observer was analysed. This was done by first
showing boundedness of the underactuated sway velocity dynamics under certain
conditions. It was then shown that if these conditions are satisfied and the sway
velocity is bounded the path-following errors are exponentially stable within the
tube. Due to the singularity the feasibility of this problem depends on the initial
conditions, the curvature of the path, and the magnitude of the ocean current.
More specifically, the size of the tube in which the parametrisation is well defined
was shown to be a function of the maximal curvature of the path. This implies that
the combination of curvature and ocean current should be such that a suitable set
of initial conditions exists for which the transient of the ocean current observer
does not take the vessel out of the tube.

7.A Proof of Lemma 7.2

Consider the following part of the global closed-loop system:

ol [ OF
il _—klf—kgC,.d

[ [1 + 999y, ., + % (QVN)} AVy

N 3 A2+ (ypptg)”
_ora |V org ag 9997 NV Iy
| 9o/ l:VN:| B [1 + Be 2?!b/p + % QVN] A2+(yb/p+g)2 a;ab/,,Vc

R(hvyb/pvmb/pvll;viag)
(7.64a)
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Figure 7.4: Path following errros plotted agains time (top), current estimates
against time (second), sway velocity and yaw rate against time (third), surge ve-
locity against time (fourth), and size of C, over time (bottom).
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7. Observer Based Path Following: A Local Approach

Op = X (Urqg + @)ra(h, Yo ps To/ps 0,3, 7) + X (trg + @)F + Y (upg + @)v, (7.64D)

From the boundedness of the vector [XZ, k(6),uyq, tra, Vr, Vy]T we know that

H[Xg7 Kl(e)7u7~d7’llrd, VTu VN]T

of positive functions a,,(+), by, (), ar(-), and br(-) which are all continuous in their
arguments and are such that such the following inequalities hold:

‘ < Bo, and from (7.40) we can conclude the existence

ra()] < arg(A, Bo) lvr| + bry (A, Bo) (7.65)

and,

RO < ar(A, Bo) [vr] + br(A, Bo) (7.66)

Then taking the following Lyapunov function candidate:
- 1 -
Vi(d, 7,0,) = 5 (kzw2 +7% + vf) (7.67)
whose time derivative along the solutions of (7.64) is

Vi(:) = koCoith — by — ko Crith + [ FIR() + Y (tpq + )02

7.68
+ X (urg + @)7Fvr + X (trg + @)ra(-)vy ( )

Using Young’s inequality we note that

Vi() < ki? + 92 + 72 + R2() + Y (upa + )02
+ | X (urg + Bo)| (F* +v2) + | X (wra + Bo)| (r3(-) + v7) (7.69)
<aV+p,a=0,520
Note that since the differential inequality (7.69) is scaler we can invoke the com-
parison lemma Khalil [82, Lemma 3.4] given as Lemma A.5 in Appendix A. From

Lemma A.5 we know that the solutions of differential inequality (7.69) are bounded
by the solutions of the linear system:

&= o+ (7.70)

which has solutions
l’(t) _ H.i?(to)”Oé + Bea(t—to) _ ﬁ

— 7.71
o o (7.71)
Hence, from Lemma A.5 we have that
t
vi() < Ml t 8 e _ 5 (7.72)

« 67

which shows the solutions of Vj(-) are defined up to tmax = oo and consequently
from (7.67) it follows that the solutions of ¥, 7, and v, must be defined up to
tmax = 0o. Hence, the solutions of (7.64) satisfy Definition A.7 and we can conclude
forward completeness of trajectories of (7.64).
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The forward completeness of trajectories of the global closed-loop system now
depends on forward completeness of ¢/, from (7.47a). We can conclude forward
completeness of 4/, by considering the Lyapunov function

1 2
Ve = Su, (7.73)

The time derivative of (7.73) is given by

‘./2 = yb/pyb/p

Yo/p ¥
< —uyq +(G1() + VN)ys 7.74
VAZ 4 (g + 9)° r (7.74)

< (G1()) + VN )osp

where using the bound on G (+) from (7.29) and Young’s inequality we obtain
. 1 . ~ ~
Vo < Va+ 5 (CGp0), wa)llld, 7zl I + V7 ) (7.75)
<V +0-2(UT71;77:a VNaVT7xb/p) (776)

with o2(-) € K. Consequently, if we view the arguments of o2(-) as input to
the /, dynamics, then (7.75) satisfies Theorem A.6 and hence &y, and g, are
forward complete. Note that the arguments of o5(-) are all forward complete and
therefore fit the definition of an input signal given in Definition A.7. We have now
shown forward completeness of (7.47a) and (7.47c) and since (7.47b) is GES is
is trivially forward complete. We can therefore claim forward completeness of the
entire closed-loop system (7.47) and the proof of Lemma 7.2 is complete.

7.B Proof of Lemma 7.3

Recall the sway velocity dynamics (7.47c¢):
Op = X(@+ tupg)(ra +7) + Y (upg + @)vr, Y(upg) <0
Consider the following Lyapunov function candidate:
Va(v,) = %vf (7.77)
The derivative of (7.77) along the solutions of (7.47c) is given by

Vs = 0.0, = U X (Urg + W)rg + X (Urg + @) 7 + Y (tpg + ﬁ)vf

~ ~ o oy ) (7.78)
< X (Urg)Tqr + agUrqvy + X (Urg)vrT + ag@u, 7 + ay vy + Y (Upg)v;,
where we used the fact that:
Y (u,) = ayu, + by (7.79)
X(uy) = agu, + by (7.80)



7. Observer Based Path Following: A Local Approach

The term r4v, can be bounded as a function of v, as follows

vy ug cos(Y + B — 7, (0)) + ksxp/p + Vi
rqU; = — k(9)
Cr 1- K(a)yb/p
N Y (ur ) Vptirg — gy A ‘i/N b+ Vb2 —ac
u%d =+ ’U? AQ + (yb/p + 9)2 —a
0 IS . 0 X
=+ aﬁZ (QVNVN — 2UypqUpd — 2UTY(UT)UT> + afg (2VNyb/p)
dg 99 ] —UtdYv/p (7.81)
+ 1+ L2y, + =22V, + Gy (-
{ dc Y/ T Gy cYN \/A2 + (Yo/p + 9)* 1)
1 2 1 T 2
< - -
= |K(0)] vy T v (@), + F2(X1, Xo, A, Ve, Vi, wra) vy

+ Fl(X17X27 A7 VT7 VN7u7"d)UT‘

o i < Urd B QAUT ag) Y(’LL )”[}2
Cr uzd + ’Ug A2 + (yb/p + 9)2 da e

where F} 2(-) are continuous functions in their arguments with:
F5(0,0, A, Vp, Vv, urq) = 0. (7.82)
When substituting (7.81) in (7.78) we obtain

Vs < X (ura) F2 (X1, X2, A, Vi, Vv, ura)vp + ‘CC“_CC;:
1

& [l (1+ Hilzi‘,)y/) - W)+

n (X(urd)Fl(f(l, Xo, A, Vip, Vv, tra) + agii(rq +7) + X(urd)f) "

(1X (ura)s(0)| = Y (ura) ) v7

+

(7.83)

where C)(vr, Yo/p, &, VN, Ura) = Cr(Vr, Yp/p, A, Vy = Vi, up = Urq). When substi-
tuting (7.81) in (7.78) we have used the fact that

1 ( Urd 2Aw, g

c -1 ,
Cr \uZ;+v2 A2+ (yp), +9)% Oa

. Y (up)vy. (7.84)

) XY (et =

Remark 7.6. Note that C) (v, ¥p/p, A, VN, urq) can be found independently of
Yp/p and xy,, since the terms in C,. are bounded with respect to these variables.

Consequently, on the manifold where (X3, X3) = 0 we have

. 1
V3 <
3_0:

(Xmax [K(0)] = Yinin) 02 + X (wra) F1 (0,0, A, Ve, Viv, ura) o] (7.85)
which is bounded as long as

Xmax |'%(9)‘ - Ymin < 0. (786)
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7.C. Proof of Lemma 7.4

Hence, satisfaction of (7.86) renders the quadratic term in (7.85) negative and since
the quadratic term is dominant for sufficiently large v,., (7.85) is negative definite
for sufficiently large v,. If V3 is negative for sufficiently large v, this implies that
V3 decreases for sufficiently large v,.. Since V3 = 1/20v2, a decrease in V3 implies a
decrease in vf and by extension in v,.. Therefore, v,. cannot increase above a certain

value and v,. is bounded near the manifold where (X'l, Xz) =0.

Consequently, close to the manifold where (X' 1, Xg) = 0 the sufficient and nec-

essary condition for local boundedness of (7.47¢) is the following:
KXmax [K(0)] — Yinin < 0.

which is satisfied if and only if the condition in Lemma 7.3 is satisfied.

7.C Proof of Lemma 7.4

Recall the sway velocity dynamics (7.47c¢):
Op = X(U+ tupg)(ra +7) + Y (urg + @)vr, Y(urg) <0

Consider the following Lyapunov function candidate:

1
Va(v,) = §v2

The derivative of (7.88) along the solutions of (7.47c¢) is given by

Vs = v,0, = U X (Urg + W)rg + X (Urg + @) + Y (upg + ﬁ)vf

< X (Urg)TqVr + azrqvy + X (Urg)0rT + az Uo7 + ayfw? + Y (pg)v?

where we used the fact that:

Y(ur) = ayu, + by
X(uy) = agu, + by

(7.87)

(7.88)

(7.89)
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The term r4v, is given by:

ugcos(Y + B — vp(6)) 9 ksxy)p + Vi

rqU, = — —0, | k(0 K
¢ Cy ( ) 1- ’Li(e)yb/p 1— H(e)yb/p
A (b +Vb% — ac)

—ky, Zsin(yp(0 ky, 7 cos(vp(0
aA2+a(yb/p+g)2( 2, (7 (0)) + Ky, § cos(7p(6)))

Ar(O)Vr (b+ VI — ac) (u cos(t + B —p(6)) , Koy — VT>
al? +q (yb/p + g)2 1= k(0)yp/p 1 — k(0)yp/p
A2V
A%+ (yorp +9)
B Aﬁ(@)%QVNVT (ut cos(v+ B —p(0))  kszyyp + VT>
A2 + (yb/p + g)2 1= K(O)yp/p 1 —k(0)ys/p

A%

— 9a 5 (2urqtltrg — 20, Y (ur)vr) +
A%+ (yosp +9)
A%Zyb/p
A2 (g +9)°
An(&)%2yb/pf/q~ (ut cos(V+ B —p(0))  kswyyp + VT>

A2 + (yb/p + g)2 1 —(0)ys/p 1 —k(0)yb/p

- ¢(')Utd Yo/v

VAT + sy +9)°
+ é() [1 _ cos(z/;)} Upg Sin <arctan (yb/”;g»
+ (") cos (arctan (yb/’:rg» $in(¥) g

wpcos( + B —7,(0)) . kswyp + Vi
L — k(0)ys/p L — k(0)yp)p

5 (Ko, Tsin(7p(0)) — Ky, § cos(7p(6)))

Y(ur)vrurd - urdvr

2 2
g + Uy

(kzy 2 sin(75(0)) — Ky, cos(7p(6)))

+o()usin(y — )

= 20(-)zp/pr(0) <

(7.92)

where the function ¢(ys/p, V7, Urd, Vi, A) is bounded by a constant with respect to
v, and defined as

20y B) A 2AV )
o) & ———r S0 5+ — g (193)
A% + (yo/p + 9) A%+ (yorp+9)° A2+ (yyyp +9)

#1(°) #2(") @3(-)
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We can rewrite rqv, to obtain

rave == 5o [H(e) e con(y :(g)y—b;pw))
B \/Aﬁ/fy;pg o O
+ 62() |1 = cos(4)] wsasin (arctan (y”/ p; g )) (7.94)
+ ¢2(-) cos (arctan (y””zr g)) sin(i)um} _ Cirq,r@l(.)
5 (7 - mroep ) Y

where ®;(-) collects terms that are bounded with respect to v, and terms that
grow linearly with v, but vanish when X5 = 0. The function ®;(-) is defined as

(1)1() A KJ(&) k(sxb/p B VT . ;'ervr . 2urd1./frdA . @
1=w(0)yesp  uig+v7 A2 4 (Yo/p + 9) Oa
A (b+ Vb — ac)

5 (—kaz, Tsin(y,(0)) + ky, 7 cos(v,(0)))
al? +a (yo/p + 9)

n AK(@)VT (b + Vb? — ac) Ut cos(qp + 58— 'Yp(6>) n kg.fcb/p + VT
al? +a (yb/p + 9)2 1 —k(0)yp/p 1 — k(0)yp/p
A7y
A%+ (g +9)°
_ AZ2k(O)VNVr [ugcos(¥ + B —1,(0)) N ks + Vr
A2+ (yyp +9)° 1= 5(0)ys/p 1= k(0)yn/p
A%Zyb/p
2 2
A%+ (yoyp +9)
3 A%be/pﬁ(@VT upcos(p + B —y,(0))  kswyp + Vi
A2 + (ypp + g)2 1= K(0)ys/p 1= K(0)ys/p

_ i N u Yo/p
(01(-) + 3(-)) usa AT+ (0t 0)

4 (@1() + 6a()) [1 — cos()] wiasin <arctan (W»

(kay 2 sin(75(0)) — Ky, g cos(7p(6)))

(Fa,  sin(7p(0)) — Ky, 5 cos(7p(6)))

S+ 6(Yiisin( — ;)

+ (6109 + () os (aretan (P52 Y sin e

upcos(p + B —,(0))  kswyp + Vi
1= k(0)ysyp 1 — k(0)ys/p

— 2¢(")xp/pk(0) (
(7.95)
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We now introduce C}(-) as defined in the proof of Lemma 7.3, so we can rewrite

rqU, to obtain:

1 [n(e)ut cos(v + 8 —,(0))

== e [
$2(")utd \/A;ﬁ/fy:;j—i— )2
10 [1 - COS('(;):| Utq Sin (arctan (yb/pA+ g)) + (7.96)
62(-) cos (arctan <yb/p;g)) sin(@)utd} _ Cirwpz(.)
o (@ o) Y0

where ®5(-) collects terms that are bounded with respect to v, and terms that
grow linearly with v, but vanish when X = 0. The function ®(-) is defined as

(") 29,()+ % {@(.) {1 — cos(qﬂ)} Utq SIN (arctan (W))
B(O)us cos(p + 8 — 1 (0)) _ é2(Jua (s +9)
1 — k(O yp/p VAT + (o + 9)? (7.97)

+ ¢2(+) cos (arctan <yb/PA+g>) Sin(&)um

Upd 2Auv, dg .
_ _ 29 v (), Y
(“glfrvg A%+ (yp/p +9)° 8@) (r)o } + @2V

+

Considering the above we derive the following upper bound for r4v,:
1 |k(6)] uy 1
; 14 . — — v, ®o(- 7.98

1 Uy 2Av, 89) 9
- = — — | Y(uy)vy 7.99
a (uzd T2 B4 (gt 9% 0a) V) (7.99)

rqup < ‘

Using the fact that: us < |u,| + |v,|, we obtain:

Ur |k(0)] (|u7‘ + [vr]) Uy
< | . . _ " .
ranr < ] [T ) o)l + 41n Ol o] = 020
1 Upq 2Av, dg 9
- — — — 1Y
Cr (uid +v7 A%+ (Yoyp + 9)° 3a) (ur)or
L @l | :
< . .
— C: l_ﬁ(e)yb/p +4 C: |¢2()|v7‘+®3()

1 Upq 2Av,. dg 9
= _ ) Y (u,
(u,%d F02 A2 (g +9)? aa) (ur)vy

(7.100)
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where @3 collects the terms that grow linear in v, and terms that grow quadratically
in v, but vanish when X5 = 0. The function ®3 is defined as

1
Cr

|5(0)] |vru|
1- K(e)yb/p

NS
C*

T

otied] [62()] — =0, @5() (7100

Ps() £ c

Observing the definition of ®3(-) one can easily conclude the existence of three
continuous positive functions Fy o(X1, X2, Urd, Urd, Vr, VN, A) which are bounded
since the vector [ X7, upq, trq, Vr, Va, A]T is bounded, and where

FQ(XlaXQ = 07“7‘d7a'f'd) VTa VNa A) - 07
such that:
D3() < Fo()vf + Fu(-)vp + Fo() (7.102)

Consequently, when we substitute (7.100) in (7.89) obtain:

. . 1 |k ()| v? 1 9
Vs = U < X T —_—T 4 : r D3 (-
s = oy < X0 || g | T 4 a4+ 00)
+ azrqu, + X (Urq) 0,7 + ag v, 7 + ayﬂvf + Y(urd)vf
1 Urd 2Av, ag) 9
L _ 99 X (upqY (urg)v?  (7.103
o (55~ 5 o) Yora nast 0200
1 Xmaxk
<|= _‘rmax’imax + 4 X hax (b D — Ymin:| ’U?
’C}k [15(9)%/1) 1920)

+ X (ura)| [ ®3()] + aziirgv, + X (wra)v,F + a7 + ayiiv?

To have boundedness of v, for small values of X, we have to satisfy the following
inequality:

Xmax//"fmax
CmaxAmax 4 X lda ()] = Yinin < 0 7.104
P o A 20 (.104)

such that the quadratic term in (7.103) is negative. Using (7.50) we need to choose
A, such that:

[Ymin - Xmaxnmaxé:l
4 X max

lp2(-)] < > 0, (7.105)

since |¢2(")] < %, we can take A > [ WNmax _ such that (7.104) holds.

Yomin — Xmaxmax < |
Consequently, near the manifold X, = 0 it holds that (7.103) is negative definite
for sufficiently large v,. If V3 is negative for sufficiently large v, this implies that
V3 decreases for sufficiently large v,.. Since V3 = 1/202, a decrease in V3 implies a
decrease in v? and by extension in v,. Consequently, v, cannot increase above a
certain value and v, is bounded near Xy = 0.
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Chapter 8

Observer Based Path Following for
Underactuated Marine Vessels in the

Presence of Ocean Currents:
A Global Approach

This chapter presents another approach to investigate the problem of following a
curved path in the presence of a constant ocean current disturbance. In this chap-
ter the path is parametrised in a different way such that the parametrisation is
globally valid. This is done by releasing the requirement in place in Chapter 7 that
the vehicle had to be on the normal. This leaves extra freedom to derive the update
law of the parametrisation and means that the singularity in the parametrisation
in Chapter 7 can be avoided. This is an approach first suggested in Lapierre et al.
[87]. Note that this strategy has the disadvantage that the path-following error is
no longer defined as the shortest distance to the path, which is the case when the
vehicle is on the normal as in the local parametrisation. Note that even though
in this case we track a point on the path rather then simply reduce the shortest
distance to the path this still qualifies as a path-following approach. More specifi-
cally, there are no pre-defined time constraints as to where the vehicle needs to be
and it is therefore not a trajectory tracking problem. Moreover, as will be shown
the parametrisation that is applied propagates based on the velocity and motion
of the vehicle and not vice-versa as it would in a manoeuvring problem.

When the path is parametrised according to the global parametrisation we can
solve the path-following problem using a combination of an ocean current observer
and a controller based on a line-of-sight-like guidance. The guidance for this case
is said to be line-of-sight-like since it adopts a time-varying look-ahead distance
depending on the path-following error. It is shown that this dependency on the
path-following errors is necessary to show boundedness of the sway velocity. The
closed-loop system of the vessel with the observer and controller is investigated by
first showing boundedness of the sway velocity and then showing global asymptotic
stability of the path-following errors.

The outline of the chapter is as follows. In the Section 8.1 the vessel model from
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8. Observer Based Path Following: A Global Approach

Section 2.2 is recalled. The path-following problem and the chosen path parametri-
sation are introduced in Section 8.2. Section 8.3 presents the ocean current observer
that is used together with the guidance law and controllers. The closed-loop sys-
tem is then formulated and analysed in Section 8.4. A simulation case study is
presented in Section 8.5 and conclusions are given in Section 8.6. The material in
this chapter is based on Belleter et al. [22].

8.1 Vessel Model

In this section we consider the model for a surface vessel given in Chapter 2. This
model can be used to describe an autonomous surface vessel or an autonomous
underwater vehicle moving in a plane. Recall, that the model can be represented
in component form as

& = u, cos(y) — vy sin(y)) + Vg, (8.1a)
¥ = u, sin(¢p) + v, cos(¥) + V, (8.1b)
Y=r, (8.1c)
Uy = Foy, (U, 7) = Sy, 4 7, (8.1d)
Op = X (ur)r + Y (ur)vy, (8.1e)
7 = F.(ur, v, 1) + 74, (8.1f)

The functions X (u,), Y (u,), Fy, and F, are given by

1
Fy, (vr,7) £ min(mmvr + magr)r, (8.2a)
A M35 — Mi1M33 d33mog — dazmas
X(u,) 2 T2 TS, 0, (8.2b)
M22M33 — Mg Mo2MM33 — Mag
— ; d —d
Y(u,) 2 (a2 mu)";zs Uy — 221133 3272237 (8.2¢)
M221M33 — Msg T22M33 — My

a Mmagdas — Maa(ds2 + (Mag — ma1)uy)

2 T
™TMo2M33 — Mag

8.2d
4 ma3z(daz + mi1uy) — mas(dss + mazuy.) - (8.2d)

2
Ma21M33 — Mag

Note that the functions X (u,) and Y (u,.) are linear functions of the velocity. The
kinematic variables are illustrated in Figure 8.1. As specified in Chapter 2, the
ocean current satisfies the following assumption.

Assumption 8.1. The ocean current is assumed to be constant and irrotational
with respect to the inertial frame, i.e. V. 2 [V, Vi, 0]7. Furthermore, it is bounded

by Vinax > 0 such that |V.|| = ,/V2 + Vy2 < Vinax-

Moreover, for the considered range of values of the desired surge velocity w,q
the following assumption holds.
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8.2. Problem definition

Assumption 8.2. It is assumed that Y (u,) satisfies
Y(ur) S _Ymin < 07 V’U,T S [_Vmaxvurd]a
i.e. Y(u,) is negative for the range of desired velocities considered.

Remark 8.1. Assumptions 8.2 is satisfied for commercial vessels by design, since
the converse would imply an undamped or nominally unstable vessel in sway.

Additionally we assume that the following assumption holds

Assumption 8.3. It is assumed that 2V .x < wu.q(t) V¢, i.e. the desired relative
velocity of the vessel is larger than the maximum value of the ocean current.

Assumption 8.3 assures that the vessel has enough propulsion power to over-
come the ocean current affecting it. The factor two in Assumption 8.3 adds some
extra conservativeness to bound the solutions of the ocean current observer, this is
discussed further in Section 8.3.

}x

Figure 8.1: Definition of the ship’s kinematic variables.

8.2 Problem definition

The goal is to follow a smooth path P, parametrised by a path variable 6, by appro-
priately controlling the ship’s surge velocity and yaw rate. For an underactuated
vessel path following can be achieved by positioning the vessel on the path with the
total velocity u; = /u2 +v2 (see Figure 8.1) tangential to the path. To express
the path-following errors we propagate a path-tangential frame along P. This is
illustrated in Figure 8.2. The path-following errors, py/,,, take the following form:

/] _ { cos(7,(9)) sinwp(e))] [w - wpwq (8.3)

Pyv/p = |: — sin(’yp(ﬁ)) COS(’}/p(Q)) y—yp(0)
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8. Observer Based Path Following: A Global Approach

where ~y(0) is the angle of the path with respect to the X-axis. The time derivative
of the angle ~(0) is given by 4(#) = x(0)0 where x(6) is the curvature of P at 6. The
path-following error is expressed in z,, and y,/, which are the relative positions
between the path frame and body frame expressed along the axes of the path frame.
Hence, xy,,, is the position of the vehicle along the path-frame tangential axis and
Yy, s is the position of the vehicle along the path-frame normal axis. The goal is to
regulate both wy,/, and ¥y, to zero.

AX A

(2p(0),yp(0))

Y

Vh<

Figure 8.2: Definition of the path.

The error dynamics of a vessel with respect to the path frame are given by:

Gp = —0(1 = K(0)yu/p) + e cos(x — 7,(0)) + Vr (8.4a)
Go/p = ursin(x — 7,(0)) + Vv — £(0)0y, (8.4b)

where y 2 1 + 8 is the course angle (see Figure 8.1) and Vz £ V, cos(v,(6)) +
Vy sin(v,(0)) and Vi £ V,, cos(v,(8)) — Vi sin(y,(0)) are the ocean current com-
ponent in the tangential direction and normal direction of the path-tangential
reference frame respectively.

To avoid the singularity in the parametrisation of Chapter 7 we no longer require
the vessel to remain on the normal. Therefore, as proposed in [86] we can use the
update law as an extra degree of freedom in the controller design. In particular,
the propagation speed of the frame is used to get the desired behaviour of the
dynamics. This is achieved by setting

0 = uycos(x — Vp(0)) + ko fo(b/p, Yoyp) + Vi (8.5)

where k, > 0 is a control gain for the convergence of x;,, and fo(2s/p, Ys/p) is a
function to be designed later satisfying fo(zy/p, yp/p)Ts/p > 0. Consequently, when
substituting (8.5) in (8.4a) we obtain

&y/p =~k fo(To/ps Yosp) + 0K(0) Y6/ (8.6)

158



8.3. Controllers, Observer, and Guidance

For the case where the current is unknown we need to replace Vp by its estimate
Vr, and the update law becomes

0 = uz cos(x — Y(0)) + kafo(xp/ps Yyp) + Ve (8.7)

Substituting this revised update law into (8.4) results in

j:b/p = _ka:fG(xb/p7/yb/p) + eﬁ(e)yb/p + VT
Gosp = s sin(x — vp(0)) + Vv — xp,k(6)0. (8.9)

Note that although the parametrisation (8.7) does not contain a singularity as it
did in Chapter 7 it also does not decouple (8.8) from (8.9) as it did in Chapter 7.
Consequently, since (8.8) depends on y /,, the x;,, no longer converge independently
from those of ¥, and both z;,, and y,/, will have to be regulated to zero using the
surge and yaw rate controllers. Moreover, note that although this parametrisation
has the advantage that the update law can be well defined on the entire state space
the path-following error is no longer defined as the shortest distance to the path
since the vessel is not on the normal.

8.3 Controllers, Observer, and Guidance

In this section we design the two control laws 7, and 7., and the ocean current esti-
mator that are used to achieve path-following. In the first subsection we present the
velocity control law 7,. The second subsection presents the ocean current observer.
The third subsection presents the guidance to be used.

8.3.1 Surge velocity control

The velocity control law is a feedback-linearising P-controller that is used to drive
the relative surge velocity to a desired u,4 and is given by

d
Tu = —Fu, (Up,7) + Urg + Lurd — Ky (ur — trq) (8.10)
mi1

where k, > 0 is a constant controller gain. It is straightforward to verify that
(8.10) ensures global exponential tracking of the desired velocity. In particular,
when (8.10) is substituted in (8.1d) we obtain

{lr - _ku(ur - urd) - _kuﬂr (811)

where i, £ u, — u,q. Consequently, the velocity error dynamics are described by
a stable linear systems, which assures exponential tracking of the desired velocity

Uprd-

8.3.2 Ocean current estimator

This subsection presents the ocean current estimator introduced in [2]. This ob-
server provides the estimate of the ocean current needed to implement (8.7) and
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8. Observer Based Path Following: A Global Approach

the guidance law developed in the next subsection. Rather then estimating the
time-varying current components in the path frame Vp and Vi the observer is
used to estimate the constant ocean current components in the inertial frame V,
and V,. The observer from [2] is based on the kinematic equations of the vehicle,
i.e. (8.1a) and (8.1b), and requires measurements of the vehicle’s « and y position
in the inertial frame. The observer is formulated as

& = u, cos(yp) — vy sin(yp) + Vy + ky, & (8.12a)
4§ = up sin(y) + v, cos(vp) + Vy, + ky, 7 (8.12b)
Vo = ky, @ (8.12¢)
V, = ky,§ (8.12d)

where 7 £ 2 — # and § = y — § are the positional errors and ky,, ky,, ky,, and k,,
are constant positive gains. Consequently, the estimation error dynamics are given
by

=V, —ky @ (8.13a)
§="Vy— k.3 (8.13b)
Ve = —ky, @ (8.13c)
V, = —ky,i (8.13d)
which can be written in vector form as
z ~ks, 0 1 0] [Z
Yyl | 0 -k, 0 1| |9
& ke 00 0|, (8.14)
v, 0 -k, 0 0] |V,

which is a linear system with negative eigenvalues. Hence, the observer error dy-
namics are globally exponentially stable at the origin. Note that this implies that
also VT and VN go to Vpr and Vi respectively with exponential convergence since
it holds that

Vi =V, cos(y(8)) + V,, sin(y(6)) (8.15a)
Vi = =V, sin(y(6)) + V,, cos(y(6)) (8.15b)

For implementation of the controllers it is desired that ||V (t)| < ura(t) Vt. To
achieve this we first choose the initial conditions of the estimator as

[Ci'(t()), g(to), Vr(t(])a Vy(tO)]T = [x(to)v y(t())a 07 O]T (816)

Consequently, the initial estimation error is given by
[#(t0), 5(to), Va(to), Vy (t0)]" = 10,0,V V" (8.17)
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8.3. Controllers, Observer, and Guidance

which has a norm smaller than or equal to Vj,.x according to Assumption 8.1. Now
consider the function

W(t) =2+ 7> + v} (8.18)

L
ky, k
which has the following time derivative

. . . 2 ~ = 2 ~ =
W(t) =223 + 25y + —VaVa + V1,
T2 Y2
=28 (Vyy — by @) + 20(Vy — ky,§) — 2V, 5 — 2Viie

= 2k, 7% — 2ky1y <0.

(8.19)

This implies that W (¢) < |[W (¢o)||- From our choice of initial conditions we know

that ) 1 )
Vig —V2i<

W (to)|| = - < — V2 8.20
H ( O)H kxz kyz: Y mln(kxzvkyz) ( )
Moreover, it is straightforward to verify
1 -
——[V.()|? S W(1). 8.21
iy VO < W (8:21)
Combining the observations given above we obtain
e AT (822
max (kg , ky,) " = min(ky,, ky,) ™ ’
Consequently, we obtain
~ kuy, k kzy, k
Vel < o 2xlabun)yy o [ ) e, (329)
min(kg,, ky,) min(kg,, ky,)
which implies that if the gains are chosen as k., = k,, we have
IVl < 2Vimax < ura(t), V. (8.24)

Hence, |Vy|| < wrg(t), VEif 2Vinax < ura(t), Vi.

Remark 8.2. The bound 2V .x < u,q, Vt, is only required when deriving the
bound on the solutions of the observer. In particular, it is required to guarantee
that ||VNH < upq(t), Vt. For the rest of the analysis it suffices that Viax < wpq, V.
Therefore, if the more conservative bound 2V,.x < u,q, Vt, is not satisfied the
observer can be changed to an observer that allows explicit bounds on the estimate
Vi, e.g. the observer developed Narendra and Annaswamy [103], rather than an
observer that only provides a bound on the error V, as is the case here. For practical
purposes the estimate can also be saturated such that ||V || < w4, Vt, which is the
approach taken in Moe et al. [100]. However, in the theoretical analysis of the yaw
controller we use derivatives of VN which will be discontinuous when saturation is
applied.
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8.3.3 Guidance for global parametrisation

When using the global parametrisation we can define one guidance law that can
be used everywhere. As in Chapter 7 and Moe et al. [100] we choose a guidance
law of the form:

Ya = 7(0) — atan (UT) — atan (W) (8.25)

Urd (mb/pvyb/p)

The guidance law consists of three terms. The first term is a feedforward of the
angle of the path with respect to the inertial frame. The second part is the desired
side-slip angle, i.e. the angle between the surge velocity and the total speed when
Uy = Upq. This side-slip angle is used to make the vehicle’s total speed tangential
to the path when the sway velocity is non-zero. The third term is a line-of-sight
(LOS) term that is intended to steer the vessel to the path, where g is a term
dependent on the ocean current. The choice of g provides extra design freedom to
compensate for the component of the ocean current along the normal axis Vi.

Note that the guidance law (8.25) is very similar to the local guidance law
in Chapter 7. However, in (8.25) the look-ahead distance A is not constant as in
Chapter 7 but is a function of x;,, and y,,, to be specified later.

Remark 8.3. The guidance law (8.25) with the choice A(zy/p, yp/p) = (/1% + xg/p

was utilised in Moe et al. [100]. However, as will be shown this leads to a desired
yaw rate that goes to infinity as y;,, goes to infinity. Consequently, no finite value
of the constant x can be found that stabilises the system globally, i.e. for any y; /..

When we substitute (8.25) in (8.9) we obtain

Up/p = Utd SiD (wd + 94 By — %(9)) + VN — a:b/pm(é')é + U, sin(y) — v,(0))
(8.26a)

wa(Yo/p + 9) . -
S o +/1;)2 TAZ o (0) + Viv + G1(1, s g, s Yo ps rd)
p

(8.26Db)
where G1(+) is a perturbing term given by
G1(+) = ugq [1 - COS(QL)} sin (arctan (W)) + U, sin(y) — v,(0))
n (8.27)
+ Utq COS (arctan (W)) sin(v))
Note that G1(+) satisfies
Gl(oaovngdayb/pautd) - 0 (8283)
HGl(QZEa U, wd, Yv/p> Utd)” < C(utd) || [1/;7 ﬂr}T”’ C(utd) >0 (828b)

where ((utq) > 0, which shows that G1(-) is zero when the perturbing variables are
zero and that it has maximal linear growth in the perturbing variables.
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8.3. Controllers, Observer, and Guidance

To compensate for the ocean current component Vy the variable g is now chosen
to satisfy the equality
g A~
Utd = VN. (829)
\/A2 + (yb/p + 9)2
which is a choice inspired by [100]. In order for g to satisfy the equality above, it
should be the solution of the following second order equality

2
g ¥ g
(u2, - V32) < ) = A%+ 43, 20 VN <> (8.30)
— VN ——— —— \ VN
—a c b
hence we choose g to be
R b A /b2 —
g = VN% (8.31)
which has the same sign as Vi and is well defined for (u?; — VZ) = —a > 0.

Substituting this in (8.26) gives

Yv/p

— 24 3p(0) + Vv + G1(, Y, Yo s ra)  (8.32)
(yb/p+g)2+A2 /p"Ip /pr Ut

yb/p = —Utd

Recall that the error in tangential direction is given by :
Ty = — 0+ ém(ﬁ)yb/p + Vu2 +v2cos(yp + 5 — v, (0)) + Vi (8.33)

where () is the curvature of the path at the point (z,(6),y,(6)). We now choose
0 to be:

0 = /u2 +v2 cos(ih + B — 7,(0)) + k‘(s& + Vp (8.34)

1/1—1—:65/17

such that we obtain:

. xb/p o ~
iy = — ks ——L2 4 0k (0) s + V. (8.35)
/P /71 n ff%,/p /p

where ks > 0. In this way we introduce a stabilising term to the tangential er-
ror dynamics by appropriately controlling the propagation of our path-tangential
frame.

The derivative of (8.25) is given by

. i Upllpd — UpdVy Aoy +9)
a = r(0) oz AT (g +9)° (8.36)
AT 4 (yb/p t9)2 3$b/p ay b/p
with \/7
b VP ac 99, 99,
p— b '
g —a + a a+ o’ " acc (550
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where
~ L b+ Vb2 —
% < PV (8.38a)
da 2av/b? — ac a
N b b2 —
99 _ bt Vb7 —ac (8.38b)
b avb? — ac
3g - 1
a = 2VNV — 2urqlivg — 20, [ X (up)r + Y (u)vy) (8.38d)
b= VNyb/p + VNyb/p (8.38¢)
0A 0A
b =2 Iy + 240 — .38f
c Yv/pYb/p + (xb/pa yb/p) 8wb/px 8:1] yb/p (8 38 )

The expression for ¢d contains terms depending on ¢/, and ,, which depend

on Vy and Vi respectively. Consequently, 1Ld depends on unknown variables and

cannot be used to control the yaw rate. This was not considered in [100] where the
proposed controller contained both 1/1d and 1/1d

Moreover, from (8.25) we see that d}d contains v,, which depends on r = w

Therefore, the yaw rate error zZ =S w — ﬁ}d grows with w which leads to a necessary

condition for a well defined yaw rate error. The yaw rate error dynamics are given

by
X (u)u, A
o N 29 (20, X (u,))
uZy +vi o A2 4 (yb/p+g) da
Y(ur)'vrurd — UpqVy
uZ, + v

2 b4+ b2 — ac
Vv —a 8b (ZVNyb/p>

12:7’ 1+

—k(0)6 +

A
+ 2
A2+ (yo/p +9)

dg
+ 87 (2VNVN 2UpgUprg — 2UTY(UT)UT)

dg dg
+ {1 + S22+ 5 (2VN>}
39 0A 0A
—2A { )
ac [axb/pxb/P+ Byb/pyp/f”
3 Yp/p + 9 [8Aj: N 8Ay, }
A2 + (yb/p + 9)2 axb/p b/p 6yb/p b/p

which shows we have the following necessary condition for the existence of our
controller:

Condition 8.1. If it holds that

(8.39)

trd 2v, A 89] X(u,) > 0. (8.40)

Cré1+ -
u? +v2 A2 4 (yb/p+9)2 da
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then the yaw rate controller is well defined for all time.

Remark 8.4. The condition above can be verified for any positive velocity, for
the vehicles considered in this thesis. Note that for most vessels this condition is
verifiable since standard ship design practices will result in similar properties of
the function X (u,). Besides having a lower bound greater then zero C, is also
upper-bounded since the term between brackets can be verified to be bounded in
its arguments.

Since 1% depends on the unknown signal Vi we cannot take z/}d = rq. To define
an expression for r4 without requiring the knowledge of Vi we use (8.40) to define

1 T N
re=— & k(0) | uecos(yp + B —,(0)) + k(;# + Vr
r 1+ xi/
\ P
Y (up)vptirg — Urqy A ‘A/ b+ Vb2 —ac
N
u?, + v? A2 + (o + 9)2 —a

+ 5 (2VNyb/p) + g— (2VNVN — Qi — 20,Y (u T)’UT)

9g 89 } —Utd¥Yb/p .
+ |1+ 72% 2 VN + Gl() — Ty KZ(Q)G
[ de /v * VAT Wosp + 92 &
0 OA T .
+ Yo kgLl 4y (0)0

86 8xb/p /1 + I%/p

9A Yo/p ]
—U + G1(r) — xp,k(0)0
Yy /p ( “VATE (g + 9 1) = aprll)

Yoyp + 9 0A Ty/p
—ks

S AZ4 (Yop +9)* | Oy 14 xi/p

0A <_utd Yv/p +G1(-)—mb/pﬁ(9)9> ]

+ /yb/pfi(@)é

8yb/p A? + (yb/p + 9)2

(8.41)
with,
Vi = — Vasin(v,(0)) + V,, cos(v,,(6))
ke ) (8.42)

———Vr | Vr
Ml—l—wi/p

Notice that (8.41) is equivalent to (8.36), but without the terms depending on the
unknowns V,, and V), that cannot be used in the input functions. If we substitute

— #(0) | urcos(y + B —1p(0)) +
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(8.41) in (8.39) and use 7 = 7 — ry we obtain
< - A dg

. it

A2+ (wptg) L O

P = C,7 4+
2A?2 ) + OA r &)
Y g ~
+< 2579_ N 2) Vi, Vi |
A%+ (ypp +9)° 0 + (Yo/p + 9)

o “ -
[1 + =2ypp + £2VN:| Vn

Note that we have used the notation

0A 1~ ~ 7T OA - 0A -~
= . .44
[VT, VN:| al'b/p Vr + 8yb/p VN (8 )

8pb/p

From (8.43) it can be seen that choosing r4 as in (8.41) results in yaw angle error
dynamics that have a term dependent on the yaw rate error 7 and a perturbing
term that vanishes when the estimation errors VT and VN go to zero. To add
acceleration feedforward to the yaw rate controller, the derivative of r4 should be
calculated. Using the expression of r4 in (8.41) with (8.12), (8.13) and (8.15) it can
be seen that r4 has the following dependencies

ra =ra(h” Yo jps Tosps 0, 2,5), b2 [0, vp, U, Upa, Ura, Ve, Vi) E (8.45)

where h is a vector that contains all the variable whose time derivative do not de-
pend on Vy and V. However, the other dependencies of r4 do introduce new terms
depending on VN and VT when the acceleration feedforward is calculated. Conse-
quently, we define our yaw rate controller instead with an acceleration feedforward
that contains only the known terms from 74

arq - Jry Tp/p 5
- = — F(u,, vy, h —k 0)0
T (Up, v, 1) + T + Doy 5\/HT + Yo ph(0)
b/p
orqg . Orq, . Orq, . - 7 (8.46)
+ 20 C, 7 5 koT % kyy — k17 — ko Crtp
org Yv/p )
+ —u + G1(-) —zy/,k(0)0 | -
o /p ( /AT (Yo/p +9)° 10) = 2uypn(6)

where k1 > 0 and k2 > 0 are constant controller gains.
Using the controller (8.46) in (8.1f) the yaw rate error dynamics become

i . - Orq o Org o Ora-  Ora:
7 ==k —kCrtp— Vv — Ve + 2y 4 Ty
! ? w ayb/p N &’Cb/p T o0x ay Yy
org A [ dg dg -~ } ~
" 9 L4+ =2y + 2 2VN | VN
P | A2+ (yoyp +9)° ac =P g (8.47)
+ 247 99 Yyptg aA [VT VN}T
A2 + (yb/p + g)2 dc AZ + (yb/p + 9)2 8Pb/p

which contains two stabilising terms —kq7 and —koC,), and perturbing terms
depending on Vr and Vi that cannot be cancelled by the controller.
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Remark 8.5. It is straightforward to verify that all the terms in (8.36) are smooth
fractionals that are bounded with respect to (yy/p, Zp/p, T, 7, ’tZJ) or are periodic
functions with linear arguments and consequently the partial derivatives in (8.46)
and (8.47) are all bounded. This is something that is used when showing closed-loop
stability in the next section.

8.4 Closed-Loop Analysis

In this section we analyse the closed-loop system of the model (8.1) with controllers
(8.10) and (8.46) and observer (8.12), when the frame propagates along the path
P with update law (8.7). To show that path following is achieved we have to show
that the following error dynamics converge to zero

Yo/p

Uy /p = — s +G1(-) — wypr(0)0 + Vi (8.48a)
/P VA gy + 9 "
. Lb/p IR,
Tp/p = — ks ——=te—= + x(0)0 + V- 8.48b
b/p 5 m Yo ph(0) T ( )
B ~ A 13 0
=C,. 7+ 5 {1 + 6792:%/;7 aZQVN] Vn
A%+ (yb/p+g) ¢ (8.48¢)
A8¢
2A2 dg Yo/p + 9 OA 1o T
n 99 _ Vr, VN
<A2 + (g +9)° 0 A2+ +9)? ) Opyyy 774
B - ~ Brd ~ 8rd ~ ard ~ 3Td ~
= —kir—k ) — — A=~ Yz ~
r 1 209 M)p Vi Oxyp Vr + or Ve + 0y Yy
ory A dg dg
- =< 1+ 2yb/ QVN} Vn 8.48d
O | A2+ (yy+9)° L 0T 0D (S50
2A2 Og Yo/p + 9 oA 1o -~ T
n 99 _ Vr, VN
<A2 + (yosp+9)° 0¢ A (Worp +9)° ) oy | |
’LLL _ kuﬂ (8.486)

To show that the error variables in (8.48) converge to zero, we formulate the
following total closed-loop system that also contains all variables that converge to
zero independently of the variables in (8.48)

Yov/p ) .
] | T AT e P00 )
: { —k 0)0
X, = $b~/iﬂ _ 6m+yb/p ()
Qf Cr o
' —k1T = k2 Crp (8.49a)
Vn
+ vr
5 Ga (A yb/paxb/pag7 VN7VT7‘2N7VT) 5
— 0 Gy () — I Vy — 22V 4 22V, + Za
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z kg, @ — V,

2 ilj k?hg Vy

Xo=|Vo| = —ky, @ (8.49D)
G| hwd
a uth

—k
U = X(qu—FU)T'd(I'L yb/pvxb/pawax y) +X(u7d+u)T+Y(u7d+u) (849(:)

dg
1+ —=2
* Oc Yo/p T

g
8bQVN] Vy

A+ (g tg) [

; (8.50)
A2+ (o +9)° 0 D2+ oy +9)?

Note that Gg(A,yb/p,xb/p,%VN,VT,VN,VT) satisfies

G2 (A, Yy ps T /ps 95 Viv, Vr, 0,0) = 0 (8.51)
1G2(A, Yo/ Tosps 95 Vv, Vo, Vi, V)| < G(A) [V, Vv, (8.52)

where (5(A) > 0, which shows that G3(-) is zero when the perturbing variables,
i.e. Vr and Vy, are zero and that it has at most linear growth in the perturbing
variables. Note that by an appropriate choice of A we will assure that (3(A) > 0
is a constant independent of x;,, and ;.

The first step in the stability analysis of (8.49) is to assure that the closed-
loop system is forward complete and that the sway velocity v, remains bounded.
Therefore, under the assumption that Condition 8.1 is satisfied, i.e. C,. > 0, we
take the following three steps:

1. First, we prove that the trajectories of the closed-loop system are forward

complete.

2. Then, we derive a necessary condition such that v, is locally bounded with
respect to (X1, Xs).

3. Finally, we establish that for a sufficiently big value of A, v,. is locally bounded
only with respect to Xo, ie. independently of X;.

Furthermore we design the time-varying look-ahead distance as

A(@/ps Yo/p) :m, (8.53)

where 1 > 0 is a constant. The choice of (8.53) depending on z;,, and y,/, is
necessary to find a bounded value of u to assure local boundedness of v, with
respect to X, independently of X;.

The above three steps are taken by formulating and proving three lemmas. For
the sake of brevity in the main body of this chapter, the proofs of the following
lemmas are replaced by a sketch of each proof in the main body. The full proofs
can be found in the Appendices 8.A-8.C.
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Remark 8.6. In the proof of Lemma 8.2 it is shown that by choosing (8.53) the
skew symmetric terms —xb/pli(e)é and yb/pm(ﬁ)é do not affect the boundedness of
the sway velocity. Choosing A to be a constant, independent of x;,/, and y,/,, as
we did in the local case considered in Chapter 7, is impossible since we no longer
use 0 to cancel all terms in the x;,, dynamics and we can no longer view z;/, as a
perturbation to the y,,; dynamics. The choice of A proposed in Moe et al. [100],

ie. A(xyyp) = (/u+ mg/p is also impossible since the terms that cancel due to

skew-symmetry in the case presented here will not vanish. The terms that remain
have no upper bound independent of ;,, and g, and therefore a lower bound on
u necessary for boundedness of v, independent on ;,/, and yj/, cannot be found.

Lemma 8.1 (Forward completeness). The trajectories of the closed-loop system
(8.49) are forward complete.

The proof of this lemma is given in Appendix 8.A. The general idea is as
follows. Forward completeness for (8.49b) is evident since this part of the closed-
loop system consists of GES error dynamics. Using the forward completeness and

in fact boundedness of (8.49b) we can show forward completeness of (8.49c), v,
and 7. Hence, forward completeness of (8.49) depends on forward completeness of
Tp/p and /p- To show forward completeness of &; /p and ¢ /p> We consider the x /p
and y;/, dynamics with X, 1/~J, 7, and v, as input which allows us to claim forward
completeness of i/, and ¢/, according to Theorem A.6. Consequently, all the
states of the closed-loop system are forward complete and hence the closed-loop
system (8.49) is forward complete

Lemma 8.2 (Boundedness near (X1,X3) = 0). The system (8.49¢) is bounded
near (X1, X2) = 0 if and only if the curvature of P satisfies the following condition:

Ymin

—— 8.54
2Xmax ( )

A
Kmax = TAX |k(0)] <

The proof of this lemma is given in Appendix 8.B. A sketch of the proof is
as follows. The sway velocity dynamics (8.49¢) are analysed using a quadratic
Lyapunov function V' = 1/2v2. It can be shown that the derivative of this Lyapunov
function satisfies the conditions for boundedness when the solutions are on or close
to the manifold where (X, X3) = 0. Consequently, (8.49c) satisfies the conditions
of boundedness near (X1, X5) = 0 as long as (8.54) is satisfied.

In Lemma 8.2 we show boundedness of v, for small values of (Xl, Xg) to derive
the bound on the curvature. However, locality with respect to Xi, i.e. the path-
following errors and yaw angle and yaw rate errors, is not desirable and in the next
lemma boundedness independent of )~(1 is shown under an extra condition on the
constant p from the definition (8.53) of the look-ahead distance A.

Lemma 8.3 (Boundedness near Xy = 0). The system (8.49c) is bounded near
X5 =0, independent of X1, if we choose
8 X max

o> .
Ymin - 2Xmax/€max

(8.55)
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The proof of this lemma is given in Appendix 8.C. The general idea is given
as follows. The proof follows along the same lines of that of Lemma 8.2 but solu-
tions are considered close to the manifold X, = 0 rather than (X, Xy) = 0. It is
shown that boundedness can still be shown if (8.55) is satisfied additionally to the
conditions of Lemma 8.2.

Theorem 8.4. Consider a 0-parametrised path denoted by P(0) £ (z,(6),y,(0)).
Then under Condition 8.1 and the conditions of Lemma 8.1-8.3, the system (8.1)
with control laws (8.10) and (8.46) and observer (8.12) follows the path P, while
maintaining v, 7. and T, bounded. In particular, the origin of the system (8.49a)-
(8.49b) is GAS and LES.

Proof. From the fact that the origin of (8.49b) is GES, the fact that the closed-
loop system (8.49) is forward complete according to Lemma 8.1, and the fact that
solutions of (8.49¢) are locally bounded near X5 = 0 according to Lemma 8.3, we
can conclude that there is a finite time T' > ¢ after which solutions of (8.49b) will
be sufficiently close to Xg = 0 to guarantee boundedness of v,..

Having established that v, is bounded we first analyse the cascade

o[ oF ] Gal) - | (856
Pl Lhaf = kO] T | =58 Ga() — [V, W] + g Ve (8:360)
%- -_k:vli' - :w

Y —ky, T =V,

Vol = | —ku? (8.56b)
bl | ke

ﬁ_ | —kuu

The perturbing system (8.56b) is GES as shown in Section 8.3. The interconnection
term, i.e. the second matrix in (8.56a), satisfies the linear growth criteria from
Theorem A.3. More specifically, it does not grow with the ¢ and 7 since all the
partial derivatives of r4 and Ga(-) can respectively be bounded by constants and
linear functions of V,, and V,. The nominal dynamics, i.e. the first matrix in (8.56a),
can be analysed with the followmg quadratic Lyapunov function

1. 1. -
Vieay = 37 + 5kad” (8.57)
whose derivative along the solutions of the nominal system is given by
Vir.gy = —H1i? — kaCo + kpCrith = — ki < 0 (8.58)

which implies that 7 and ¢ are bounded. The derivative of (8.58) is given by
Vigy = —2k17 — 2k1 ko Cr)F (8.59)

which is bounded since 7 and ¢ are bounded. This implies that (8.58) is a uniformly
continuous function. Consequently, by applying Barbalat’s lemma (see Lemma A.7)
we have that

lim V. - = hm k72 =0 = lim 7 =0. (8.60)

t—o0 ( d’) t—00
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8.5. Case Study

Since C, is persistently exciting, which follows from the fact that C, is upper
bounded and lower bounded by a constant larger then zero, it follows from the
expression of the nominal dynamics that
lim 7 =0 = lim ¢ = 0. (8.61)
t—o0 t—o0
This implies that the system is globally asymptotically stable according to Defi-
nition A.3 and since the nominal dynamics are linear it follows that the nominal
dynamics are globally exponentially stable. Consequently, from the above it follows
that the cascade (8.56) is GES using Theorem A.3 and Proposition A.1.
We now consider the following dynamics

. —Upg el — 0)0 -
[yb/p]z e N +{VN+~G1(-)] (8.62)

i‘b/p —ks To/p + yb/pﬁ(e)é Vo

Note that we can view the systems (8.56) and (8.62) as a cascaded system where
the nominal dynamics are formed by the first matrix of (8.62), the interconnection
term is given by second matrix of (8.62), and the perturbing dynamics are given
by (8.56). As we have just shown the perturbing dynamics are GES. Using (8.28)
it is straightforward to verify that the interconnection term satisfies the conditions
of Theorem A.3. We now consider the following Lyapunov function for the nominal
system

1, 1,
Viwn pownsn) = 9%/p + 9Y%/p (8.63)

whose derivative along the solutions of the nominal system is given by

) yz?/ x?)/
View, ) = —Utd P — ks P _ <o, (8.64)
(zy/p:Yb/p) \/AQ T (yb/p T9)? \/1 n mi/p

which implies that the nominal system is GAS. Moreover, since it is straightforward
to verify that V(wb/p,yb/p) < ANy pvn)p) for some constant a dependent on initial
conditions, it follows from the comparison lemma (Lemma A.5) that the nominal
dynamics are also LES. Consequently, the cascaded system satisfies the conditions
of Theorem A.3 and Lemma A.4, and therefore the cascaded system is GAS and
LES. This implies that the origin of the error dynamics, i.e. (X1, X3) = (0,0), is
globally asymptotically stable and locally exponentially stable. O

8.5 Case Study

This section presents a case study for the theoretical results presented in this chap-
ter. We will apply the path-following approach to the case of following a circular
path. The ocean current components are given by V, = —1 [m/s] and V;, = 1.2 [m/s]
and consequently Viyax &~ 1.562 [m/s]. The desired relative surge velocity is cho-
sen to be constant and set to u,q = 5 [m/s] such that Assumption 8.3 is verified.
The simulation uses the ship model parameters from Fredriksen and Pettersen [63]
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which are given in Section C.1 of the thesis. Using these parameters and expres-
sions (8.2c) and (8.2d) it is straightforward to verify that the curvature bound
from Lemma 8.2 is given by Amax < (Ymin)/(2Xmax) = 0.0667. The observer is
initialised as suggested in Subsection 8.3.2 and the observer gains are selected as
kz, = ky, =1 and k;, = ky, = 0.1. The controller gains are selected as k,, = 0.1
for the surge velocity controller and k; = 1000 and ke = 400 for the yaw rate
controller.

In this case study the vessel is required to follow a circle with a radius of 400 [m].
Consequently, the curvature of the path is given by x, = 1/400 = 0.0025. This
implies we satisfy our constraint on the curvature £, < (Yimin)/(2Xmax) =~ 0.0667.
The required value for p can be calculated as suggested in Lemma 8.3 to obtain
p > 62.3468 [m], which can be satisfied by taking ;1 = 70 [m]. The initial conditions
are taken as

[u,(to), vr(to), 7(to), x(to), y(to), ¥ (te)]" = [0,0,0,700,10,7/2]". (8.65)

The resulting trajectory of the ship can be seen in Figure 8.3. The dashed blue
line is the trajectory of the vessel and the red cicle is the reference. The yellow
ships represent the orientation of the ship at certain times. From Figure 8.3 it can
clearly be seen that the orientation of the ship is not tangent to the circle, which
is indeed what is needed to compensate for the ocean current.

400

300

200

100

ER
=

—100
—200
-300
—400

—400  —200 0 200 400 600
z [m]

Figure 8.3: Path of the vessel in the x — y-plane. The dashed blue line is the
trajectory of the path and the red line is the reference. The yellow ships denote
the orientation of the vessel at certain times.

The path-following errors in tangential direction, x;,,, and in normal direction,
Yp/p can be seen in the top plot of Figure 8.4 from which it can clearly be seen
that the path-following error converge to zero after a transient period. A detail of
the last portion of the simulation is given to illustrate the errors converge to zero.
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The estimates for the ocean current components obtained from the ocean current
observer are given in the second plot from the top in Figure 8.4. From this plot
it can clearly be seen that the estimates converge to the desired values without
overshoot, which illustrates the conservativeness of the bound 2Viax < urq(t), Vi,
derived in the analysis of the observer-error dynamics in Subsection 8.3.2. The
yaw rate r and sway velocity v, are plotted together in the third plot of Figure
8.4. These plots show that due to the curvature of the path the yaw rate and
sway velocity do not converge to zero but follow a periodic motion induced by the
motion along the circle. The periodic signals are not symmetric due to the ocean
current affecting the ship’s motion, i.e. on part of the circle the ship moves against
the current and on part of the circle it moves with the current. The relative surge
velocity is plotted in the fourth plot from the top of Figure 8.4. This plot clearly
shows the exponential convergence of the velocity as it moves to the desired value
of u,q = 5 [m/s]. Especially interesting is the coupling of the relative surge velocity
with the value of C, from Condition 8.1, which is plotted in the bottom plot of
Figure 8.4. From this plot it can clearly be seen that C,. is bounded away from zero
throughout the motion.

To compared the result and case study in Chapter 7 to the approach presented
here it is most interesting to study the transient when the vehicle converges to the
path. In particular, since when the vehicle is on the path the guidance laws become
equivalent. If we compare the transients in Figure 7.3 and Figure 8.3 it is evident
that the vessel takes a much wider approach to the circle in the global case then
in the local case from Chapter 7. This is caused by the fact that the look-ahead
distance A in the local case is always smaller then the look-ahead distance in the
global case. Even when the p of the global case is equal to the A of the local
case, the look-ahead distance in the global case will be increased by the values
of the errors during transient. Consequently, the global case will lead to slower
convergence. In fact the faster convergence is confirmed by the plots of x;/, and
Yp/p in Figure 7.4 and Figure 8.4.

8.6 Conclusion

In this chapter curved-path following for underactuated marine vessels in the pres-
ence of constant ocean currents has been considered. In this approach the path
is parametrised by a path variable with a globally defined update law. The vessel
is steered using a line-of-sight like guidance law where the lookahead-distance de-
pends on the path-following errors. To compensate for the unknown ocean currents
the guidance law is aided by an ocean current observer. The closed-loop system
with the controllers and observer was analysed. This was done by first showing
boundedness of the underactuated sway velocity dynamics under certain condi-
tions. It was then shown that if these conditions are satisfied and the sway velocity
is bounded the path-following errors are globally asymptotically stable and locally
exponentially stable.
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Figure 8.4: Path following errros plotted agains time (top), current estimates

against time (second), sway velocity and yaw rate against time (third), surge ve-
locity against time (fourth), and size of C, over time (bottom).
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8.A Proof of Lemma 8.1

Consider the following part of the global closed-loop system:

ol _[ o
i kT = kG
Ga(A, Yy ps Ty/pr 9, Vv, Ve, Viv, Vir)

_Org ) _ _Org _ _Org org org 1/
004Gy (+) — GV — 52V + Z4V, + ZaT,

N (8.66a)

<

R(Psyv)ps003,&,5)

7'}7‘ :X(u'r'd + ﬂ)rd(h’ yb/p7 63?7 &7 i‘7 g) + X(U’Td + ﬂ)f + Y(Urd =+ ﬂ)UT (866b)

where
A dg 0g .~ -
A2t gy +9)t L 97T 0 (8.67)
2A? dg Yo/p T 9 OA 1~ ~ 1T ’
+ Y9 VoV
<A2 + (yb/p + 9)2 dc A% + (yb/p + 9)2 apb/p |: T N:|

|7 we know that

From the boundedness of the vector [XT, k(6), wyq, tira, Vi, Vi
H [)~(2T, K(0), Urd, Urd, VT, VN]TH < Bo, and from (8.41) we can conclude the existence

of positive functions a,,(+), b, (), ar(-), and bgr(-) which are all continuous in their
arguments and are such that such the following inequalities hold:

|Td(')| é aTd(M?BO) "Ur‘ + brd (/i, BO) (868)

and,

IR < ar(p; Bo) |vr| + br(p, Bo) (8.69)

Then we choose the following Lyapunov function candidate:

1 -
V@7 o) = 5 (k2¢2 o uf) (8.70)
whose time derivative along the solutions of (8.66) is

Vi(:) = koCritp — ki — kaChip + 1 7]R(") s.71)
+ Y (tpg + )02 + X (tpg + @) 70 + X (pg + @) ra(-)o, ’

Using Young’s inequality we note that

Vi(-) < kyi? 4+ 2 + 72 + R2(:) + Y (upq + @)0?
+ X (urg + Bo)| (F +v7) + |X (ura + Bo)| (r3(-) +v7) (8.72)
Savl—i_ﬁa 0420, BZO
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Note that since the differential inequality (8.72) is scaler we can invoke the com-
parison lemma Khalil [82, Lemma 3.4] given as Lemma A.5 in Appendix A. From
Lemma A.5 we know that the solutions of differential inequality (8.72) are bounded
by the solutions of the linear system:

&= o+ B (8.73)

which has solutions
aity - N0l 8 ooy 8

8.74
o . (8.74)
Hence, from Lemma A.5 we have that
Vit
Vi) < Mea(t—to) _B (8.75)

(67 (67

which shows the solutions of V;(-) are defined up to tmax = oo and consequently
from (8.70) it follows that the solutions of ¢, 7, and v, must be defined up to
tmax = 00. Hence, the solutions of (8.66) satisfy Definition A.7 and we can conclude
forward completeness of trajectories of (8.66).

The forward completeness of trajectories of the global closed-loop system now
depends on forward completeness of of ¢, and @y, from (8.49a). We can conclude
forward completeness of ¢/, and i/, by considering the Lyapunov function

1 1

The time derivative of (8.76) is given by

Va = @y/pitn/p + Yo ol
2 2
I ks - -
< —u [p - L2+ (G1() + Vi) + Vo (8.77)

td
VA + 0P 142,

< (G1+ V)b + Vg

where using the bound on G(+) from (8.28) and Young’s inequality we obtain

. 1 . - -
Va < Vot 5 (Cluna) 10,772 + V3 + V) (8.78)
S ‘/2 +0—2(U7’7/&7F7 VN;‘?T) (879)

with o9(-) € K. Consequently, if we view the arguments of o5(-) as input to the
7/, and yp/, dynamics, then (8.78) satisfies Theorem A.6 and hence &y, and g/,
are forward complete. Note that the arguments of o5(+) are all forward complete
and therefore fit the definition of an input signal given in Definition A.7. We have
now shown forward completeness of (8.49a) and (8.49¢) and since (8.49b) is GES
is is trivially forward complete. We can therefore claim forward completeness of
the entire closed-loop system (8.49) and the proof of Lemma 8.1 is complete.
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8.B Proof of Lemma 8.2
Recall the sway velocity dynamics (8.49c¢):
Op = X(U+ tpg)(ra +7) + Y (Urg + @)vr, Y(urg) <0

Consider the following Lyapunov function candidate:

1
V3(v,) = 5@,’% (8.80)

The derivative of (8.80) along the solutions of (8.49c) is given by

Vs = vpbp = 0, X (Upa + @)rg + X (trg + 0)0,F + Y (g + @07 (8.81)
< X (rg)rqy + apiirgvy + X (Upa)0rF + agiiv,F + ayiv? + Y (upg)v>

where we used the fact that:

Y (ur) = ayu, + by (8.82)
X(up) = agu, + by (8.83)

The term ryv,. is given by

To/p
ravy = — = | K(0) | upcos(¢ + B = 1(0)) + ks ———==+Vr
Vit
bt VT —ac
—a

Y (up)vptirg — Urqy A
tra + A2+ (yoyp +9)°

+

N

(QVNVN — Uy glpg — 2vTY(uT)vT>

dg 99 v —UtdYv/p ;
14 =22 ) N = 6)0
" { T g VN] ( A%+ (ypyp +9)° G0 = aypn(©)

g OA Th/p
—ks

ZIoA | /= P
Oc | Qwyyp NEE

0A " Yo/p
.. | W™
6yb/p \/A2+(yb/p+g)

Yoyp+ 9 O0A i Th/p
s

_AQ"‘(yb/p"‘g)2 Ozp)p - 1/1—1—562/17

OA Yo/p . ]
— | —u + G1(-) — xp/,5(0)0
Y/ ( BT oy + 9 1) = a7e(0) )]

+ + yb/p/i(e)é

=+ Gi() - xb/pm(0)9> ]

+ yb/pli(e)é

(8.84)
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We now introduce a term F(X'l, Xg, AV, Vi, upg, v,.) to collect all the terms that
grow linearly with v, and the terms that grow quadratically with v, but vanish
when X; and X, are zero. Consequently we rewrite (8.84) to obtain

v. Al‘b
rave == g |14 | (6) (e cos(¥ + 5 — 7 (6)))
r A2+ (yysp +9)
1 < Urd 2Av, 8g> ()02 (8.85)
Cr \uZg+v: A%+ (ypyp +9)* Oa e
+F(X1;X27A7VT7VT7UT'd)UT‘)
where
Uy Lb/p ” Uy q Uy
F()=— 2 |k(0) | ks—2— -
R L e R
p
A 2 b4+ —
2 s [N 5 (o)
A+ (o + 9) a

oty vy,
1+ xi/p

dg dg —Utd¥Yv/p :
+ [gezmn + 5 (20)] ( BT H G 17 T A T (0

8g 9IoN 0A k5.%‘b/p 0A ( UtdYv/p

"~ dc Oy \/@ Yy /p \/AQ + (yb/p +9)?

0g [~ * .
2% (VNVN — urdurd) - xb/p/{(Q)

+G1(')>

n Yp/p + 9 0N ksxy)p
A2+ (o +9)° | O 1402

0A Utd¥Yy/p
+ +G1(")
v /p <\/A2 + (Yoyp + 9)?

|

Note here that using our definition of A in (8.53) all the terms in rqv, with par-
tial derivatives of A multiplied by 6 are cancelled due to skew-symmetry. It is
straightforward to verify that the function F'(-) satisfies the following inequality:

(8.86)

|F()| < Fo(X1, Xo, A, Vi, Viv, tpa)v2 4+ Fi (X1, Xo, A, Vi, Viv, ) [or] - (8.87)
where F} o(-) are positive functions continuous in their arguments with:

F2(07OaAaVT7VNau7‘d) =0. (888)
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Consequently, using (8.85) the term r4v, can be bounded as a function of v, as
follows

- Az
rave < VTR [ 2 |n<e>|| - e N+ IR
r A%+ (yo/p + 9)
1 Upq 2Av,. dg 9
I _ ) Y (u,
C, <UEd+vf A2 + (ypp + 9)? 3@) ()
2 A
< |2 o) |] - ol +|F()] (8.89)
C, 2 2
v A%+ (yosp +9)
U Axy
+ | 1RO url || -1+ ———— ‘
v A2+ (yosp +9)
1 Urd 2Av, dg o
S _ =) Y (u,
C, <u3d+v3 A2 + (yp/p + 9)? 3a) (e

Remark 8.7. The necessity for the choice of A as in (8.53) becomes evident from
(8.85). The choice of A constant would make all partial derivatives of A equal to
zero. However, from v, /Cxy,,(0)0 we obtain a term of the form

AZI’b/p

v? )
(A% + (g5 +9)2)%/2

alﬁ?

(6 (8.90)

which grows quadratically in v, with a gain that cannot be bounded independent
of 2,4 if A is independent of ;. Therefore, boundedness of v, cannot be shown

independently of x;,;. With the choice of A =, /u? —|—x§/p as proposed in Moe

et al. [100], the partial derivatives with respect to y;/, would be zero. The term in
(8.90) would now be upper-bounded by one. However, a new term would then be
introduced from the partial derivative of A

v2 0A 9 Ayy/p(Yyp + 9)

— K 8.91
Cyr 0xy )y, (A2 + (yy 5 + 9)2)3/? (8.91)

where it should be noted that this term can grow unbounded in y;,, near the
manifold where g = —(y;/, + 1). Hence, the growth of this quadratic term in v,
cannot, be upper-bounded independent of y/,,.

To avoid the issues describe in Remark 8.7, we choose A as defined in (8.53).
Using the definition of A(wy,,,y/,) given in (8.53) it is straightforward to verify
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that
2 Az
i < [ k@ || -1+ 2 |+ 1)
" A%+ (yoyp + 9)
Uy Axy
| IO | | -1+ ’
" A%+ (yoyp + 9)
1 ( Urd 2Av, 89) ()02 (8.92)
Cr \u2, +v2 A2 + (yp/p + 9)* Oa ror
< 2| O] + 2Ll | | 18O +FC)
1 U 2Av, dg 9
- — — 1Y -
C. <UEd+vﬁ A2+ (yyp +9)° 5@) ()

When substituting (8.92) in (8.81) we obtain

. 1
Vo = vyin < = [21X ()| [K(O)] + Y (upa) |02 + ayiiv? + a,iiv, 7

c

(8.93)
X (ura) (F(-) 2 u]

Uy

C;

) + azurqu, + X (Urq) v,

Consequently, on the manifold where (X, X3) = 0 we have
1
C’*

I8

VB S <2Xrnax ‘K(9)| + Ymin)”? + X(urd)Fl (07 07 Av VTa VN» urd)|vr| (894)

where C: (Ura Ib/pa Yv/p> Aa VNa urd) = Cr(vh Tp/ps yb/pv Aa VN = VN» Upr = urd)~
Boundedness of (8.94) is guaranteed as long as

2Xmax [£(0)] + Ymin <0 (8.95)

Hence, satisfaction of (8.54) renders the quadratic term in (8.94) negative and since
the quadratic term is dominant for sufficiently large v,., (8.94) is negative definite
for sufficiently large v,. If V5 is negative for sufficiently large v, this implies that
V3 decreases for sufficiently large v,.. Since V3 = 1/2v2, a decrease in V3 implies a
decrease in v? and by extension in v,.. Therefore, v, cannot increase above a certain
value and v, is bounded near the manifold where (X7, X;) = 0.

Remark 8.8. Note that C)(vr,ys/5, A, VN, urq) can be found independently of
Yp/p and xy,, since the terms in C,. are bounded with respect to these variables.

Consequently, close to the manifold where (5(1, Xg) = 0 the sufficient and nec-
essary condition for local boundedness of (8.49c¢) is the following:

2Xmax [£(0)] + Ymin <0 (8.96)

which is satisfied if and only if the condition in Lemma 8.2 is satisfied. This com-
pletes the proof of Lemma, 8.2.
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8.C Proof of Lemma 8.3
Recall the sway velocity dynamics (8.49c¢):
Op = X(U+ tpg)(ra +7) + Y (Urg + @)vr, Y(urg) <0

Consider the following Lyapunov function candidate:

1
Va(vy) = 51}72 (8.97)

The derivative of (8.97) along the solutions of (8.49c) is given by

Vs = vpbp = 0, X (Upa + @)rg + X (trg + 0)0,F + Y (g + @07 (8.98)
< X (Urg)ravr + aplirqvy + X (trq)vrF + ag v, + ay@vy + Y (urg)vy '

where we used the fact that:

Y (ur) = ayu, + by (8.99)
X(up) = agu, + by (8.100)

The term r4v,. is given by:

x
rqvy = — — [k(0) | uicos(y + B —,(0)) + k(;# + Vr
J1 4+ xg/p
Y (ur ) vptlyg — Uprquy A V b+ Vb2 —ac
u?, + v? A2 + (yyp + 9)° —a

dg
Oa

+

N

+ % (2‘>Nyb/p) + (QVN‘L/N = 2Upglrd — QUTY(UT)UT>

dg [ ] —UtdYv/p :
1+ 11+ Zoy,,, + 2oy, T Gy() — xp,k(0)0
{ ac N A2+ (ypyp + 9)? 10) = 27p0)

g OA Th/p
—ks

ZIoA | /= P

oc ox / 2
b/p 1+ Ty

0A Yo/p

Duro —Utd 5

Yo/p VAZ+ (yyp +9)

Yoyp+ 9 O0A i Th/p
s

_AQ"‘(yb/p"‘g)2 Ozp)p - 1/1—1—562/17

OA Yo/p . ]
— | —u + G1(-) — xp/,5(0)0
Y/ ( BT oy + 9 1) = a7e(0) )]

+ + yb/p/i(e)é

=+ Gi() - xb/pm(0)9> ]

+ yb/pli(e)é

(8.101)
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We can now collect the terms that have less than quadratic growth in v, and/or
vanish when X, = 0.

rave == a-r(68) (VuZ + v cos( + B~ 7,(6)) )

A
N Ur Tb/p . (H<9)\/WCOS(¢ +8 - 'VP))
Cr A2 + (yy)p + 9)

Ur A Yo/p
- —Utd + Gl()
CT A? + (yb/p + 9)2 ( \/A2 + (yb/p + 9)2

Or Yo/p +9 oA (—u Yo/p + G1(')>

(8.102)

Co D+ Wosp + 92 sy \  /DZF Wy + 9)°

_ i < Urd . 2AUT 89) Y(U )U2
Cr \u2,+v2 A2+ (yy,+9)? Oa i

+ G(X17X27 Aa VT7 VNaurd7vr)

Tv/p ' kso/p

72_’_‘/7, _72
\V 1+ To/p \/ 1+ Lo/p

Upg Uy Yv/p +g 0A

a uzd—i_vg A2+ (yb/p+g)2 amb/p

A b+ VB —ac g /s
i ac+£ (2VNyb/p)
A%+ (yo/p +9) —a

dg A ks aA < UtaYs/p
_ 999 + +Gi(+)
dc Oop J1+a3, Wi \ VA% + Wosp +9)°

dg g ~ —UtdYb/p ;
+2|Yy,, + Yy, Y G - 6)6
[acyb/p b N} <\/A2+(yb/p+g)2 1(+) = 2o pr(0)

K(Q) k5

ag kémb/p + V

+ 2= VN{/N_urdurd —Tp )"i(a) e T
aa( ) /F m

(8.103)

where G(-) is the function introduced to collect the terms that have less than
quadratic growth in v, and/or vanish when X, = 0. Note here that using our
definition of A in (8.53) all the terms in 74v, with partial derivatives of A multiplied
by 6 are cancelled due to skew-symmetry. We can now find the following bound on
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(8.101)
21 .2 Azy/p
rqUr < |- 9)| \/m 5 1
A%+ (yyyp + 9)
v 1
I I 2 2 5
+ e[ 5] (svaEo + )
Ur Yo/p + 9
a3 | (4Vu +vZ + +|G(-
ol |ar s b g | (W R+ fal) + 160
1 Urd 2Awv, 89 9
_ 4 _ 99\ v (.
Cr <u72«d+'Ug A2 + (yb/p +g)2 8a> (U )UT
2 Axb/ 8
<‘T I~(6)] g =1+ | IGO0
¢ A2+ (yosp + 9) A
Axb/p (S 2 -
+ | kO] fur 5 =1+ ||| | @lur| + |a]) (8:104)
c A2+ (s +9) Crlla
1 Urd 2Awv, dg 9
— Y ”
G <u2d+v£ A%+ (ypp +9)? 8(1) (ur)vy
2 Az 8
<| 2| [Ix0)] el S e
" A2+ (o + 9)
1 Urd 2Av, dg )
_ = _ 99\ v
C, (deJrv% A? 4 (yp)p + 9)* 8a> (ur)vy
<[ Tarmn + 5] + 00
“1CH | A
1 Urd 240, g )
_ = _ 99\ v (.
Cyr (ufd+v% A2 + (yp)p + 9)* 8a> (ur)vy
where,
() 2|G()| +2 Cr £ (0)] [ur| + 2 C (4 |ur| + [t ]) (8.105)

The function ®(-) is introduced to collect the remaining terms that have less than
quadratic growth in v, and/or vanish when X, = 0. Note also the terms in G(-)
with partial derivatives of g that appear to have quadratic growth. Although the
overall terms appear to have quadratic growth, the partial derivatives of g actually
decrease for increasing v, giving the entire term less than quadratic growth. From
the definitions of ®(-) and G(-) one can easily conclude the existence of three
continuous positive functions FO’Q(Xl,XQ,qu,’[I,Tm Vr, Vn,A) which are bounded
under the boundedness of the vector [XQT, Urd, Urd, Vr, Vv, A]T, with

FQ(leXQ = Ovu’r‘da urd; V:EE7 Vye,A) = 0,
such that:
D(-) < Fo(-)of + Fi()v, + Fo(-). (8.106)

183



8. Observer Based Path Following: A Global Approach

When we substitute the bound on r4v, from (8.104) in (8.98) we obtain:

) ) 2 8 -
Vs = 0.0, <|X (ura)] (‘g {2 |k(0)] + A] + <I>()> + azrq,
+ X (tpa)vrT + aztv, 7 + ayfwf + Y(urd)vf

1 Upd 2Av, 89) 2
S - 99 v (u, )02 8.107
c (u%d+v% A% (g ¥ 9)20a) ¥ 7 (8.107)

<| 2| [1X )l [2160)] + = | = 1V (ura)l| o2
| [t o+ %

+ apurgvy + X (urg) (0p7 + ®(+)) + aztv,7 + ayfw?

Consequently, on the manifold where X5 = 0 we obtain

o1
Vi <|—
<[

8
|:Xmax |:2’€max + A:| - Knin:| U,%

+ X(qu)(Fl (Xla 07 Uprd, arda VT7 VNa A) ‘UT‘
+ Fo(X1, 0, upa, ra, Vi, Vv, A))

(8.108)

To have boundedness of v,. for small values of X5 we have to satisfy the following
inequality:

8
Xmax |:2"€max + A:| - Ymin <0 (8109)

such that the quadratic term in (8.108) is negative. Using (8.53) we need to choose
1, such that:

8Xmax
Ymin - 2"imax)(max

w> (8.110)
which is the condition given in Lemma 8.3. Note that the denominator of u is
nonzero and positive as long of the conditions of Lemma 8.2 are satisfied. Con-
sequently, near the manifold X, = 0 it holds that (8.108) is negative definite for
sufficiently large v,. Consequently, near the manifold X, = 0 it holds that (8.107)
is negative definite for sufficiently large v,.. If V3 is negative for sufficiently large v,
this implies that V3 decreases for sufficiently large v,.. Since V3 = 1/2v2, a decrease
in V3 implies a decrease in v? and by extension in v,. Consequently, v, cannot
increase above a certain value and v, is bounded near Xy = 0 if 1 is chosen such
that (8.55) holds, which completes the proof of Lemma 8.3.
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Chapter 9

Path Following of Unparametrized
Paths for Underactuated Marine
Vessels

This chapter presents a control methodology for underactuated marine vessels with
two control inputs (thrust and torque) and three degrees-of-freedom (position and
rotation). This chapter has its own modelling section. This choice is made since
there are no ocean currents considered in this work and therefore the model is
slightly different with respect to the models presented in Chapter 2. The control
specification is path following: make the ship approach a path and follow it with
nonzero speed without requiring any time parametrization. While in the trajectory
tracking problem one would seek to make the ship follow a moving reference point,
in path following one wants to stabilize a suitable controlled-invariant subset of the
state space (see [104]), and no exogenous signal drives the control loop.

The papers listed in Subsection 1.1.3 consider path following of straight-line
paths or path-following/trajectory-tracking of curved paths that are parametrized
by time or a path variable. To the best of our knowledge, in the context of marine
vessels, the problem of finding a smooth, static, and time-invariant feedback solving
the path-following problem for general paths, remains open. In this work, we make
an initial step towards its solution. Our approach leverages the hierarchical control
methodology presented in El-Hawwary and Maggiore [55], a methodology which has
been used in Roza and Maggiore [123] to derive almost global position controllers
for underactuated flying vehicles. The idea is to first design a path following control
law for a kinematic point-mass. Then from this feedback extract a desired heading
angle, and view it as a reference for a torque controller. Carrying out these two
separate design steps corresponds to the simultaneous stabilization of two nested
subsets of the state space, and the a reduction theorem from El-Hawwary and
Maggiore [55] is used to show overall stability. In particular, we show that if the
curvature of the path is not too large in relation to a constant that depends on the
ship’s parameters, then the sideways velocity is uniformly bounded.

The challenge in solving the path-following problem for marine vessels is that,
due to the presence of sideways motion, in order to stay on a curved path the ship
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9. Path Following of Unparametrized Paths for Underactuated Marine Vessels

cannot head tangent to it, and its angle of attack relative to the path’s tangent
depends on the sway speed.

9.1 Preliminaries and notation

In this chapter we adopt the following notation. We denote by S' the set of real
numbers modulo 27, with the differentiable manifold structure making it diffeo-
morphic to the unit circle. If 1) € S', Ry, is the rotation matrix

_ |cos(y) —sin(z)
Ry = sin(¢))  cos(v)

If f(x,y) is a differentiable function of two scalar variables, we denote by 0, f, 0, f
the partial derivatives with respect to z and y, respectively. Similarly, we define
(’)gy f = 0,0, f, and similarly for the other second-order partial derivatives. If f :
R" — R™ is a differentiable vector function and p € R, dfy, is the m x n Jacobian
matrix of f at p. If T is a closed subset of a metric space (M,d) and x € M, then
we denote by ||z|as the point-to-set distance of x to M, ||| x = infyen d(z —y).
The following stability definitions are taken from El-Hawwary and Maggiore
[55]. Let ¥ : x = f(x) be a smooth dynamical system with state space a Riemannian
manifold X with associated metric d. Let ¢(¢, xo) denote the local phase flow
generated by X, and let Bs(x) denote the ball of radius 0 centred at = € M.
Consider a closed set I' C X which is positively invariant for ¥, i.e., for all
xo €T, ¢(t,x0) € T for all ¢ > 0 for which ¢(¢, xo) is defined. Then we have the
following stability definitions taken from El-Hawwary and Maggiore [55].

Definition 9.1. The set I' is stable for X if for any € > 0, there exists a neigh-
borhood NV (T') C X such that, for all xo € N(T), ¢(t,x0) € Be(T), for all t > 0
for which ¢(t, xo) is defined. The set T" is attractive for X if there exists a neigh-
borhood N (T') C X such that for all xo € N(T), limy— oo ||#(¢, X0)||Ir = 0. The
domain of attraction of I" is the set {xo € X : lim; o [|4(¢, X0)|[r = 0}. The set
I' is globally attractive for ¥ if it is attractive with domain of attraction X. The
set T is locally asymptotically stable (LAS) for X if it is stable and attractive. The
set I" is globally asymptotically stable for ¥ if it is stable and globally attractive.
If 'y C 'y are two closed positively invariant sets, then I'y is asymptotically stable
relative to 'y if Ty is asymptotically stable for the restriction of 3 to I's. System
Y is locally uniformly bounded (LUB) near T if for each x € T' there exist positive
scalars A and m such that ¢(R,, Bxr(z)) C B (). A

The following result is key in the development of this work.

Theorem 9.1 (El-Hawwary and Maggiore [55]). LetT'y, T'2, 'y C 'y C X, be two
closed sets that are positively invariant for ¥ and suppose that I'y is not compact.

If
(1) T1 is asymptotically stable relative to Ts,
(i) T is asymptotically stable, and

(i) ¥ is LUB near Ty,

then 'y is asymptotically stable for 3.
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9.2. The Problem

9.2 The Problem

Consider the 3-degrees-of-freedom vessel depicted in Figure 9.1, which may describe
an ASV or an AUV moving in the horizontal plane. We denote by p € R? the
position of the vessel on the plane and 1 € S! its heading (or yaw) angle. The yaw
rate 1/) is denoted by .

Py

\

Y

Figure 9.1: Illustration of the ship’s kinematic variables.

We attach at the point p of the vessel a body frame aligned with the main axes
of the vessel, as depicted in the figure, with the standard convention that the z-axis
points into the plane (towards the sea bottom). We represent the velocity vector
p in body frame coordinates as (u,v), where u, the longitudinal component of the
velocity vector, is called the surge speed, while v, the lateral component, is called
the sway speed. Finally, the control inputs of the vessel are the surge trust T,, and
the rudder angle T,.. In terms of these variables, the model derived in Fossen [60]

1S
. [R, 0O
=[5 1)

Mv +C(v)v+ Dv =Bf

(9.1)

with n 2 [p,9]T, v & [u,v,7]T, and f £ [T,,T,]". The matrices M, D, and B
are given by
mii 0 0
MEZ| 0 myp mas|,
0 mo3 mgs3

di1 0 0 b11 0
D=2 |0 dyp doz|,B2|0 b
0 d32 ds3 0 b3

with M = M > 0 the symmetric positive definite inertia matrix including added
mass, D > 0 is the hydrodynamic damping matrix, and B is the actuator config-

187



9. Path Following of Unparametrized Paths for Underactuated Marine Vessels

uration matrix. The matrix C(v) is the matrix of Coriolis and centripetal forces
and can be obtained from M (see [60]). We place the origin of the body frame at a
point on the center-line of the vessel with distance e from the centre of mass. Follow-
ing Fredriksen and Pettersen [64], assuming that the vessel is starboard symmetric,
there exists € such that the resulting dynamics have mass and damping matrices
satisfying this relation: M~ 'Bf = [r,,0,7.]". Thus, with this choice of origin
of the body frame, the sway dynamics become decoupled from the rudder control
input, making it easier to analyze the stability properties of the sway dynamics.
Using this convention, the model of the marine vessel (9.1) can be represented as

-]
- [ "
b=r

7= Fp.(u,v,7) + 7.

The functions X (u) and Y (u) are linear. Their expressions are given in Appendix
9.A together with those of F,, and F,.. Denoting by x := (p,u, v, ¥, ) the state of
the vessel, the state space is X :==R? x R x R x S! x R.

Assumption 9.1. We assume that Y (u) < 0 for all u € [0, Upax]-

This is a realistic assumption, since Y (@) > 0 would imply that the sway dy-
namics are undamped or unstable when the yaw rate r is zero.

Assumption 9.2. The ocean current is zero.

This assumption is made to simplify the exposition of the ideas. The results of
this work can be adapted to handle unknown constant current.

Consider a planar Jordan! curve vy expressed in implicit form as v = {p : h(p) =
0}, where h is a C! function whose gradient never vanishes on v. We assume that
h :R? — R is a proper function, i.e., all its sublevel sets {p : h(p) < ¢}, c € R, are
compact. Since 7y is assumed to be compact, there is no loss of generality in this
assumption.

Path-Following Problem (PFP). Design a smooth time-invariant feedback such
that, for suitable initial conditions, the position vector p(t) — {p : h(p) = 0},
and the speed ||p(t)]| satisfies 0 < |[p(¢)]] < sup, ||p(¢)|| < oo. In other words, we
want to make the position of the ship converge to the path, travel along it without
stopping, while guaranteeing that its speed is bounded.

Geometric objects. Associated with the implicit representation h(p) = 0 of v
there are three geometric objects: the unit tangent and normal vectors, and the
signed curvature. The unit normal vector at p is

N(p) = dh, /||dhy|.

LA curve is said to be Jordan if it is closed and has no self-intersections.
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The unit tangent vector at p is the counterclockwise rotation of N(p) by /2,
T(p) := Rr/2N(p).
Finally, the signed curvature x(p) is defined as

(8yh)2 82, h — 202,h 8.h Dyh + 02, h (D,h)?

((0:h)? + (ayh)2>(3/2) (9.3)

K(p) = —

The quantities N(p), T(p), k(p) are defined not just on ~, but at all points p such
that dhy, # [0 0]. If po & -y, then N(po), T(po), (po) are the normal vector, tangent
vector, and curvature at po of the curve {p: h(p) = po}.

9.3 Hierarchical Control Approach

The idea of the proposed solution is hierarchical in nature.
1. We regulate the surge speed u to a desired constant u > 0.

2. We consider the kinematic point-mass system
=,
and we solve the PFP with the constraint that [|u|| = (a? + v?)(/2). The

result of this design is a function u(p,v).

3. Having found p(p,v), we find the desired heading angle 1¢4(p, v) such that
u
Ry, [U:| =M.

This equation has a solution because, by construction, ||u|| = (a? + v2)(1/2).
Intuitively, when v = 14 and u = u, the marine vessel behaves like a kine-
matic point-mass subject to a path-following control law.

4. Having found ¢4(p,v), we define the output function e = 1) — )4 and we show
that, under certain conditions on @ (possibly any 4 > 0), the system with
input 7, and output e has relative degree 2. We thus define a controller 7,.(x)
that stabilizes the set where e = ¢é = 0.

5. We show that, if the curvature of the path is not too large, then the sway
speed v remains bounded. We use Theorem 9.1 to prove that the hierarchical
approach described above does indeed solve the PFP if the curvature of the
path is not too large.

9.4 Control Design

In this section we carry out the design steps 1-4 outlined above. The stability
analysis of step 5 is carried out in the next section.
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9. Path Following of Unparametrized Paths for Underactuated Marine Vessels

Step 1: regulation of surge speed. This step is trivial, we choose the feedback
linearizing control law

d
Tu = —Fu(v,r) + - K,(u—a), K, > 0. (9.4)
mi

Step 2: solution of the PFP for a kinematic point-mass. Consider the kinematic
point-mass system

where the velocity vector u € R? is the control input. We are to design p such
that ||u|| = (@ + v*)(/?) and the set {h(p)} is asymptotically stable. To this end,
consider the output z = h(p). The derivative is

5 = dhyp = |[dhy | N ()T p. (9.6)

Define
p,v) = =0 (h(p) | N (p) + w(p, 0)T(p). (9.7)

This control input is composed of two terms. The first term is orthogonal to all
level sets of h (in particular, to ) and is responsible for making z — 0, as we shall
see in a moment. The second term is tangent to the level sets of h and it will be
designed to guarantee that ||u| = (a% + v?)(1/2). The function o : R — (—a,a),
a € (0,1), is a saturation function, chosen to be smooth, monotonically increasing,
zero in zero, and such that lim|.|_, |0(2)| = a. The positive scalar a is a design
parameter.

Since {T'(p), N(p)} is an orthonormal frame, substitution of (9.7) into (9.6)
gives

5 = —|ldhylio(2).

Since, by assumption, ||dh,|| # 0 on v, by continuity of h we have that ||dh,|| # 0
in a neighborhood of 5. Therefore, for any @ > 0, the set {p : h(p) = 0} is
asymptotically stable.

Next we design w(p,v) such that ||u(p,v)|| = (@? + v?)(*/2). Referring to the
identity (9.7), since {T'(p), N(p)} form an orthonormal frame, we have

ull? = w0 (h(p)) + w?(p,v).

Setting
w(p,v) = (@(1 = > (h(p))) +v2) V7, (9.8)

we have ||u(p,v)|| = (@? 4+ v?)(1/?) as required. Note that the above expression of
w(p,v) is well-defined and smooth because, by construction, |o] < a < 1.
In conclusion, we have the following result.

Lemma 9.2. The feedback p(p,v) defined in (9.7) and (9.8) makes the set {p €
R? : h(p) = 0} asymptotically stable for the kinematic point-mass system (9.5).
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9.4. Control Design

Step 3: definition of ¥4. We need to find a smooth function v4(p,v) such that

u
Rwd |:’U

] = u(p,v).

The vector on the left-hand side of the identity above has norm (7% + v?)(*/?) and,
by construction, so does the vector on the right-hand side. Thus 4 is just the
phase of the vector pu,

Ya(p,v) := atan2(uz(p,v), p (p, v)), (9.9)
where atan2 is the four-quadrant arctangent function such that

atan2(sin(f), cos(d)) = fmod2x.

Step 4: regulation of ¥ to 4. We define the output function e = 1) — 14. Then

e=g(p,u,v)r + f(p,u,v,v), (9.10)

where
g(p7 U, U) =1- (@W(P»U))X(U)?

u
f(p7u7v7’(/)) = _(8pwd(p7 ’U))Rw |:’U:| - vT/)dY(U)U-
Taking one more time derivative along (9.2) we get

&= g(p,u,v)(Fr(v,7) + 1) + g0 + f(x)-

Lemma 9.3. The following identity holds:

u o (h(p))v
g = — |1 ZPVU 11
Dota u? + v? [ + w(p,v) (911)
where w(p,v) is given in (9.8). Suppose that
ul X (w)|
R 12
20 >0 (9.12)

for allv € R. Then, the parameter a € (0, 1] in the saturation o can be chosen small
enough that system (9.2) with input 7. and output e = 1 — ¥q(p,v) has relative
degree 2 at any point x = (p,u,v,,r) such that u = u.

Remark 9.1. Condition (9.12) is met for all @, for the ship parameters listed in
the appendix and used in our simulations.

Proof. Recall that, by definition, 14 satisfies the following identity
U
Rwd |:’U:| =H,
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from which we deduce that
cos(¢pg)| 1 a w
sin(¢d) T2 +v2 |—v  u f-
Now using the identity

Oy cos(z/Jd)]
Oy sin(vg) |’

Byha = [ —sin(ipa) cos(va)] {

and the expressions for cos(1y), sin(¢4) found above, after some manipulation one
gets

8vwd = u ! |: 0 !

_ T

Zro  @ret -1 0 ] Dot

Substituting in the above the expression for u given in (9.7), after some algebra
one obtains identity (9.11).

Now we turn to the relative degree property. System (9.2) with input 7. and
output e has relative degree 2 when u = @ if 1 — 9,%q(p,v)X (@) > 0, or

X(a)a

1
Y

[1+”} > 0.

Using the fact that |o(-)| < a <1 and |v/w(p,v)| < 1, we have the inequality

X(u)u o(h v X(@)|(1+a)u
o o],

If condition (9.12) holds, there exists a € (0, 1], such that the lower bound above is
greater than zero, implying that the system (9.2) with output e has relative degree
2. O O

Assuming that (9.12) holds, we define the smooth feedback linearizing control
law

m (=700 = gtor

— Kpsin(y = va(p,v) — Kalr = $a(x))),

where dot on a function denotes the time derivative of the function along the vector
field (9.2) with 7, as in (9.4). With the feedback above, we obtain

T = —F.(v,r) +
(9.13)

é+ K, sin(e) + K4é = 0.

This is the equation of a pendulum with friction. Thus the equilibrium (e, é¢) = (0,0)
is almost globally asymptotically stable. This implies that the set {x € X : ¢p =
Ya(p,v),r = ¢d(X>} is stable. Moreover, this set is also asymptotically stable if
the original system (9.2) with the chosen feedbacks 7, and 7, has no finite escape
times. The absence of finite escape times will be proved in the next section.
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Summary of feedback design. We have designed the following feedback control
law p
Tu = _Fu(va T) + iu - Ku(u - ﬁ)?
miy

7= —Fr (o) + s (= 00 g0 (9.14)

— Kpsin(y — va(p,v) — Kalr = $a(x))),

where u, K,,, K}, Kq > 0 are design parameters and

¢d(p, ’U) = atan2(lu2(p’ U)a ,Ul(p, U)),
w(p,v) = — {@U(h(p))]N(p)
+ (@ (1 o*(h(p)) + v*) " T(p).

Finally, o(2) is any smooth, monotonically increasing function such that ¢(0) = 0
and lim; |, |0(2)| = a, where a € (0, 1] is sufficiently small as in Lemma 9.3. For
instance, o(z) = atanh(Kz), K > 0, has the desired properties.

As we discussed, in the absence of finite escape times the feedback above asymp-
totically stabilizes the set T's := {x € X : u = @, ¥ = ¥q(p,v), rfv,/}d(p, u,v,r) = 0}.
In Theorem 9.5 below we show that it solves the PFP.

9.5 Stability Analysis

As we shall see in a moment, the control design procedure developed in the previous
section amounts to the simultaneous stabilization of the two nested closed sets
Ihcrs .

Ty = {x € X :u=a,% = valp,v),r = va(x)},

Fl = {X S FQ . h(p) = 0}

On I's, the ship behaves like a kinematic point-mass subject to a path-following
control law. On T'y, the ship is on the path with a desired surge speed @. Showing
that the feedback (9.14) solves the PFP amounts to showing that I'; is asymptoti-
cally stable. To prove this property, we will use Theorem 9.1.

To begin, we observe that, by design, I's is stable, and asymptotically stable if
solutions starting in a neighborhood of I's have no finite escape times. Assume for
a moment that this is the case. On I'y, we have

. U
p:Rwd |:’U:| .

By the construction in step 2,

and thus
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By Lemma 9.2, the set {h(p) = 0} is asymptotically stable for the above dynamics.
In the absence of finite escape times, this implies that I'; is asymptotically stable
relative to I's. Therefore, in order to prove asymptotic stability of 'y, we will prove
that the closed-loop system has no finite escape times near I's and, in addition,
property (iii) of Theorem 9.1 holds. This is done in the next lemma.

Lemma 9.4. Consider system (9.2) with the feedbacks defined in (9.14), and
suppose Assumptions 9.1 and 9.2 hold. Suppose further that the desired surge speed
U € [0, Unax| is such that 1+ uX (i)/(4? + v?) # 0. Then for any initial condition
in a neighborhood of T's, the solution is defined for all t > 0. Moreover, if the
curvature k of vy satisfies the bound

] < Y@
max () < [t

then the closed-loop system is LUB near I';.

Proof. We first show that the closed-loop system has no finite escape times near
I'5. Since I'y is stable, for any § > 0 there exists a positively invariant neighborhood
of Ty, N(I'3), such that all solutions originating in N (T'3) satisfy |u(t) — @] < 4,
[1h(t) —a(p(t), v(t))| < 6, |7(t) —ba(x(t))| < 6. From now on, consider an arbitrary
solution x(t) originating in M (I's). Since u — 4 is bounded, v has no finite escape
times. Since ¢ € S!, a compact set, the same holds for 1. Recalling that on I'; we
have p = u(p,v), we may write

. U U
p=up,v) + (Rw M — Ry, [UD
u—1u
= R,p,wdu(p,v) + Ry [ 0 ] .
Letting, as in the previous section, z = h(p), we have
. _ T T u—1u
¢ = <l (w0 INT Ry, - NTR, | ¥
— ity (a(z)cost — )~ N R [* 1)
Using the fact that zo(z) > 0, cos(v) — ¥gq) > cos(d), and |u — 4| < J, we deduce
the following inequality
zz2 < —||dhyl||2| (Wo (%) cos(d) — 0) . (9.15)

Pick 0 small enough that 6/(@cos(d)) < 1, then we see that 22 < 0 whenever
z > p(8) = 07(§/ucosd). This implies that all trajectories of the z-dynamics
are bounded and, moreover, the interval {z : |2| < p(d)} is positively invariant
for the z-dynamics. Recalling that z = h(p) and that h is proper, we deduce that
all trajectories of the p subsystem are bounded and hence have no finite escape
times. Moreover, the neighborhood of T'; defined as {x € N (T'2) : |h(p)| < p(d)},
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is positively invariant. Since p(-) is a class-K function, I'; is stable. In the rest of
the proof we denote

N (1) ={x €T2:[h(p)] < p()}-

By the construction above, for any § > 0 this set is a neighborhood of T'; and
trajectories originating in it satisfy the bounds

u— | < 6,4 = dalp,v)| < 6|7 = Pa()| < 6, [h(p)| < p(8)-

We now turn our attention to the wv-subsystem. For convenience, we denote
a(p,v) := Oythq, whose expression is given in Lemma 9.3. On A/ (T'2), € is bounded.
Using (9.10) and Lemma 9.3, we have

1

"= 1 —a(p,v)X(u)

u .
(a(p, V)Y (u)v + (0p9a) Ry [v} + e> ,
where ¢ is bounded. Since condition (9.12) is assumed to hold, the quantity 1 —
a(p,v)X (@) > 0. Therefore, for small enough § > 0, the quantity 1 —a(p,v) X (u) >
0 as well, implying that r above is well defined. Substituting the expression for r
in the v equation in (9.2) and rearranging terms, we get

b = m (Y(u)v + X (u) ((apz/)d)Rw m + e))

We argue that 0| < C; + Calv|, for suitable Cy,C2 > 0. Indeed, on N (T'2) the
coefficient in front of the parenthesis is upper bounded by a constant. The term
Y (u)v is linear in v and u is bounded. The term 0p14 is a continuous function
of (p,v). Since we have established that p(t) is bounded, 9,14 is bounded with
respect to p. Moreover, using the definition of 1, and p it is possible to show
that sup, [0ptha| < oo. Thus the term X (u)d,taRy[u v]T grows linearly with
v, proving the claim. Since |0| grows linearly with v, the v subsystem has no
finite escape times. Finally, concerning r(t), we have expressed it as function of
(p(t),u(t),v(t),¥(t), é(t)), signals that are defined for all ¢ > 0, and therefore r(t)
has no finite escape times. In conclusion, all solutions originating on N (I';) are
defined for all t > 0.

Now we prove that the closed-loop system is LUB near I';. Consider a generic
solution x(t) originating in N(I'1). Since |h(p(t))| < p(d), and since h is proper,
|lp(#)|| has a bound independent of the initial condition in A (T';). Consider now
the ¥ equation above, and in particular the term (9p14)Ry[u v]T. On Ty, this
term reduces to

O, 3] = Opa)utr.o).
We show in Appendix 9.B that

(Opva)uu(p,v) = —r(p)w(p,v) + Ar(p,v),

where £(p) is the curvature at p of the level set of h through p, w(p,v) is defined
in (9.8), and A4 (p,v) is a smooth function that vanishes on 7 and is bounded with
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respect to v. Since p(t) has a uniform bound over initial conditions in N ('), so
does A1(p(t),v(t)). Back to the v equation, using the identity

u

Ry M = Ry, m + (Ry—ya — 1) m + Ry [u o ﬂ} :

we have
1

1—-aX
X0 Ry, ~ 1) ] + B200),

where As () = X (v)(A1(p, v)+0ptpa(Ry[u—a 0]T)+¢) is uniformly bounded along
solutions originating in A/ (T'1). We now derive two bounds valid on the positively
invariant set A/(T'y). First, the boundedness of p yields

’[}:

(¥ (w0 = w(p, )X (wr(p)

|w(p,v)X (w)r(p)| < C1+ X (u)]]][v]

for some Cy > 0. Also, it is possible to show that ||0p14(p,v)| is bounded. Then,
since 1) — 94| < &, we have the second bound

| X (W) (Opva)(Ry—y, — Dl v]"| < X (u)[]v] + Co,

for some Cy > 0. Recall that, by Assumption 9.1, @ € [0, Vinax], so that Y () < 0
and for sufficiently small 4, Y (u) < 0 as well. Define the Lyapunov function V =
v?/2, then

V<= (V)] - X @)+ 6)0?
+((C+C)+ s Ax()fol

XEN(T1)

By assumption, |Y(a)| — | X (@)||x(p)] > 0 for all p € 7. Since & is a continuous
function and since, on N (I'y), |u—a| < § and |h(p)| < p(d), we have that for small
enough 4,

Y (u)] = [X(w)|(lx(p)| + 8) > 0.

Thus v(¢) is uniformly bounded. Since r is a continuous function of (p, u,v,, é),
r is uniformly bounded as well. This proves the LUB property near I';. O
Application of Theorem 9.1 gives the following result.

Theorem 9.5. Consider system (9.2) with the feedbacks defined in (9.14), sup-
pose that Assumptions 9.1 and 9.2 hold, and assume that the desired surge speed
@ € [0, Vinax] is chosen such that condition (9.12) holds. If the curvature k of
satisfies the bound

Y (a)|
1;1ea7><|f<a(p)l < X@)|’

then Ty and To are asymptotically stable, implying that feedback (9.14) solves the
PFP.
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Remark 9.2. It is interesting to note that in Moe et al. [100, Theorem 1], the
authors present a stability result for a path-following control law with a similar,
but more restrictive, curvature bound, max |k| < (1/3)|Y(@)/X (@)| compared to
that in Theorem 9.5.

9.6 Simulation Results

In this section two case studies are presented to verify the proposed path-following
strategy. For this purpose we consider a supply vessel described by the model (9.2)
with the function descriptions and model parameters given in Appendix 9.A. In the
first case study we consider the case of following of following a straight-line path.
Note that in the proof we assume the curves are Jordan, which the straight-line
is not since it is not closed. However, the straight-line is a common test case and
serves as a good proof of concept of the control strategy. The second case study
considers following of a Cassini oval.

9.6.1 Case 1: Straight-Line Path

In this case study the goal is to follow a straight-line path aligned with the inertial
r-axis. Hence, h(p) £ —py and the implicit representation of the path is given by
v ={p: —py, = 0}. This assures that the unit normal vector, N(p), points in the
negative y-direction and the unit tangent vector, T'(p), points in the positive -
direction. The desired velocity is chosen as @ = 2 [m/s] and the saturation function
is set to o(h(p)) = 2/mtan"!(h(p)). The initial conditions are given by yo :=
([0,100],0,0,7/2,0) and the controller gains from (9.14) are given by K, = 0.5,
K, =04, and K4 = 2. The trajectory of the ship in the z-y plane can be seen in
Figure 9.2, where the ship icons superimposed on the path give the orientation of
the ship at those points. From Figure 9.2 it can be seen that the trajectory converges
to the z-axis and that the ship travels in the direction of the unit tangent vector
T'(p). The positional error of the ship w.r.t. the path, i.e. p,, can be seen in Figure
9.3, from which it can clearly be seen that the error converges to zero.

9.6.2 Case 2: Cassini Oval

L

In this case study the goal is to follow a Cassini oval. This implies that h(p)
(p2 + p§)2 —2a?(p? — pz) + a* — b* and that the path is implicitly described by

v=A{p: (p2 +p))?—2a*@p} —p;) +a* —b* =0}.

where in this case study a = 22.5 [m] and b = 24.9 [m]. This results in a curve for
which the maximum curvature max,ec~ |x(p)| = 0.0785 and with a desired velocity
@ = 2 [m/s] the ratio |Y (a)|/| X (2)| = 0.2483. Note that this curve satisfies the cur-
vature condition of Theorem 9.5 showing that this is not a very restrictive condition,
since it allows a ship with a length of approximately 83 meters to follow a curve
whose diameter (the maximum distance between any two of its points) is approx-
imately 70 metres. The saturation function is set to o(h(p)) = 2/7 tan~t(ah(p)),
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Figure 9.2: Path of the ship (the ship is not to scale).
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Figure 9.3: Path-following error of the ship.

where « is a parameter that can be used to tune the slope of the saturation func-
tion. In this case the magnitude of h(p) is large, therefore o needs to be small to
make the saturation effective close to the path and we choose o = 10, The initial
conditions are given by xq := ([15,45],0,0,—2/3,0) and the controller gains from
(9.14) are given by K, = 1, K, = 30, and K4 = 5. The trajectory of the ship
and the desired oval can be seen in Figure 9.4. From Figure 9.4 we can clearly see
convergence to the desired oval and from the superimposed ships it can be seen
that the heading of the vessel is not tangent to the oval. Its velocity vector, on the
other hand, is tangent to the path. From the plot of the sway velocity in Figure 9.5
it can be seen that this motion induces quite large sway velocities relative to the
desired surge velocity @ = 2 [m/s]. The value of h(p) is plotted in Figure 9.6 which
shows that h(p) is driven to zero as the ship converges to the path, showing that
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the ship is able to track the specified Cassini oval in accordance with the theoretical
analysis.

50 60

A,

10 20 30 40 50 60 70 80 90 100

Time [sl

Figure 9.5: Sway velocity of the ship.

9.7 Conclusions

In this chapter we presented a methodology to design path-following controllers for
a class of underactuated marine vessels. This methodology allows one to migrate
a path-following controller designed for a point-mass to one that is guaranteed
to work for the underactuated vessel. As we mentioned in the introduction, the
proposed solution is an initial step. For simplicity, we assumed the curve to be
Jordan and the ocean current to be absent. We will remove these assumptions in
future work.
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Figure 9.6: Magnitude of h(p) as the vessel converges to the path.

9.A Functions used in the Model

The functions F,,, X (u), Y(u), and F, are given by:

.
>

—— (mgav + magr)T,
mi1

2
M3 — MumMmss d33maz — dazmas

o
<
S~—
IS

MaoMss — M3, MaooMmas — m3s
(mas — m11>m23u _ daamgs — dsamas
To2Mm33 — m%g m221M33 — m%g ’
s Mazday — maz(dsa + (Mmag — mll)u)v
Ma2M33 — M3y

=
<

N~—
I

=
—
S
v@
a
S~—
!

n mas(dos + mi1u) — maa(dss + masu) .
mM22M33 — m%s )

The numerical expressions for the matrices M, D, and B used in the simula-
tions are

7.22¢6 0 0
M2]| 0 1.21e7  —5.6446¢7| ,
0  —5.6446e7  4.9044€9
9.507e4 0 0 1 0
D2| o0 4.34¢6  —9.6961e6| B2 |0 —1.13¢6
0 —2.6026e7  8.0445¢8 0 9.8181¢9

which are the model parameters from Fredriksen and Pettersen [63] translated from
the center of gravity to the point €, where € = 1.6650 m.

9.B Curvature Computation for Lemma 9.4

We need to find an expression for (9,1q)(p, v). We begin by recalling the expres-
sions for cos(¢4) and sin(tp4) from the proof of Lemma 9.3:

i) = [ 0]

200



9.B. Curvature Computation for Lemma 9.4

Then we write 0
pa = [ —sin(ipa) cos(ipa)] [8p Z?r?((zj))
1 v uev
- (u2+v2) MT {ﬂ v ] [v u } 81)“
1 0
T @t )MT [—1 0 }8,,/1
Thus
1

_ -1 0 1
@it ) = oz | o | @
At this point we substitute in the expression for u(p,v) in (9.7), using w(p,v)
n (9.8) and the fact that

1 0 -1
N = (G e 0= 1 o N0

After some algebra we obtain
(apwd)/’l’ = _K/(p>w(p7 ’U) + A1 (p7 U)a
where & is given in (9.3) and

_ uo (h(p))
Ai(p,v) = T ((0.h)% + (9,h)2)3/2 [82 ((9:h)? = (8,h)*)
u?o (h(p))o’ (h(p))

+(amh)(8yh)(8§yh—5§wh)} w(p, v)(D:h)? + (9yh)2)3/?
[(@eh)* + (k)" + 2(0:h)%(0,h)]

We see that A;(p, v) vanishes when h(p) = 0. Moreover, its dependence on v arises
in the term w(p,v) in one denominator. Since the function 1/w(p,v) is bounded

with respect to v, so is Aj.
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Chapter 10

Conclusions and Future Work

This thesis has considered various topics subdivided into three parts. Some con-
cluding remarks are given in this chapter together with some suggestions for future
developments on these topics.

The first part considered the modelling of marine vehicles and environmental
disturbances. In this part novel results were introduced to estimate the wave en-
counter frequency for a marine vessel. Rather than using models of the vessel or
using spectral analysis techniques, this estimator is based on measurements of the
ship motion that are readily available for the vessel such as the roll and pitch angle
of the ship. These signals are sinusoidal in nature and their frequency is coupled
directly to the frequency of the waves exciting the vessel. Therefore, a frequency es-
timator for the frequency of sinusoidal signals was adapted for application to ship
motion signals. In particular, the estimator was equipped with a gain-switching
mechanism that allows the estimator to function in situations of low excitation by
switching to a higher gain and in situations of high excitation by doing the con-
verse. Moreover, it was shown that the stability properties of the estimator still
hold for time-varying amplitudes as long as the signal is persistently exciting. The
origin of the estimation error dynamics were shown to be globally exponentially
stable for the new estimator. The estimator was verified using an experimental
case study. The case study considered several data sets gathered in towing tank
tests with a model ship and data from an Atlantic passage with a container ship.
The frequency estimator was successfully applied to two data sets of pitch angle
measurements and two sets of heave displace measurements gathered in the towing
tank tests and a data set of pitch angle measurements from the Atlantic passage.
Future developments of interest for this work would be the investigation of multi-
frequency estimators to be able to estimate the peaks of multi-peak wave spectra.
Moreover, it can be of interest to unify this result with other model based results
and spectral analysis results such that more information of the sea state can be
extracted.

The second part of the thesis considered multi-vehicle approaches. Straight line
coordinated path following in the presence of constant ocean currents is considered
both for marine surface vessels and for autonomous underwater vehicles. The aim of
this work was to combine the results for straight-line path following in the presence
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of constant ocean currents using integral line-of-sight guidance, and a coordination
law that had been successfully applied to straight-line path following in the absence
of disturbances. The combination of the disturbance rejection algorithm with the
formation control approach breaks the cascaded systems stability proof that was
used for both strategies individually. It was shown, using a result from the litera-
ture that allows feedback-interconnections to be studied as cascades under certain
conditions, that stability of the closed-loop system can still be shown. The theo-
retical results were supported by numerical simulations and an experimental case
study using three autonomous underwater vehicles. It was shown that due to the
lack of continuous communication in practice the performance degrades. However,
these problems should be resolvable by appropriate tuning. As future work some
of the measures suggested in the experimental case study might be implemented
to see if the performance can be increased in practical circumstances. Moreover,
the influence of time-delays and communication failures can be studied to extend
the theoretical results. This part also considered a leader-follower type motion syn-
chronisation. A constant bearing guidance algorithm from the literature, that is
intended for straight-line target tracking, was analysed for applications of curved
trajectories in this work. First, a proof was given to show that the constant bear-
ing guidance algorithm results in USGES tracking error dynamics for which we
can give an explicit bound on the synchronisation error, rather than UGAS and
ULES by linearisation about the origin as previously shown which provided no
such bound. The remainder of the chapter analysed the closed-loop system when
the constant bearing guidance algorithm is used for curved leader trajectories. It
was shown that for a straight line, synchronisation can be achieved, while on a
curved trajectory only integral input-to-state stability of the synchronisation er-
ror with respect to the sway velocity can be shown. Simulation results were given
to verify the theoretical results. As future work string stability of leader-follower
vehicle strings could be investigated.

The third part of the thesis considered curved path following for underactu-
ated marine vessels. Two strategies were presented for path following in the pres-
ence of an ocean current disturbance, and one strategy was presented that does
not consider environmental disturbances. The two approaches in which ocean cur-
rents were considered were based on a line-of-sight type guidance laws aided by an
ocean current observer to estimate the unknown disturbances. Path following was
achieved by parametrising the path using a path variable that is used to propagate
a path-tangential reference frame. The path-following errors are then expressed
with respect to this frame and path following is achieved when the vessel converges
to the frame. One of the strategies has a parametrisation that aims to keep the
vessel on the normal of the path-tangential frame. The advantage of this approach
is that the path-following error is always defined as the shortest distance to the
path. However, the parametrisation has a singularity and therefore only a local
result can be realised. The other approach has a parametrisation that is globally
valid. However, in this case the path-following error is not the shortest distance to
the path and there is no direct control over the rate of convergence. It was shown
that the stability proof can be done along the same lines and allows us to conclude
asymptotic stability for the local approach and global asymptotic stability for the
global approach. This was done by first considering the sway velocity dynamics
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and show that these dynamics are bounded under certain conditions. Stability of
the path-following errors was then shown by recursively applying a cascaded sys-
tems argument. The theoretical results were supported by numerical simulations.
Future development for this work might include substituting the ocean current ob-
server with an adaptive algorithm that can compensate for the ocean current much
like the integral line-of-sight for straight-line paths. The curved path-following ap-
proach that did not consider ocean currents disturbances presented novel results
that allow path following without the need for parametrisation of the path. Con-
sequently, this is the purest form of path following that only aims at stabilising a
manifold of the state space. The approach is based on principles from geometric
control and principles from hierarchical control design. It was shown that based on
a condition on the curvature, the sway velocity remains bounded and the path is an
asymptotically stable manifold for the vehicle and path-following can be achieved.
The theoretical results were supported by numerical simulations. Future work on
this topic could be to make the strategy globally valid and adding an ocean current
disturbance.
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Appendix A

Mathematical References

This appendix contains some of the mathematical definitions and notations that
are used in the thesis.

A.1 Notation

We denote by R™ the n-dimensional Euclidean space and by RT the set of all
non-negative real numbers. The absolute value of a scalar z is denoted by |z|.
The p-norm of a vector x € R™ is denoted by ||z||,, for p € [1,00], when no
subscript is given, i.e. ||z||, the Euclidean norm is implied. The following definitions
of comparison functions, known as class K and KL functions, are used throughout
the thesis.

Definition A.1 (Khalil [82, Definition 4.2]). A continuous function « : [0,a) —
[0, 00) is said to belong to class K if it is strictly increasing and «(0) = 0. It is said
to belong to class K if a = 0o and a(r) — co as 7 — oo.

Definition A.2 (Khalil [82, Definition 4.3]). A continuous function g : [0,a) x
[0,00) — [0, 00) is said to belong to class KL if, for each fixed s, the mapping 5(r, s)
belongs to class K with respect to r and, for each fixed r, the mapping 5(r, s) is
decreasing with respect to s and 5(r,s) — 0 as s — oo.

Lemma A.1 (Khalil [82, Lemma 4.2]). Let oy and az be class KC functions on
[0,a), a1 and as be class Ko functions on [0,a), and B be a class KL function.
Denote the inverse of o; by ai_l. Then,

e ay' is defined on [0, (a)) and belongs to class K.
e az' is defined on [0,00) and belongs to class K.
e a1 oy belongs to class KC.

e a3 o0 ay belongs to class K-

e o(r,s) = a1(B(az(r),s)) belongs to class KL.
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A.2 Stability Definitions
We now presents some notions of stability for a nonautonomous system
&= f(t,x) (A1)

where f :[0,00) x D — R™ is piecewise continuous in ¢ and locally Lipschitz in x
on [0,00) x D, with D C R™ a domain that contains the origin # = 0. The following
definitions are obtained from Khalil [82]

Definition A.3. The equilibrium point z = 0 of (A.1) is

e uniformly stable (US) if and only if there exist a class K function o and a
positive constant ¢, independent of ¢y, such that

l@I < allz@®)]), vt = to >0, V] (to)l| < c (A.2)

e globally uniformly stable (UGS) if an only if inequality (A.2) is satisfied for
any initial state z(to).

e uniformly asymptotically stable (UAS) if and only if there exist a class KL
function 8 and a positive constant ¢, independent of tg, such that

(@) < Bllz(to)ll,t —to), VE = to >0, V]|z(to)]| <c (A.3)

e globally uniformly asymptotically stable (UGAS) if an only if inequality (A.3)
is satisfied for any initial state z(to).

Definition A.4 (Khalil [82, Definition 4.5]). The equilibrium point = 0 of (A.1)
is locally exponentially stable (LES) if there exist positive constants ¢, k, and A
such that

lz()]| < kllz(to)|e A=), V]z(to)]| < ¢ (A4)

and globally exponentially stable (GES) if (A.4) is satisfied for any initial state
l’(to)

A.3 Cascaded Systems
Consider the following nonlinear time-varying cascaded system:

i:fl(t7x)+g(taxay) (A5a)
y=fa(t,y) (A.5b)

where x € R, y € R™, and f;(¢t,z) and f5(t, z) continuously differentiable in their
arguments. The following results characterise the stability properties of the system

(A.5).

Lemma A.2 (Panteley and LoriA [112, Lemma 2]). Consider the cascaded sys-
tem (A.5). If both © = fi(t,z) and y = fa(t,y) are UGAS and the solutions of
(A.5a) and (A.5b) are globally uniformly bounded, then the cascaded system (A.5)
is UGAS.
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A.4. Integral Input-to-State Stability

Theorem A.3 (Panteley and Loria [111, Theorem 2|). Consider the cascaded
system (A.5). Assume that the system & = fi(t,z) is UGAS with a Lyapunov
function V (t,x) satisfying

oV
|52 el < v el 0> (A6

and that Assumptions (A1)-(A2) below are satisfied. Then the cascaded system
(A.5) is UGAS.

(A1) The function g(t,x,y) satisfies

lg(t, 2, 9)II < 02 (llyll) + O=(lly[DIl=ll, (A7)

where 01,05 : RY — R are continuous.

(A2) The system y = fa(t,y) is UGAS and for all t > to,

/t [z(s)llds < ¢([lz(to)]]), (A.8)
where ¢(-) € K.

Remark A.1. If the nominal system & = f;(¢,z) is UGAS with a quadratic Lya-
punov function, then the condition (A.6) is satisfied trivially.

Remark A.2. If the perturbing system y = f»(¢,y) is UGAS and ULES (or equiv-
alently exponentially stable in any ball of initial conditions), then the integrability
condition (A.8) is satisfied trivially

Lemma A.4 (Panteley et al. [113, Lemma 8]). If in addition to the assumptions
in Theorem A.3, both & = f1(t,x) and y = fa(t,y) are UGAS and ULES then the
cascaded system (A.5) is UGAS and ULES.

Proposition A.1 (Loria and Panteley [94, Proposition 2.3]). If in addition to the
assumptions in Theorem A.3, both & = fi(t,x) and y = fo(t,y) are UGES then
the cascaded system (A.5) is UGES.

A.4 Integral Input-to-State Stability

Consider the system
b= f(z,u) (A.9)

with states z(t) € R™ and the inputs are measurable locally essentially bounded
functions u : RT™ — R™, and f : R” x R™ — R" locally Lipschitz. Given any
control u and any £ € R™, there is a unique maximal solution of the intial value
problem & = f(z,u), (0) = £. This solution is defined on some maximal open
interval, and it is denoted by x(-, &, ).
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Definition A.5 (Angeli et al. [6, Definition 2.2]). The system (A.9) is integral
input-to-state stable (iISS) if there exists functions a € Ko, 8 € KL, and v € K,
such that, for all £ € R™ and all u, the solution x(¢,&,w) is defined for all ¢ > 0,
and

t
a(fl=(t,& w)ll) < BN t) +/0 Y([luls)lDds (A.10)
for all t > 0, all £ € R", and all u.

Definition A.6 (Angeli et al. [6, Definition 2.2]). A continuously differentiable
function V' : R™ — R is called an iISS-Lyapunov function for system (A.9) if there
exist functions aq,as € K, and a continuous positive definite function g, such
that

ar([l€ll) < V(€) < ax(li€]) (A.11)

for all £ € R™ and
DV () (& n) < —as(ll€l)) + o () (A.12)

for all £ € R™ and all p € R™.

A.5 Additional Tools

Lemma A.5 (Comparison Lemma, Khalil [82, Lemma 3.4]). Consider the scalar
differential equation

= f(t,u), u(to) = ug

where f(t,u) is continuous in t and locally Lipschitz in u, for all t > 0 and all
u € J CR. Let [to,T) (T could be infinity) be the mazimal interval of existence
of the solution u(t) € J for all t € [to,T). Let v(t) be a continuous function whose
upper right-hand derivative DT v(t) satisfies the differential inequality

DTu(t) < f(t,v(t), wv(to) < uo

with v(t) € J for allt € [to,T). Then, v(t) < u(t) for all t € [ty, T).

Definition A.7 (Angeli and Sontag [5]). Consider a general nonlinear system of
the form

&= f(z,u), y=~h(z) (A.13)

with states z € R™, inputs v € R™, and outputs y € RP. The maps f : R x
R™ — R™ and h : R™ — R™ are locally Lipschitz continuous. By an input signal
for (A.13) we mean any measurable locally essentially bounded function of time,
u(-) : R — R™. The system (A.13) is called forward complete if for every initial
condition and every input signal u, the corresponding solution is defined for all
t>0.
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Theorem A.6 (Angeli and Sontag [5, Corollary 2.11]). System (A.13) is forward
complete if and only if there exists a smooth and proper function V : R™ — R>q
and such that

IV (x)
Ox

holds for some 0 € K.

flz,u) <V(z)+o(ul), VzeR" VYueR™ (A.14)

Lemma A.7 (Khalil [82, Lemma 8.2]). Let ¢ : R — R be a uniformly continuous
function on [0,00). Suppose that lim;_, fot o(1)d7 exists and is finite. Then,

o(t) =0 (A.15)

as t — oo.
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Appendix B

Translation of Equations of Motion

This appendix presents the detail on how to perform the translation of the equa-
tions of motion for both the surface vessel model considered in Section 2.2 and
the model for the AUV considered in Section 2.3. This translation is applied to
remove the effect of the yaw rate controller on the representation of the sway ve-
locity dynamics. This significantly simplifies the process of control design and the
stability analysis. The coordinate transformation for a surface vessel can be found
in Fredriksen and Pettersen [64] and is given Section B.1 of this appendix. The
transformation for an AUV can be found in Bgrhaug et al. [29] and is given in
Section B.2 of this appendix.

B.1 Translation for the Manoeuvring Model in 3-DOF

Recall the model given in Section 2.2;

0= R, + Vi, V,, 0] (B.1)
Mv, + C(v,)v, + Dv, = Bf. (B.2)

where n £ [$,y7¢]Ta vy é [U.,-,’U.,-,’/‘]T, f £ [TuaTr]Tv and

mi1 0 0 d11 0 0 b11 0
M=2|0 map mo|,DE|0 dyp dog|,BE|0 bo
0  mog ma33 0 d3 ds3 0 b3

From the structure of M, B, and f it is straightforward to verify that in this
model the rudder angle input 7;. influences not only the dynamics of the yaw but
also the dynamics of the sway velocity. The transformation presented here allows
us to transform the equations of motions to a point where it holds that M~ 'Bf =
[7w,0,7.]T. Hence, in this point the sway velocity dynamics are decoupled from the
yaw control.

For the case of a surface vessel the following transformation is proposed in
Fredriksen and Pettersen [64]

Up = vy + €7, (B.3)
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B. Translation of Equations of Motion

where € is a constant given by

2 m3gboa — Magbso (B.4)

Maab3a — Masbao

where as pointed out in Bgrhaug [26] this transformation is well-defined if the
system is initially controllable in yaw. This transformation corresponds to moving
the body-frame along the center line of the vessel, for a distance ¢, to a point where
the yaw control input generates a pure rotation and no sway force. Therefore, as
in Caharija [39] we translate the body-fixed frame to the point where yaw and
sway are decoupled and consider motion around this point in this thesis. This can
be done without loss of generality, since the transformation is invertible and the
structure and properties of the inertia and damping matrices are not changed.

The transformation results in a transformed body-frame velocity vector 7, £
[y, D, 7]T. As in Caharija [39] we note that there exists a corresponding transfor-
mation matrix Hypop such that v, = H3porl, where

10 0
H3DOF £ 0 1 —ef. (B5)
0 0 1

The transformation of the equations of motion using Hspop is preformed as de-
scribed in Fossen [60] and results in

n =R, + Vi, Vj,, 0] (B.6)
My, + CH (v, )v, + D"v, = BR f. (B.7)

where MH £ H:’?DOFMHSDOF, DH £ H:)TDOFDHSDOF: and BH e H’?DOFB'
The model now corresponds to the motion around the point where the yaw rudder
control is now decoupled from the sway dynamics. Consequently, it can now be
verified that

bi1
mip~ %

(MT)"'BH f = 0 (B.8)
M22b32 =Ma3baz
maoamaz—mizg |

such that we can define

bi1
Tul & | mi: 0
- 0 Moabza—mosbao

T 2
r Mo2m33—m3,

Eﬂ} . (B.9)

The controllers in this thesis are developed in terms on 7, and 7., but can be easily
be transformed back in terms of T}, and T using the inverse of transformation of
(B.9) which is well defined since M is positive definite.

B.2 Translation for the Manoeuvring Model in 5-DOF

Recall the model given in Section 2.3;

77 = J(ﬂ)'/r + [VIE?Vy?VZaO?O]Ta

_ (B.10)
Mv, + C(v,)v, + Dv, +g(n) = Bf
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B.2. Translation for the Manoeuvring Model in 5-DOF

where n = [z,v, 2,0,¥]T, v, = [up, vr, 0y, q,7]T, £ £ [Ty, Ty, Tr-]7, and the matrices

M and B have the following structure

mi1 0 0 0 0 b11 0 0

0 moo 0 0 mos 0 0 b23

M = 0 0 ms3 134 0 y B £ 0 b32 0
0 0 mgas TMg4 0 0 b42 0

0 mso 0 0 mss 0 0 b53

From the structure of M, B, and f it is straightforward to verify that the yaw
rudder angle input 7. influences not only the dynamics of the yaw but also the
dynamics of the sway velocity. Moreover, the pitch rudder angle 7j, does not only
influence the pitch dynamics but also the dynamics of the heave velocity. The
transformation presented here allows us to transform the equations of motions to
a point where it holds that M ~'Bf = [r,,0,0,7,,7.]T. Hence, in this point the
sway velocity dynamics are decoupled from the yaw control and the heave velocity
dynamics are decoupled from the pitch control.

Inspired by the work in Fredriksen and Pettersen [64] the following coordinate
transform was proposed in Bgrhaug et al. [29]

Uy = Up + €17, W, =W, + €24, (B.11)
where €; and ey are constants defined as

& Mssbgg — mosbss & Maabga —m3ybys

€ €

(B.12)

, )
Ma2bs3 — Masbas mM33bg2 — M34b32

Note that €; and ey are well-defined if the original system is controllable in yaw
and pitch. As pointed out in Bgrhaug [26] and Caharija [39] it is intresting to note
that if moy = mgs3, Mys = Mmss, Mos = —ma3y, bag = —bss, and by = bsz then it
holds that €; = —es. Interestingly enough this holds for most AUVs of cylindrical
shape since they satisfy symmetry properties in the body and in the diving control
surfaces. Examples include the HUGIN AUV ([26]), the LAUV ([45]), and the ISiMI
([81]). If this is the case than the transformation reduces to a translation along the
center-line of the body by a distance €;. Therefore, as in Caharija [39] we translate
the body-fixed frame to the point where yaw and sway, and pitch and heave are
decoupled and consider motion around this point in this thesis. This can be done
without loss of generality, since the transformation is invertible and the structure
and properties of the inertia and damping matrices are not changed.

As for the 3-DOF case we now introduce a transformed body-frame velocity
vector ¥, = [u,, Uy, Wy, q,7]7. As in Caharija [39] we note that there exists a corre-
sponding transformation matrix Hspop such that v, = Hspopv, where

1 00 O 0
01 0 0 —e

H:;por2 |0 01 —e 0 |. (B.13)
000 1 0
000 O 1
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B. Translation of Equations of Motion

The transformation of the equations of motion using Hspop is preformed as de-
scribed in Fossen [60] and results in

i =JMv, + Ve, Vy, V2, 0,07,
H H H H H (B.14)

MYp, +C" (v)v, + Dv, +g7 (n) =B f
where M £ H5TD0FMH5DOF; D £ HgDOFDH5DOF; QH(V) = HEfIDOFg(V)a
and BY £ HI, . B. The model now corresponds to the motion around the point
where the yaw rudder control and pitch rudder control are decoupled from the sway
and heave dynamics respectively. Consequently, it can now be verified that

bi1 T
mip~ %

0
(MT)'B f = 0 (B.15)

m33biz —ma3abso T
mazmag—m3, ~ 4
M22bsz —masbag
- r
M22Ms5—M3y5

such that we can define

b1y
Tu mi1 b 0 b 0 Tu
A masbio—m34b3y
™l =10 Masmas—m3, 0 T, . (B.16)
T 0 0 M22bs3—masbag T,

2
mM22M55—M5y

The controllers in this thesis are developed in terms on 7,, 74, and 7., but can
be easily be transformed back in terms of T, T,, and 7, using the inverse of
transformation of (B.16) which is well defined since M is positive definite.
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Appendix C

Numerical Simulation Models

This appendix presents the models used for the numerical simulations in the thesis.
The first model is for a supply vessel, this a 3-DOF model and corresponds to
the model in Section 2.2. The second model is a model for an AUV, this model
corresponds to the 5-DOF model in Section 2.3.

C.1 Numerical Model for a Supply Vessel
This section presents a simulation model for an underactuated supply vessel. In
particular, we consider the model derived in Fossen et al. [62] and Fredriksen and
Pettersen [63]. Recall the dynamics of the model given by

Mv, + C(v,)v, + Dv, = Bf. (C.1)

The numerical values of M, B, and C(v,) are given by

7.22.108 0 0 1 0
M = 0 1.21-10" -363-107|, B= |0 —-1.13-10°|,
0 -3.63-107 4.75-10° 0 9.63-107
0 0 —1.21-107v, + 3.63 - 107r
C(v,) = 0 0 7.22 - 1004,
1.21-107v, — 3.63-107r —7.22- 1054, 0

The linear damping matrix from Fredriksen and Pettersen [63] is given by

95070 0 0
D=| 0  434-105 —247.10°]. (C.2)
0 —1.88-107 7.57-10%

The control input vector f is defined as f = [T, T;]* and contains the surge thrust
T, and the yaw rudder angle T;..
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C. Numerical Simulation Models

C.2 Numerical Model for AUV

This section presents a simulation model for an AUV. The AUV under considera-
tion is the light autonomous underwater vehicle (LAUV) developed at Laboratorio
de Sistemas e Tecnologia Subaquética (LSTS) from the electrical engineering and
computer science department at the university of Porto in cooperation with the
spin-off company OceanScan - Marine Systems and Technology, Lda. The model
parameters are obtained from da Silva et al. [45]. An image of the LAUV can be
seen in Figure C.1.

Figure C.1: Image of the LAUV.

Recall the dynamics of the model given in Section 2.3:
Mv, + C(v,)v, + Dv,. + g(n) = Bf. (C.3)
The numerical values for the matrices M, C(v,.), D, and B are given by

190 O 0 0 0

0 340 0 0 0
M=|0 0 3.0 0 0],
0 0 0 21 0
0o 0 0 o0 21
24 0 0 0 0 10 0
0 220 0 0 —115 0 0  —39.8783
D=]0 0 230 115 0 |, B=|0 39.8783 0
0 0 =31 97 0 0 18.1446 0
0 31 0 0 97 0 0 18.1446
0 0 0 340w, —34.0- 0,
0 0 0 0 19 - u,
Cv,) = 0 0 0  —19.0-u, 0
—34.0 - w, 0 19.0 - u, 0 0
34.0-v, —190-u, 0 0 0

The gravity vector is given by g(n) = [0,0,0, BG,W sin(#),0]”, where BG, =
0.017 [m] is the vertical distance between centre of gravity (CG) and the centre of
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C.2. Numerical Model for AUV

buoyancy (CB), and W = myg is the weight of the vehicle with mass m = 18 [kg]
and gravitational acceleration g = 9.81 [m/s?]. The control input vector f is defined
as f = [T, Ty, T-]7 and contains the surge thrust T, the pitch rudder angle T,
and the yaw rudder angle 7.
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